Paul Andries Zegeling

Department of Mathematics, Utrecht University

Numerical Methods for PDEs



Outline of Lecture 1

T organization of the course

7 wellposedness: Hadamard, 1902

classification & method of characteristics, *canonical form

time-dependent PDEs and application areas

Y,

I Fourier series method
A Fourier transform method
¥

outlook to lecture 2



Organization of the course

¥ webpage

¥ "location” and "hours”

B communication

¥ final exam (70%) <> exercises in lectures (check the webpage!)
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Well-posed vs ill-posed [1]

Before analyzing ill-posed problems, we must define what makes a
partial differential equation (along with its boundary and initial
conditions) mathematically sound.
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Hadamard's Definition (1902)

A mathematical problem is called well-posed if it satisfies the following
three fundamental criteria:

1. Existence: There exists at least one solution u(x, t).
2. Uniqueness: There exists at most one solution (no ambiguity).

3. Stability: The solution depends continuously on the initial and
boundary data.
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Before analyzing ill-posed problems, we must define what makes a
partial differential equation (along with its boundary and initial
conditions) mathematically sound.

Hadamard's Definition (1902)

A mathematical problem is called well-posed if it satisfies the following
three fundamental criteria:

1. Existence: There exists at least one solution u(x, t).
2. Uniqueness: There exists at most one solution (no ambiguity).

3. Stability: The solution depends continuously on the initial and
boundary data.

The Core Breakdown

If at least one of these three conditions is violated, the PDE is classified
as ill-posed. In physical applications, it is almost always the stability
criterion that fails.



Well-posed vs ill-posed [2]

» Physical reality: In practical experiments, initial conditions can
never be measured with 100% precision. There is always an inherent
measurement noise § > 0.

» Numerical reality: Computers introduce floating-point round-off
errors when discretizing a continuous domain onto a grid.



Well-posed vs ill-posed [2]

» Physical reality: In practical experiments, initial conditions can
never be measured with 100% precision. There is always an inherent
measurement noise § > 0.

» Numerical reality: Computers introduce floating-point round-off
errors when discretizing a continuous domain onto a grid.

Mathematical Definition of Stability

Let u; be the solution corresponding to initial data ¢1, and u» correspond
to ¢p. Stability in a norm || - || implies the existence of a constant C > 0

such that:
ui(-s t) — w2, t)|| < Clgr — ¢of| forall t>0

In an ill-posed problem, an infinitely small perturbation in the input
(ll¢1 — &2|| — 0) can trigger a catastrophic explosion in the output
(ll = 2] = o0).



Well-posed vs ill-posed [3]

Consider the classical heat equation on x € (0, 7), but we solve it backward in time (t < 0, or equivalently for
t > 0 with a reversed sign):

du 8%u
E:—ﬁ» u(0,t) = u(m, t) =0, u(x,0) = ¢(x)



Well-posed vs ill-posed [3]

Consider the classical heat equation on x € (0, 7), but we solve it backward in time (t < 0, or equivalently for
t > 0 with a reversed sign):

ou 8%u

Frirwy u(0,t) = u(m, t) =0, u(x,0) = ¢(x)

We test this system using two different initial conditions via Fourier modes:
> Case 1: ¢1(x) =0 = u1(x,t) =0

2
> Case 2: ¢a(x) = %sin(nx) = w(x,t) = %e" tsin(nx)



Well-posed vs ill-posed [3]

Consider the classical heat equation on x € (0, 7), but we solve it backward in time (t < 0, or equivalently for
t > 0 with a reversed sign):

ou 8%u _ B -~

Frirwy u(0,t) = u(m, t) =0, u(x,0) = ¢(x)

We test this system using two different initial conditions via Fourier modes:
> Case 1: ¢1(x) =0 = u1(x,t) =0

> Case 2: ¢a(x) = % sin(nx) = w(x,t) = %e"zt sin(nx)

The Catastrophic Blow-up

Observe the discrepancy between the initial conditions as n — oo:
1
[[¢1 — P2lloc = - — 0
However, for the solution at any fixed time t > 0, the exponential factor dominates:
n?t

1
lup (-, t) — (-, t)|loo = —€" © —> oo (as n — o)
n

Conclusion: Infinitely small high-frequency noise completely destroys the solution.



Well-posed vs ill-posed [4]

For the standard wave equation (uy = ), time-reversal is perfectly
well-behaved because the equation is symmetric under t — —t.
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However, if we mismatch the sign structure of the spatial and temporal
derivatives, we create an elliptic time operator (akin to Hadamard's
example for the Laplace equation as an evolution problem):
2 2
% = —% (instead of +)



Well-posed vs ill-posed [4]

For the standard wave equation (uy = ), time-reversal is perfectly
well-behaved because the equation is symmetric under t — —t.
However, if we mismatch the sign structure of the spatial and temporal
derivatives, we create an elliptic time operator (akin to Hadamard's
example for the Laplace equation as an evolution problem):

0?u 0%u

ﬁ = —@ (instead of +)

Modal Analysis

Applying separation of variables here transforms the stable trigonometric
time oscillations (cos(wt)) into **hyperbolic functions**:

1
Un(x, t) = — cosh(nt)sin(nx)
n
Once again, the initial high-frequency amplitude % suppresses the noise
at t =0, but for any t > 0, the cosh(nt) blows up at a rate of e™. The
system is severely ill-posed.



Well-posed vs ill-posed [5]

lll-posed problems are not mathematical errors; they appear frequently in
physics and engineering as Inverse Problems:

» Geophysics: Reconstructing the historical temperature profile of
the Earth’s core based on current surface readings (Backward Heat).

» Medical Imaging: Tomography processes like CT and MRI scans
(back-calculating captured signals into internal anatomical density
maps).



Well-posed vs ill-posed [5]

lll-posed problems are not mathematical errors; they appear frequently in
physics and engineering as Inverse Problems:

» Geophysics: Reconstructing the historical temperature profile of
the Earth’s core based on current surface readings (Backward Heat).

» Medical Imaging: Tomography processes like CT and MRI scans
(back-calculating captured signals into internal anatomical density
maps).

How do we solve them numerically?

Standard numerical schemes (like FTCS or Crank-Nicolson) crash instantly on ill-posed PDEs due to round-off
amplification. We must modify the math:

> Regularization: Artificially adding a tiny dampening term (e.g., Tikhonov regularization or a higher-order
derivative €uyxxx) to suppress and truncate high frequencies.

P Restricting the solution space: Forcing the solution to live inside a compact subset where the amplitudes
of high Fourier modes are strictly bounded a priori.



Well-posed vs ill-posed [6]

Parabolic PDEs: well-posed vs. ill-posed - cont.

Given the Fourier series we found for f(x) = —x, [—1,1] at k =3,
here’s what the graph of u(x, t) looks like:

Heat equation (Reversed time)
Ug — Uy, =0 U+ U, =0
10l
1 19
0 0
-1 2 -1 2
Lo 1o 1

A reasonable approximation | Huh...?




Well-posed vs ill-posed [7]

Why heat equation with reverse time is ill-posed

As we increase k, one graph becomes more accurate, while the
other becomes more and more chaotic. kK = 15:

Heat equation (Reversed time)
U — U, =0 U+ uy =0

More accurate Chaos!




Well-posed vs ill-posed [8]

‘Well-posed problems

Ill-posed problems

Arithmetic

Multiplication by a small number A

Division by a small number

Ag=f g=A""f A<D
Algebra
- . g=A"'f,
M“‘""“Z‘"’T’;’ amatrix Ajis an ill-conditioned,
= degenerate or rectangular m X n-matrix
Calculus
Integration 5 L
- Differentiation
1@ = 1O+ [ ate)de a@) = (@)
0
Differential equations

The Sturm-Liouville problem
u’(z) — q(z)u(z) = Iu(z),
u(0) — hu'(0) =0,
w(l) — Hu'(1) =0

The inverse Sturm-Liouville problem.
Find g(z) using spectral data
{2 llunll}




FDs versus FEs

e Finite differences & finite volumes

¢ ¢

conservation laws

based on:
— Taylor expansions, eigenvalues, time-integration methods

e parabolic and hyperbolic PDEs (time-dependent)
{ * finite elements ~~ based on variational formulations
(functional analysis plays an important role)

— elliptic PDEs (time-independent; stationary) }

® Stationary PDEs



Notation and definitions

Partial Differential Equations : P D Es

. ou 8%u 52 o*u
notation: Uy = — = OxlU , Uxyxy = ——= = OxxlU = U= ..., Upx = Uxxxx = — = ...
Ox ax? x x x4
general form of PDE:  F(x,y,z,t,u, Uy, ty, U, Uy, ... ) =0

~. a given "operator” (function)

Independent variables: x,y,z,t,...

Dependent variables: v, v,P, T,p,...

Linear PDE: Lu(X) = f(X) with L(a-u+b-v)=a-Llu)+b-L(v)
f not linear, then: quasilinear . .. nonlinear

f =0 = homogeneous PDE, else: inhomogeneous

Example: ‘ = [integrating twice] u(x,y) = g(y) + f(x) arbitrary functions!



Boundary conditions

a) Dirichlet BC (on 99): u‘an = given
~N . .
boundary of spatial domain

ou
b) Neumann BC: —

= given
on

a0

C

ou
Robin BC: (— +a- u)
on a0

= given

d) periodic BC:  u(0,t) = u(l,t) (example), if @ = [0, 1]

e

<

absorbing BC, flux BC, transport BC, etcetera ...

In general: “count the number of derivatives in PDE”" <— “how many conditions needed”

(= “highest" derivative)

— boundary conditions (BCs)

Time-dependent PDEs:
I P — initial condition(s) (IC(s))



Basic (linear) examples [1]

1) Laplace equation (stationary): Au=0

2) Poisson equation (stationary): Au="f

3) Helmholtz equation (stationary): Au+ k?u =0
4) wave equation:  uy; — c?Au=0

5) heat or diffusion equation: u; —KAu=0

6) advection equation: u; + au, =0

7) telegraph equation (transmission lines):
Ust + aup + bu = Uy



Basic (linear) examples [1]

8) Klein—Gordon equation (relativistic electrons):
Ou+~u=0

2
0= % —c2A  (“d'Alembert operator”)

9) Boussinesq equation (hydrodynamics):
Ut — OZ2AU - /BzAUtt =0

mixed derivatives!

10) Bi-harmonic wave equation (elasticity):  uy + c2A%u =0

fourth-derivatives!



Basic (linear) examples [3]

H eat eq Uation ( “diffusion equation”)

Classification: linear, first/second order, parabolic

up = k- Uxx
u(x,0) = up(x) (IC = Initial Condition)

the initial solution damps out ( “diffuses”)

Example of a solution:

x2
e TI+4kt
e t) = e

“backward” heat equation: u; = —uy ill-posed



Basic (linear) examples [4]

Advection equation

( “transport equation”, “one-way wave equation”)

linear, first-order, “hyperbolic”

ur + aux =0
u(x,0) = up(x) IC (Initial Condition)

Solution:
u(x, t) = up(x — at)

t=0 t>0

a<o a>0
<« g —> a>0

X X

wave moves with velocity a, without changing its shape



Basic (linear) examples [5]

Wave equation
( “two-way” wave equation)

linear, second-order, hyperbolic

e = Pl d’Alembert solution:
u(x,0) = g(x) ICs = 1 1 [xtet
) = - lelx = <o) + g0+ o)+ —— [ hie) de
ut(x, 0) = h(x) 2 2¢ Jx—ct
t=0 t>0
c c ¢ c
X X
“backward” wave equation: utt + uxx = 0 ill-posed as an initial-value problem

however: uxy + uy, = 0 + BCs (elliptic) is well-posed



Some nonlinear examples [13]

Burgers’ equation non-linear, second/first-order, parabolic/hyperbolic

€ = 0 : inviscid Burgers’ equation
Up = ElUxx — Ul . , .
€ > 0 : viscous Burgers' equation

(hyperbolic) : shock waves are possible (depending on IC)

t=0 t>0
steepening wave “breaks”

(classical solution does not
exist anymore)



Some nonlinear examples [1b]

e>0
(parabolic) for t >0

e=1 €= 135 e=10"3

>

steeper and steeper (but will never “break”)




Some nonlinear examples [2]

Fisher equation

Ur = Uxx + u(l — u)
Travelling wave solutions are possible:
1

(example) u(x,t) = o
(1 +e V6 )
t=0 t=1 t=2
D NG NG N
constant velocity ¢

waves do not change shape (see advection equation) note that this

is a nonlinear PDE! advection equation is Iinear)



Some nonlinear examples [3]

‘ Korteweg — deVries equation " KdVv"

ur+6 wuux 4+ U =0 type = 7

nonlinear  third order

c c 1
u(x, t) = ~sech? £(x — ¢t — xp) (sech = —)
2 2 cosh

Nonlinear superposition of waves!

N
_A

Soliton solutions:

A



Classification [1]

Two independent variables

2nd order linear PDE:
Auxx + Buxy + Cuyy + Dux + Euy + Fu+ G =0

Suppose first: A, B, C, ... are constants Remember 2nd order algebraic equation:
2 2
ax” 4+ bxy +cy" +dx+ey+f =0
These are curves in the x-y plane.

“Principal part”:
> If b2 — 4ac > 0, then the curve is a hyperbola
> If b2 — dac = 0, then the curve is a parabola
> If b2 — 4ac < 0, then the curve is an ellipse

Applying a suitable transformation of variables — “normal form”:

2

48

az_ﬂb7:1
n? = 4ag
2 2
¢ _
ERcE



Classification [2]

“Principal part” of PDE: Aux + Buxy, + Cuyy
> If B2 — 4AC > 0, then the PDE is hyperbolic
> If B2 — 4AC = 0, then the PDE is parabolic
> If B2 — 4AC < 0, then the PDE is elliptic

Linear PDE with variable coefficients: A, B, C, ... depend on x and y
(Check B*(x, y) — 4A(x, ¥)C(x, ¥))

> 1f B?(x,y) — 4A(x, y)C(x, y) > 0 at (x, y), then the PDE is hyperbolic at (x, y)
> 1f B?(x, y) — 4A(x, y)C(x, y) = 0 at (x, y), then the PDE is parabolic at (x, y)
> 1f B2(x, y) — 4A(x, y)C(x, y) < 0 at (x, y), then the PDE is elliptic at (x, y)

Note: First-order derivatives and the inhomogeneous term in this PDE do not play a role in this classification!



Classification [3]

1. uxx +uy =0

A=1, B=0, C=1 = B?> _4AC=—-4<0 = elliptic PDE

2. uy = Uxx (of uxxfuy:O)
A=1, B=0, C=0 => B?>—4AC=0 = parabolic PDE
3. U +xuyy =0 (x #0)
A=1, B=0, C=x = B?—4AC = —4x

PDE i hy.pel:bollc forx <0
elliptic for x > 0

Classification based on eigenvalues \; of the principal part matrix:

4 Au= uxx + Uy +uz;z =0
A1 = X2 = A3 =1>0 (all eigenvalues have the same sign) = elliptic PDE

5. uz = uxx + Uy
A1 =X2=1>0, X3=0 = parabolic PDE

6. Uz = U + Uy (OF Uy + Uy — Uzz = 0)
A1 =X=1>0, X3 =—-1<0 = hyperbolic PDE



Method of characteristics [1]

Linear First-Order) PDEs
Consider (define z(x, y)):
a(x, ¥)zx + b(x, ¥)zy + c(x, ¥)z = d(x, y)

where a, b, ¢, d are given functions.

Re-write:
a(x, y)zx + b(x, y)zy = —c(x, y)z + d(x, y)

Observe:

a(x, y)zx + b(x,y)zy = Vz - <b> = D(a)z

(directional derivative along the vector (Z) ).

ODE system (note that t in the following discussion does not represent ”time”):

dx ( )
— = a(x,
dt Y
dy

— = b(x,
T (x; ¥)

Tangent vector to these curves:
4 (X(t)) _ (a(x,y))
dt \y(t) b(x, y)

Note: This gives a family of characteristic curves x(t), y(t) whose tangent vector is in the direction of (:)



Method of characteristics [2]

Take the "time” derivative of z along these curves:

dz d (1), (1)) Oz dx
— = —z(x(t), t = —_—— _— =
dt dt 4 chainrule 9x dt Oy dt
— = — d
= —clx, )z + d(x,)

Solving this ODE using an “integrating factor”:

2(t) = e Jo () dT [/t eJo <97 y(r) dr + 2(0)
0

~~ “Method of Characteristics” (characteristic curves x(t), y(t))

Initial Conditions & Parameterization

Family of characteristic curves connected to the points of curve C:

x(s, t) = ...

y(s,t)=...
z(s,t) = ...
At "time” t = 0 (‘initial’ condition for PDE on curve C):

where s is the parameter along the initial curve C.

Oz dy

re-write



Method of characteristics [3]

Inversion using the Jacobian:
If the Jacobian J = xsy: — x¢ys # 0 for all (s, t), then we can invert

x=x(s,t), y=y(s,t)
to express s and t as functions of x and y:
s=s(x,y), t=t(x,y)

= z=1z(x,y) = z(s(x,y), t(x, y)) solves the original PDE and
satisfies the initial condition!

Unique solution formula:
1 /t ]
z(s,t) = ——— s,7)d(s,7)dT + g(s
(5.0 =y | [t )t 7)o+ 09

where the integrating factor is given by p(s, t) = exp (fot c(s,7) dT).



Method of characteristics [4]

Example
(note: real time t is represented by y)

oz 4 9z 0
ay " Tox
z(x,0) = up(x) (given IC)

1) Find characteristic curves:

P Parameterize initial curve C at t = 0: x(s,0) =5, y(s,0) =0,

»  Family of characteristic curves satisfy:

dx( )
—(s,t) =«
dt
dy

s,t) =1
&0

Solve (integrate):

x(s, t) = vt + c1(s)
Vs, 1) = £+ 0o(s)

2(s,0) = up(s).



Method of characteristics [5]

Example (Continued)

2) Apply initial conditions:

x(s,0) =s ci(s)
{y(s, 0=0 = {62(5)

3) Here, we have ¢(x, y) = 0 and d(x, y) = 0:

x(s, t) =~t+s
y(s;t) =t

= d(s,t) =0, pu(s,t)=1 (see exp(...))

Note:
x(s,t) =~yt+s
2(x(5,0), ¥(s,0)) = 2(5,0) T u(s) = {Y(Sv t) =
4) Transform z(s, t) — z(x, y):
S=X—"yt=x—"7yy
i

= z(x,y) = z(s(x, ¥), t(x, ) = uo(x — vy)



*Canonical form [1]

Au,,+ Buxz +Cg<” + Dl()iﬂ‘gua-*Fu—%G:o
F=5ky)
. 1=7(x9)
"yocobiam g:olti(s’( 33)# o

x Ty

‘transgarm (x'la) — (E,")) * {

R avaume
aede
= U - Us |3 iy,

2z
Ueu = uf? Sx e u?‘j Iz Tty 712+ “s ;;xf"’l 7.1.(
Uy = WeF 4y 2
§= "5y 4 ».]"Jg u%g:(&gy% +Mf’3’7“%71'7;11“‘!}3]“’7'733
Ugy = Urg G S orue, (mﬂgﬂ”&“&7'7'7"7'1”‘}‘8
sdossédre ey

o8 o~
2 ¢ A T g+ (5 m, )y, + € (9,9 )y =F("‘,”,“/"n‘fv)

K. Asle BLY, +C5"

v e o2
T B-4AC - (5 m-x 9 )(B-thC
T= AT+ BCR + By 7, )+ 205y, =B HAC'm)(

T = Aq? 2 S
C= Ay g +C > save dassigeation , |
as bepotetransga H



*Canonical form [2]

Dekoumine Special § owd v, At Hok we obboin e simplust protible foim

o~
care 4 3 52’11AC>0 Ad"s Ba+C=o Mhﬂo&fwwﬂ
(Rypobolic) sag: a =0, ond «=Ry

M‘gm«zww M-Q
> A—A‘) 43')?4(‘?
*73 (A'A +80 +c):°
C”v\/

o =e
S'v;n}(atkgl Cz=0

o~z eY
B o (8- uhe) (3, m-T,9,) >0
Nole : @'3 one %m,m&m POES o EO-J'y
Mok, p =t X1
__) 5%4‘—'}, omd {‘;':=—gz =) ;E’*—')I:n and ;'1;1’1,&1_:0

dhomadktnistic cwnots e 1 £ (g)=C, and & (xy)=ce

o ' 2 Canonical form (C20e1)
ole W‘D»OVWA PDE@mEﬂM %B?)»&a B0 = | Usy= Q72,44 %)



*Canonical form [3]
2 oF ~ ~
Case &t B—uA(_o = A=B=0,CF0 vubfon (e
2 [ugg = 2 (57,4454

2 s
care 3. B -yAC <o D (o Hupp = P o, puy, ) )

Complex
aeets o=t (5 camontel
- {pA 0 /??aoes)
126-43)
. 2
w' Upx= X '-(,.” i }*3+éxz=c‘ e g?:‘a*ixz
A:d,B:o/C=_x Dy, (SR 7—-3—" 5

RN 2
—-*_._;; R u”: llg —14,7
® H(}'_7)u}7= u}"""\;

2 7
S = (5=t



PDE examples [1]: Fourier and linear PDEs !

The most basic of all problems involving partial differential equations
coefficients posed on unbounded domai

re linear PDEs with constant
. Such problems are translation-invariant, and as a result,
their solutions can be found by the Fourier transform.

For example, here are thre

able:

linear constant-coefficient equations in one space v
W= Up, U= —Ugs — Upprz, U= Upprre (1)

Inserting the ansatz u(z, t) = exp(ikz + f(k)t) gives a relation between k and f(k)—the dispersion
relation,

JE) =ik, fH) =Kk f(k) = K

The corresponding solutions for real k are

u(z,t) = elkrtikt u(z, t) =

Jkz+(k? L‘H_ u(z,t) = ekz kit (2

tells us that in the space L? defined by the norm [Jul| = (/5 |u(z)[? dz)"/2, all
solutions to (1) can be obtained as superpositions of the solutions (2):

u(z,t) = /\‘ a(k, 1) dk = /‘ ik, 0)k+ T g, 3)

where (k) denotes the Fourier transform of u(x,#) with respect to z. In other words, a(k,t)
evolves for each k according to the trivial ordinary differential equation @, = f(k)i with solution
a(k,t) = exp(f(k)t)i(k,0). Thus we see that for linear equations with constant coefficients on

unbounded domains, when we take the Fourier transform,

o Differential operators become polynomials in k, and

o The PDE becomes an uncoupled system of ODEs, one ODE for cach k

1
® Nick Trefethen, Oxford University



PDE examples [2]: forward heat equation

u, = Au.

Fig. 2: Heat equation
on a square of width 1

t = 0.0004

AL
R
b i - AN
The physics underlying this NS5

i NN
VI behaviour is that of random walks AR

or, in the continuous limit, Brownian mo-
tion. For example, suppose you toss a coin tN
times and win or lose 1/v/N dollars with cach toss. Your

profit follows a binomial distribution that converges to the Gaus-

sian ¢~**/1//Ixt in the limit N — co. Arbitrarily large profits are possible, but anything much
bigger than V7 is very unlikely. This V7 effect is at the root of much of the field of statistics, and
it was the basis of Einstein’s epochal paper on Brownian motion in his annus mirabilis 1005.




PDE examples [3]: backward heat equation

Fig. 1: Loss of smoothness

t=0
t=1
t=2

uy = —Au.




PDE examples [4]: wave equation

uy = Au,

The wave equation describes linear, nondispersive wave propa-
gation. For example, Figure 1 presents a pair of images

that show the outward spread of a circular pulse

in 2D. At t = 0 we begin with a cone
of radius 0.1 with u,(0) = 0.
At t = 2, the cone has spread
to a concentric ring of
outer radius ex-

actly 2.1.

Fig. 1: Propagation
of a circular pulse




PDE examples [5]: beam equation

Uyt = —Ugrrz-

Fig. 1: Wave propagation with ¢ = +4, ¢, = 8



PDE examples [6]: Schrodinger equation

The Schrodinger equation, the basis of quantum mechanies, was discovered by Erwin Schriodinger
during his skiing holiday at the end of 1925 and analyzed by him in a series of papers published in
Annalen der Physik in 1926. By the end of that year, the face of physics had changed. Schrodinger

won the Nobel Prize in Physics in 1933.

0 h )
ih W(rt) = [7ﬁa+v (r)} U(r, 1)

(1)

where i = /—1, W is called the wave function and h is Planck’s constant divided by 27. Since our
convention in this book is to take u as the dependent variable and strip away constants, we shall

take the time-dependent Schrédinger equation instead to be

iy = [-A+ V(r)]u.

(2)



PDE examples [7]: Gray-Scott model

The Gray-Scott equations were formulated originally by Gray and Scott in 1983; we shall not discuss
their original chemical motivation:

up = € Au — ww® + F(1 — u), v = A0 + uv® — (k + F)v. (1)

Fig. 2. Dependence
on k and F.




PDE examples [8]: Korteweg-de Vries equation

M*Sx 10°°

1x107*

Up + Uy + Ugppr = 0.

-3
Fig. 1: Soliton interactions




PDE examples [9]: sine-Gordon model

Up — Upy = SINU.

80

10

Fig. 3: Two breathers



PDE examples [10]: compacton equations

wp+ (u")y + (") gz = 0.

20

ation of K (3,3)



PDE examples [11]: Boussinesq equation

. 2
Ut — Ugr = Uzzzr + (U7 )2z,

Fig. 2: soliton interactions



PDE examples [12]: blow-up with uP nonlinearity

Up = Upy + 1P

10
200)
E
100
05 1 % 05 1
Fig. 2: a = 6.84: decay to 0 Fig. 3: o = 6.85: blow-up
(t=0,0.1,02,....,1 from top to bottom) (£ =0,0.8,0.807




PDE examples [13]: blow-up with e“ nonlinearity

t=3.54466
10 t=35446
t=3544
=354
5
t=35
t=3
1
U = Urr + A€ 0
=1 0 1
Fig. 1: blowup at t =~ 3.54466

with A = 1 and zero initial data.



PDE examples [14]: advection-diffusion

ur +a-Vu = e Au.

Fig. 1: Solution with a(z,t) = 1, & = 1072



PDE examples [15]: porous media

Fig. 1: 1D Barenblatt-Pattle solution
(r=02,m=2)



PDE examples [16]: Allen-Cahn equation

Uy = Ugy + U — u’.

+1

-1

Fig. 1: Metastable fronts (schematic)
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PDE examples [18]: Perona-Malik model

w =V (g(|Vu|) Vu),

s (_noisy initial data heat_equation PeronaMalik

1

I \/ M
t=0 t=0.03 t=0.03




PDE examples [19]: Kuramoto-Sivashinsky model

tUp + Uy = —Ugs — Uzrrx-




PDE examples [20]: Ginzburg-Landau equations

wp = (1 4+ i) ugy +u — (1 + ip)uful?, ueC

0.012

0.008
1

Fig. 2: Burst and collapse for a quintic complex GinzburgLandau equation



PDE examples [21]: Klein-Gordon model

wy = Vu — u,

N

Fig. 1: Klein Gordon (left) and



PDEs in two space dimensions [1]

o solhom = Nd:d:«z\% cone (mm-ukm?«:ﬁ Hape Vo)
v M’&Wuw"‘&)ﬂm&l U=Au+g
trovapot i 2 W +P U+ P U =0
sy e

1
os-
0

o
°
o

o
°
o




PDEs in two space dimensions [2]

« hypebobic PDE

. Aweﬂqw,\a ‘whinlpool®




PDEs in two space dimensions [3]
’gtl=])q Bu +§,(u,v)
oD, v +5,(4)
2t

Pwm@o&c PDE (s)
’ « wackion- &«Mlm 434*‘8«»%&&%&#1;
gy ¢ SrltbRg pules




Application areas

& weather prediction & climate models
5 chemical reactions
A ecology, biology, ...
A traffic flow
financial models
T geology, hydrology, ...
languages, archaeology
& fluid flow, MHD
B water flows, rivers, oceans, ...
® image processing, visualization
Y ETCETERA..NII



Fourier series method [1]

‘ Method of separation of variables

Seek a solution of the form:
u(x, t) = X(x)T(t) (x) <« find X(x) and T(t)

Example: Heat equation in 1D

x €[o,L], t>0

_ 2
Ut = @ Uxx,

u(0,t) =0, wu(L,t)=0, t>0 (BCs)

u(x,0) = uw(x),  x€0,L] (1)
un~ temperature
L~ length of bar 1) From (*):
ug ~ initial temperature
ur = X()T(),  ww = X"(x)T(t)
Substitute: .
T(t) X" (x)
a?T(t)  X(x)
—— ——r

function of t  function of x

(this must hold for all t and x under consideration!) =



Fourier series method [2]

T(t) — acT(t) =0

() X'
B X" (x) — eX(x) =0

2T = ) ¢ (constant) = {

2) Apply BCs:
u(0,t) = X(0)T(t) =0 & wu(L,t)=X(L)T(t)=0 vVt >0
> IfT(t)=0 Vt >0 = u(x,t) =0 (trivial solution) X
P Or, if X(0) = X(L) =0 (nontrivial solutions)

X" (x) — eX(x) =0
- {X(O) =X(L)=0

Three cases:

1. Casec >0 (c=A?):
X(x)= CeM+ Ge ™ B =0 — Xx=0 = u=0 x

2. Case c=0:
X(x) =G+ Cx 25 G =G =0 = X=0 = u=0 X

3. Casec < 0(c=—A%):
X(x) = G cos(Ax) + Cg sin(Ax)

BCs, JX(0)=GC =0
=
X(L) = Cgcos(AL) + Cgsin(AL) =0 = GCgsin(AL) =0



Fourier series method [3]

Three cases:

1. Casec >0 (c = A?):
X(x)=Ce™ + Ge ™ BS =26 =0 = X=0 = u=0 x
2. Case c =0:
X(x)=C3+ Cax 28 G =C =0 — X=0 — u=0 x
3. Casec <0 (c=—A%):
X(x) = GCs cos(Ax) + Cg sin(Ax)

r—’H
I
0o

5 cos(/\L) + Ggsin(AL) =0 = GCgsin(AL) =0
Since Cg # 0 for non-trivial solutions:
sin(AL) =0 = AL=nm, n=0,%£1,%2,...

nm
BN )\n:T, n=1,2,3,... (n=0 = u=0X, n=—1,-2,--- = no extra info)

Eigenfunctions:

nmx
X,,(x):a,,sin( L ), n=1,2,3,... (an <> Gp)



Fourier series method [4]

3) Apply IC:

2
c=-X=-(T) = Tue)=bue(F), n=123..

(from T(t) — a2cT(t) =0)

= up(x,t) = Xn(x) Ta(t) = apsin (nLLX> - bye—(

nr \2
— e (F) tsin (?) , n=1,23,... (c,=anby)



Fourier series method [5]

Linear, homogeneous PDE —> “Superposition principle”:

2
u(x, t) = iun(x, t) = i c,,eiaz(nTw) ® sin (nLLX)
n=1 n=1

Apply IC at t = 0:
>, nmx
u(x,0) = Zc,, sin <T> = up(x), x € [0, L]
n=1

- . . P oo . nmx
(Fourier sine series expansion = Y21 ¢, sin (T))

2 L . nmx
== = — / up(x) sin (—) dx
L Jo L

We have solved the PDE!

N

nmwx

u(x, t) ~ Z cp sin (T) ............ (what are the c,’s?)
n=1



Fourier transform method [1]

Heat Equation on an Infinite Domain

Consider:
{ut:aZUXX, x € (—o0,00), t >0

u(x,0) = up(x), x € (=00, 00)

This holds when ug(x) is continuous, u — 0 and uxy — 0 as x — +oo fort > 0, and [ |ug(x)| dx < oco.

1) Transform PDE to ODE:
Apply Fourier transform to the PDE and initial condition (IC):

Flu] = d(w, 1), Fluo(x)] = do(w)

Using the derivative property of the Fourier transform (F[ux] = —w?d):
_ 2 d _ 2 24
Flut] = Flatu] = " I(w, t) = —a“wi(w, t)
't

Flu(x, 0)] = Flug(x)] = d(w, 0) = do(w)

2) Solve ODE (for fixed w):

2w2t

i(w, t) = dp(w)e”

3) Apply inverse transform:

—a2w?t

u(x, 1) = F M a(w, 0] = F 1 [aow)e



Fourier transform method [2]

3) Apply inverse transform:

4) Use convolution property:

) = F M ag(w) 71 [ ]

1 2
= up(x) * e 4ot

202t

22

1 oo _(x=x)
- i rale
= — up(x)e 4a’t dx

2Va2rt /—oo
Numerical approximation:
1 M _ =R
u(x t)%i/ w(R)e a2t dg ... (M=1)
’ 2vValnt J—m

(using numerical quadrature)



Fourier transform method [3]

Another example:

urtyux =0 (%), u(x,0) = up(x)

Fourier transform definitions:

Flu] = d(w, t) = ; = u(x, t)ef"wx dx
V21 J oo

.7:_1[17] =u(x,t) = O(w, t)e 90X e

=

Apply to (*):
{%ﬁ(w, t) + viwd(w,t) =0  (ODE)

(w, 0) = do(w)



Fourier transform method [4]

Solve ODE: X
= (w, t) = dp(w)e” ¥t

Inverse Fourier transform:
iwx d

w

_ 1 O _iwnta
= u(x,t) = Wi e do(w)e
— oo

= % /OO ﬁo(w)eiw(xiwt) dw
VT — 00

= up(x — 1)

Note:
[6(w, t)] = [do(w)]  Vt=0

“Each Fourier component maintains its original amplitude and is modified only in phase”
(travelling wave behaviour)



Outlook to Lecture 2

3 .
| exercises for Lecture 1 (see webpage!)
finite difference approximations of derivatives

method of undetermined coefficients

®© =< =

finite difference matrices and their eigenvalues

treatment of boundary conditions

NN

non-uniform grids & transformations

2

v}

boundary-value models (stationary)
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