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Organization of the course

h webpage

i ”location” and ”hours”

j communication

p final exam (70%) ↔ exercises in lectures (check the webpage!)

L assignments (5% C1A, 10% C1B, 15% C2)

m programming: Matlab, Python



Well-posed vs ill-posed [1]

Before analyzing ill-posed problems, we must define what makes a
partial differential equation (along with its boundary and initial
conditions) mathematically sound.

Hadamard’s Definition (1902)
A mathematical problem is called well-posed if it satisfies the following
three fundamental criteria:

1. Existence: There exists at least one solution u(x , t).

2. Uniqueness: There exists at most one solution (no ambiguity).

3. Stability: The solution depends continuously on the initial and
boundary data.

The Core Breakdown
If at least one of these three conditions is violated, the PDE is classified
as ill-posed. In physical applications, it is almost always the stability
criterion that fails.
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Well-posed vs ill-posed [2]

▶ Physical reality: In practical experiments, initial conditions can
never be measured with 100% precision. There is always an inherent
measurement noise δ > 0.

▶ Numerical reality: Computers introduce floating-point round-off
errors when discretizing a continuous domain onto a grid.

Mathematical Definition of Stability
Let u1 be the solution corresponding to initial data ϕ1, and u2 correspond
to ϕ2. Stability in a norm ∥ · ∥ implies the existence of a constant C > 0
such that:

∥u1(·, t)− u2(·, t)∥ ≤ C∥ϕ1 − ϕ2∥ for all t > 0

In an ill-posed problem, an infinitely small perturbation in the input
(∥ϕ1 − ϕ2∥ → 0) can trigger a catastrophic explosion in the output
(∥u1 − u2∥ → ∞).
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Well-posed vs ill-posed [3]
Consider the classical heat equation on x ∈ (0, π), but we solve it backward in time (t < 0, or equivalently for
t > 0 with a reversed sign):

∂u

∂t
= −

∂2u

∂x2
, u(0, t) = u(π, t) = 0, u(x, 0) = ϕ(x)

We test this system using two different initial conditions via Fourier modes:
▶ Case 1: ϕ1(x) = 0 =⇒ u1(x, t) = 0

▶ Case 2: ϕ2(x) = 1
n
sin(nx) =⇒ u2(x, t) = 1

n
en

2t sin(nx)

The Catastrophic Blow-up
Observe the discrepancy between the initial conditions as n →∞:

∥ϕ1 − ϕ2∥∞ =
1

n
−→ 0

However, for the solution at any fixed time t > 0, the exponential factor dominates:

∥u1(·, t)− u2(·, t)∥∞ =
1

n
en

2t −→ ∞ (as n →∞)

Conclusion: Infinitely small high-frequency noise completely destroys the solution.
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Well-posed vs ill-posed [4]

For the standard wave equation (utt = uxx), time-reversal is perfectly
well-behaved because the equation is symmetric under t → −t.

However, if we mismatch the sign structure of the spatial and temporal
derivatives, we create an elliptic time operator (akin to Hadamard’s
example for the Laplace equation as an evolution problem):

∂2u

∂t2
= −∂2u

∂x2
(instead of +)

Modal Analysis
Applying separation of variables here transforms the stable trigonometric
time oscillations (cos(ωt)) into **hyperbolic functions**:

un(x , t) =
1

n2
cosh(nt) sin(nx)

Once again, the initial high-frequency amplitude 1
n2 suppresses the noise

at t = 0, but for any t > 0, the cosh(nt) blows up at a rate of ent . The
system is severely ill-posed.
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Well-posed vs ill-posed [5]

Ill-posed problems are not mathematical errors; they appear frequently in
physics and engineering as Inverse Problems:

▶ Geophysics: Reconstructing the historical temperature profile of
the Earth’s core based on current surface readings (Backward Heat).

▶ Medical Imaging: Tomography processes like CT and MRI scans
(back-calculating captured signals into internal anatomical density
maps).

How do we solve them numerically?
Standard numerical schemes (like FTCS or Crank-Nicolson) crash instantly on ill-posed PDEs due to round-off
amplification. We must modify the math:

▶ Regularization: Artificially adding a tiny dampening term (e.g., Tikhonov regularization or a higher-order
derivative ϵuxxxx ) to suppress and truncate high frequencies.

▶ Restricting the solution space: Forcing the solution to live inside a compact subset where the amplitudes
of high Fourier modes are strictly bounded a priori.
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Well-posed vs ill-posed [6]
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Well-posed vs ill-posed [8]



FDs versus FEs

• Finite differences & finite volumes

based on:
– Taylor expansions, eigenvalues, time-integration methods

conservation laws

• parabolic and hyperbolic PDEs (time-dependent)

[
* finite elements ⇝ based on variational formulations

(functional analysis plays an important role)

– elliptic PDEs (time-independent; stationary)
]

• Stationary PDEs



Notation and definitions

Partial Differential Equations : P D Es

notation: ux =
∂u

∂x
= ∂xu , uxx =

∂2u

∂x2
= ∂xxu = ∂2

x u = . . . , u4x = uxxxx =
∂4u

∂x4
= . . .

general form of PDE: F
(
x, y, z, t, u, ux , uy , ut , uxx , . . .

)
= 0

↖ a given ”operator” (function)

Independent variables: x, y, z, t, . . .

Dependent variables: u, v, P,T , ρ, . . .

Linear PDE: Lu(⃗x) = f (⃗x) with L(a · u + b · v) = a · L(u) + b · L(v)
f not linear, then: quasilinear . . . nonlinear

f = 0 =⇒ homogeneous PDE, else: inhomogeneous

Example: uxy = 0 =⇒ [integrating twice] u(x, y) = g(y) + f (x) arbitrary functions!



Boundary conditions
a) Dirichlet BC (on ∂Ω): u

∣∣∣
∂Ω

= given

↖
boundary of spatial domain

b) Neumann BC:
∂u

∂n

∣∣∣∣∣
∂Ω

= given

c) Robin BC:

(
∂u

∂n
+ a · u

)∣∣∣∣
∂Ω

= given

d) periodic BC: u(0, t) = u(1, t) (example), if Ω = [0, 1]

e) absorbing BC, flux BC, transport BC, etcetera . . .

In general: “count the number of derivatives in PDE” ←→ “how many conditions needed”

(≈ “highest” derivative)

Time-dependent PDEs:

{
−→ boundary conditions (BCs)

−→ initial condition(s) (IC(s))



Basic (linear) examples [1]

1) Laplace equation (stationary): ∆u = 0

2) Poisson equation (stationary): ∆u = f

3) Helmholtz equation (stationary): ∆u + k2u = 0

4) wave equation: utt − c2∆u = 0

5) heat or diffusion equation: ut − κ∆u = 0

6) advection equation: ut + aux = 0

7) telegraph equation (transmission lines):
utt + aut + bu = uxx



Basic (linear) examples [1]

8) Klein–Gordon equation (relativistic electrons):
□u + γu = 0

□ =
∂2

∂t2
− c2∆ (“d’Alembert operator”)

9) Boussinesq equation (hydrodynamics):
utt − α2∆u − β2∆utt = 0

↗
mixed derivatives!

10) Bi-harmonic wave equation (elasticity): utt + c2∆2u = 0

↗
fourth-derivatives!



Basic (linear) examples [3]

Heat equation (“diffusion equation”)

Classification: linear, first/second order, parabolic

{
ut = k · uxx

u(x, 0) = u0(x) (IC – Initial Condition)

x

t = 0

x

t = 1

x

t = 2

the initial solution damps out (“diffuses”)

Example of a solution:

u(x, t) =
e
− x2

1+4kt

√
1 + 4kt

“backward” heat equation: ut = −uxx ill-posed



Basic (linear) examples [4]

Advection equation
(“transport equation”, “one-way wave equation”)

linear, first-order, “hyperbolic”
{
ut + aux = 0

u(x, 0) = u0(x) IC (Initial Condition)

Solution:
u(x, t) = u0(x − at)

x

t = 0

a < 0 a > 0

x

t > 0

a > 0

wave moves with velocity a, without changing its shape



Basic (linear) examples [5]

Wave equation
(“two-way” wave equation)

linear, second-order, hyperbolic


utt = c2uxx

u(x, 0) = g(x)

ut (x, 0) = h(x)

ICs =⇒
d’Alembert solution:

u(x, t) =
1

2
[g(x − ct) + g(x + ct)] +

1

2c

∫ x+ct

x−ct
h(ξ) dξ

x

t = 0

c c

x

t > 0

c c

“backward” wave equation: utt + uxx = 0 ill-posed as an initial-value problem

however: uxx + uyy = 0 + BCs (elliptic) is well-posed



Some nonlinear examples [1a]

Burgers’ equation non-linear, second/first-order, parabolic/hyperbolic

ut = εuxx − uux
ε = 0 : inviscid Burgers’ equation

ε > 0 : viscous Burgers’ equation

ε = 0

(hyperbolic)
: shock waves are possible (depending on IC)

t = 0 t > 0

steepening wave “breaks”
(classical solution does not

exist anymore)



Some nonlinear examples [1b]

ε > 0

(parabolic) for t > 0
:

ε = 1
4 ε = 1

10 ε = 10−3

steeper and steeper (but will never “break”)



Some nonlinear examples [2]

Fisher equation

ut = uxx + u(1− u)

Travelling wave solutions are possible:

(example) u(x , t) =
1(

1 + e
x−ct√

6

)2
, c =

5√
6

t = 0 t = 1 t = 2

constant velocity c

waves do not change shape (see advection equation) note that this

is a nonlinear PDE!

(
advection equation is linear

↑

)



Some nonlinear examples [3]

Korteweg − deVries equation ”KdV”

ut + 6 uux
↑

nonlinear

+ uxxx
↑

third order

= 0 type = ?

Soliton solutions:

u(x, t) =
c

2
sech2

(√
c

2
(x − ct − x0)

) (
sech =

1

cosh

)
Nonlinear superposition of waves!

t = 0 t = 1

t = 2 t = 3



Classification [1]

Two independent variables

2nd order linear PDE:
Auxx + Buxy + Cuyy + Dux + Euy + Fu + G = 0

Suppose first: A, B, C , . . . are constants Remember 2nd order algebraic equation:

ax2 + bxy + cy2 + dx + ey + f = 0

These are curves in the x-y plane.

“Principal part”:
▶ If b2 − 4ac > 0, then the curve is a hyperbola
▶ If b2 − 4ac = 0, then the curve is a parabola
▶ If b2 − 4ac < 0, then the curve is an ellipse

Applying a suitable transformation of variables→ “normal form”:
ξ2

a2
− η2

b2
= 1

η2 = 4aξ

ξ2

a2
+ η2

b2
= 1



Classification [2]

“Principal part” of PDE: Auxx + Buxy + Cuyy

▶ If B2 − 4AC > 0, then the PDE is hyperbolic

▶ If B2 − 4AC = 0, then the PDE is parabolic

▶ If B2 − 4AC < 0, then the PDE is elliptic

Linear PDE with variable coefficients: A, B, C , . . . depend on x and y

(Check B2(x, y)− 4A(x, y)C(x, y))

▶ If B2(x, y)− 4A(x, y)C(x, y) > 0 at (x, y), then the PDE is hyperbolic at (x, y)

▶ If B2(x, y)− 4A(x, y)C(x, y) = 0 at (x, y), then the PDE is parabolic at (x, y)

▶ If B2(x, y)− 4A(x, y)C(x, y) < 0 at (x, y), then the PDE is elliptic at (x, y)

Note: First-order derivatives and the inhomogeneous term in this PDE do not play a role in this classification!



Classification [3]
1. uxx + uyy = 0

A = 1, B = 0, C = 1 =⇒ B2 − 4AC = −4 < 0 =⇒ elliptic PDE

2. uy = uxx
(
of uxx − uy = 0

)
A = 1, B = 0, C = 0 =⇒ B2 − 4AC = 0 =⇒ parabolic PDE

3. uxx + xuyy = 0 (x ̸= 0)

A = 1, B = 0, C = x =⇒ B2 − 4AC = −4x

PDE is

{
hyperbolic for x < 0

elliptic for x > 0

Classification based on eigenvalues λi of the principal part matrix:

4. ∆u = uxx + uyy + uzz = 0

λ1 = λ2 = λ3 = 1 > 0 (all eigenvalues have the same sign) =⇒ elliptic PDE

5. uz = uxx + uyy
λ1 = λ2 = 1 > 0, λ3 = 0 =⇒ parabolic PDE

6. uzz = uxx + uyy
(
or uxx + uyy − uzz = 0

)
λ1 = λ2 = 1 > 0, λ3 = −1 < 0 =⇒ hyperbolic PDE



Method of characteristics [1]
Linear First-Order) PDEs
Consider (define z(x, y)):

a(x, y)zx + b(x, y)zy + c(x, y)z = d(x, y)

where a, b, c, d are given functions.

Re-write:
a(x, y)zx + b(x, y)zy = −c(x, y)z + d(x, y)

Observe:

a(x, y)zx + b(x, y)zy = ∇z ·
(
a
b

)
= D(

a
b

)z

(directional derivative along the vector

(
a
b

)
).

ODE system (note that t in the following discussion does not represent ”time”):
dx

dt
= a(x, y)

dy

dt
= b(x, y)

Tangent vector to these curves:
d

dt

(
x(t)
y(t)

)
=

(
a(x, y)
b(x, y)

)

Note: This gives a family of characteristic curves x(t), y(t) whose tangent vector is in the direction of

(
a
b

)
.



Method of characteristics [2]
Take the ”time” derivative of z along these curves:

dz

dt
=

d

dt
z(x(t), y(t)) =

chain rule

∂z

∂x

dx

dt
+

∂z

∂y

dy

dt
= zx · a(x, y) + zy · b(x, y)

−→
PDE

= −c(x, y)z + d(x, y) =
re-write

−c(t)z(t) + d(t)

Solving this ODE using an “integrating factor”:

z(t) = e−
∫ t
0 c(τ) dτ

[∫ t

0
e
∫ τ
0 c(τ̃) dτ̃ d(τ) dτ + z(0)

]
⇝ “Method of Characteristics” (characteristic curves x(t), y(t))

Initial Conditions & Parameterization
Family of characteristic curves connected to the points of curve C :

x(s, t) = . . .

y(s, t) = . . .

z(s, t) = . . .

At ”time” t = 0 (’initial’ condition for PDE on curve C):
x(s, 0) = x(s)

y(s, 0) = y(s)

z(s, 0) = z(s)

where s is the parameter along the initial curve C.



Method of characteristics [3]

Inversion using the Jacobian:
If the Jacobian J = xsyt − xtys ̸= 0 for all (s, t), then we can invert

x = x(s, t), y = y(s, t)

to express s and t as functions of x and y :

s = s(x , y), t = t(x , y)

=⇒ z = z(x , y) = z(s(x , y), t(x , y)) solves the original PDE and
satisfies the initial condition!

Unique solution formula:

z(s, t) =
1

µ(s, t)

[∫ t

0

µ(s, τ)d(s, τ) dτ + g(s)

]
where the integrating factor is given by µ(s, t) = exp

(∫ t

0
c(s, τ) dτ

)
.



Method of characteristics [4]

Example
(note: real time t is represented by y) 

∂z

∂y
+ γ

∂z

∂x
= 0

z(x, 0) = u0(x) (given IC)

1) Find characteristic curves:

▶ Parameterize initial curve C at t = 0: x(s, 0) = s, y(s, 0) = 0, z(s, 0) = u0(s).

▶ Family of characteristic curves satisfy: 
dx

dt
(s, t) = γ

dy

dt
(s, t) = 1

Solve (integrate): {
x(s, t) = γt + c1(s)

y(s, t) = t + c2(s)



Method of characteristics [5]

Example (Continued)

2) Apply initial conditions:

{
x(s, 0) = s

y(s, 0) = 0
⇒
{
c1(s) = s

c2(s) = 0
⇒
{
x(s, t) = γt + s

y(s, t) = t

3) Here, we have c(x, y) = 0 and d(x, y) = 0:

⇒ d(s, t) = 0, µ(s, t) = 1 (see exp(. . . ))

Note:

z(x(s, 0), y(s, 0)) =
↑

t=0

z(s, 0) =
↑

t=0

u0(s)⇒


x(s, t) = γt + s

y(s, t) = t

z(s, t) = u0(s)

4) Transform z(s, t)→ z(x, y): {
s = x − γt = x − γy

t = y

⇒ z(x, y) = z
(
s(x, y), t(x, y)

)
= u0(x − γy)



*Canonical form [1]



*Canonical form [2]



*Canonical form [3]



PDE examples [1]: Fourier and linear PDEs 1

1® Nick Trefethen, Oxford University



PDE examples [2]: forward heat equation



PDE examples [3]: backward heat equation



PDE examples [4]: wave equation



PDE examples [5]: beam equation



PDE examples [6]: Schrödinger equation



PDE examples [7]: Gray-Scott model



PDE examples [8]: Korteweg-de Vries equation



PDE examples [9]: sine-Gordon model



PDE examples [10]: compacton equations



PDE examples [11]: Boussinesq equation



PDE examples [12]: blow-up with up nonlinearity



PDE examples [13]: blow-up with eu nonlinearity



PDE examples [14]: advection-diffusion



PDE examples [15]: porous media



PDE examples [16]: Allen-Cahn equation



PDE examples [17]: Cahn-Hilliard equation



PDE examples [18]: Perona-Malik model



PDE examples [19]: Kuramoto-Sivashinsky model



PDE examples [20]: Ginzburg-Landau equations



PDE examples [21]: Klein-Gordon model



PDEs in two space dimensions [1]



PDEs in two space dimensions [2]



PDEs in two space dimensions [3]



Application areas

G weather prediction & climate models
H chemical reactions
J ecology, biology, ...
K traffic flow
L financial models
M geology, hydrology, ...
N languages, archaeology
O fluid flow, MHD
P water flows, rivers, oceans, ...
Q image processing, visualization
R ETCETERA...!!!



Fourier series method [1]

Method of separation of variables

Seek a solution of the form:

u(x, t) = X (x)T (t) (⋆) ⇔ find X (x) and T (t)

Example: Heat equation in 1D

ut = α
2uxx , x ∈ [0, L], t > 0

u(0, t) = 0, u(L, t) = 0, t > 0 (BCs)

u(x, 0) = u0(x), x ∈ [0, L] (IC)

u ∼ temperature
L ∼ length of bar
u0 ∼ initial temperature

1) From (⋆):

ut = X (x)Ṫ (t), uxx = X ′′(x)T (t)

Substitute:

⇒
Ṫ (t)

α2T (t)︸ ︷︷ ︸
function of t

=
X ′′(x)

X (x)︸ ︷︷ ︸
function of x

(this must hold for all t and x under consideration!) ⇒



Fourier series method [2]

=⇒
Ṫ (t)

α2T (t)
=

X ′′(x)

X (x)
= c (constant) =⇒

{
Ṫ (t)− α2cT (t) = 0

X ′′(x)− cX (x) = 0

2) Apply BCs:
u(0, t) = X (0)T (t) = 0 & u(L, t) = X (L)T (t) = 0 ∀t > 0

▶ If T (t) = 0 ∀t > 0 =⇒ u(x, t) = 0 (trivial solution) ×
▶ Or, if X (0) = X (L) = 0 (nontrivial solutions)

=⇒
{
X ′′(x)− cX (x) = 0

X (0) = X (L) = 0

Three cases:

1. Case c > 0 (c = λ2):

X (x) = C1e
λx + C2e

−λx BCs−−→ C1 = C2 = 0 =⇒ X = 0 =⇒ u = 0 ×

2. Case c = 0:

X (x) = C3 + C4x
BCs−−→ C3 = C4 = 0 =⇒ X = 0 =⇒ u = 0 ×

3. Case c < 0 (c = −λ2):
X (x) = C5 cos(λx) + C6 sin(λx)

BCs−−→
{
X (0) = C5 = 0

X (L) = C5 cos(λL) + C6 sin(λL) = 0 =⇒ C6 sin(λL) = 0

Since C6 ̸= 0 for non-trivial solutions:

sin(λL) = 0 =⇒ λL = nπ, n = 0,±1,±2, . . .

=⇒ λn =
nπ

L
, n = 1, 2, 3, . . . (n = 0 =⇒ u = 0 ×, n = −1,−2, · · · =⇒ no extra info)

Eigenfunctions:

Xn(x) = an sin

(
nπx

L

)
, n = 1, 2, 3, . . . (an ↔ C6)



Fourier series method [3]
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Fourier series method [4]

3) Apply IC:

c = −λ2
n = −

(nπ
L

)2

=⇒ Tn(t) = bne
−α2( nπ

L )
2
t , n = 1, 2, 3, . . .

(from Ṫ (t)− α2cT (t) = 0)

=⇒ un(x , t) = Xn(x)Tn(t) = an sin
(nπx

L

)
· bne−α2( nπ

L )
2
t

= cne
−α2( nπ

L )
2
t sin

(nπx
L

)
, n = 1, 2, 3, . . . (cn = anbn)



Fourier series method [5]

Linear, homogeneous PDE =⇒ “Superposition principle”:

u(x, t) =
∞∑
n=1

un(x, t) =
∞∑
n=1

cne
−α2

(
nπ
L

)2
t
sin

(
nπx

L

)

Apply IC at t = 0:

u(x, 0) =
∞∑
n=1

cn sin

(
nπx

L

)
= u0(x), x ∈ [0, L]

(Fourier sine series expansion =
∑∞

n=1 cn sin
(

nπx
L

)
)

=⇒ cn =
2

L

∫ L

0
u0(x) sin

(
nπx

L

)
dx

We have solved the PDE!

u(x, t) ≈
N∑

n=1

cn sin

(
nπx

L

)
. . . . . . . . . . . . (what are the cn ’s?)



Fourier transform method [1]
Heat Equation on an Infinite Domain
Consider: {

ut = α2uxx , x ∈ (−∞,∞), t > 0

u(x, 0) = u0(x), x ∈ (−∞,∞)

This holds when u0(x) is continuous, u → 0 and ux → 0 as x → ±∞ for t > 0, and
∫∞
−∞ |u0(x)| dx <∞.

1) Transform PDE to ODE:

Apply Fourier transform to the PDE and initial condition (IC):

F [u] = û(ω, t), F [u0(x)] = û0(ω)

Using the derivative property of the Fourier transform (F [uxx ] = −ω2 û):F [ut ] = F [α2uxx ] =⇒
d

dt
û(ω, t) = −α2ω2 û(ω, t)

F [u(x, 0)] = F [u0(x)] =⇒ û(ω, 0) = û0(ω)

2) Solve ODE (for fixed ω):

û(ω, t) = û0(ω)e−α2ω2t

3) Apply inverse transform:

u(x, t) = F−1[û(ω, t)] = F−1
[
û0(ω)e−α2ω2t

]

4) Use convolution property:

u(x, t) = F−1[û0(ω)] ∗ F−1
[
e−α2ω2t

]



Fourier transform method [2]
3) Apply inverse transform:

u(x, t) = F−1[û(ω, t)] = F−1
[
û0(ω)e−α2ω2t

]

4) Use convolution property:

u(x, t) = F−1[û0(ω)] ∗ F−1
[
e−α2ω2t

]

= u0(x) ∗

 1
√

2α2t
e
− x2

4α2t



=
1

2
√
α2πt

∫ ∞

−∞
u0(x̄)e

− (x−x̄)2

4α2t dx̄

Numerical approximation:

u(x, t) ≈
1

2
√
α2πt

∫ M

−M
u0(x̄)e

− (x−x̄)2

4α2t dx̄ ≈ . . . (M = ?)

(using numerical quadrature)



Fourier transform method [3]

Another example:

ut + γux = 0 (⋆), u(x, 0) = u0(x)

Fourier transform definitions:

F [u] = û(ω, t) =
1
√
2π

∫ ∞

−∞
u(x, t)e−iωx dx

F−1[û] = u(x, t) =
1
√
2π

∫ ∞

−∞
û(ω, t)e iωx dω

Apply to (⋆):

⇒


d
dt

û(ω, t) + γiωû(ω, t) = 0 (ODE)

û(ω, 0) = û0(ω)



Fourier transform method [4]

Solve ODE:
=⇒ û(ω, t) = û0(ω)e−iωγt

Inverse Fourier transform:

=⇒ u(x, t) =
1
√
2π

∫ ∞

−∞
e−iωγt û0(ω)e iωx dω

=
1
√
2π

∫ ∞

−∞
û0(ω)e iω(x−γt) dω

= u0(x − γt)

Note:
|û(ω, t)| = |û0(ω)| ∀ t ≥ 0

“Each Fourier component maintains its original amplitude and is modified only in phase”
( travelling wave behaviour)



Outlook to Lecture 2

A exercises for Lecture 1 (see webpage!)

B finite difference approximations of derivatives

C method of undetermined coefficients

Q finite difference matrices and their eigenvalues

D treatment of boundary conditions

E non-uniform grids & transformations

F boundary-value models (stationary)
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