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Outline of Lecture 2

T exercises of Lecture 1
T finite difference approximations of derivatives

U shift matrices and their properties! (Laurent algebra)

method of undetermined coefficients

V¥ finite difference matrices and their eigenvalues
A non-uniform grids & transformations

@  boundary-value models (stationary) = exercises!

P outlook to Lecture 3
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Finite differences [1]

Calculus of finite differences:

Grid Setup
Constant Ax = uniform grid
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Finite differences [2]

Forward Difference Operator

A4 Tl() = ulx + Ax) — u(x)
Forward difference approximation:

Dy u(x) = ulx + Ax) — u(x) ~ u'(x)

Matrix representation:

<— check diagonals
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Finite differences [3]

Backward Difference Operator
A_[u](x) = u(x) — u(x — Ax)
Backward difference approximation:

u(x) — u(x — Ax ,
D;_u(x) = % =~ u'(x)

Matrix representation:

D = — <— check diagonals
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Finite differences [4]

Central Difference Operator
Acful(x) = u (x + %Ax) —u (x - %Ax)

Central difference approximation:

Dreu(x) = u (x + %Ax) Ai(“ (x — %Ax) - u’(x)

u(x + Ax) — u(x — Ax)

or Djcu(x) = AN

Matrix representation:

<— check diagonals
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Finite differences [5]

Central difference approximation for u’’ (x):

A ) u(x + Ax) — u(x) B u(x) — u(x — Ax)
" ~ cllx) Ax Ax
4 (Ax)? B Ax

u(x + Ax) — 2u(x) + u(x — Ax)
(B2

Forward difference approximation for u’/(x):

u(x + 2Ax) — u(x + Ax) u(x + Ax) — u(x)
A%Jr[u](x) Ax B Ax

uie) (Ax)? - Ax

u(x + 2Ax) — 2u(x + Ax) + u(x)
(Bx)?

Backward difference approximation for u’’(x):

W) A%7 [u](x) ~u(x) = 2u(x — Ax) + u(x — 2Ax)
@z (ax)?
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Finite differences [6]

Operator Expansion
The second-order central difference operator is applied iteratively:

Ac(Ac[u))(x) = Aclu] (x + 3Ax) — Ac[u] (x — 1Ax)

= (u(x + Ax) — u(X)) - (U(X) —u(x — AX))

= u(x + Ax) — 2u(x) + u(x — Ax)
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Finite differences [7]

General operator definitions:

7 [u](x Z( 1) < ) +(n—i)Ax)
1-[u](x) = zn:(—l)" ('7) u(x — iAx)

i=0

Afclul(x Z( 1y (7)u G (3 - ) &)

Derivative approximations and truncation errors:

AT [u](x) +O(Ax) = A7_[u](x) +O(Ax) = Afclul(x)

UM (x) =
) (Ax) (Ax)n (Ax)n

+ 0((ax)?)

Paul Andries Zegeling Department of Mathematics, Utrecht University

Lecture 2



Finite differences [8]

Operator Mapping

The forward difference operator defines a mapping: u BULLN Aqy[u]

Operational definition:
Appfu] =Sax — T

Where Say 2 u(x 4 Ax) is the shift operator, and Z is the identity operator.

Powers of the operator:

1
AL =Dy (Af+ ) = A7, = (Sax — 1)

Algebraic properties:
> Linearity:
Ay fau + Bv](x) = o Ary [u](x) + B A1 [V](x)
> Leibniz rule (Product rule):
Ay [uv](x) = Brg[u](x) - v(x + Bx) + u(x) - Ary [v](x)

etcetera...
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Finite differences [9]

Taylor series expansion for the operator:
A =Ax-D+ %(AX)QDZ + %(Ax)3D3 +o=eMP 7
(valid for sufficiently small Ax, where D is the derivative operator:
uls u')
Resulting operator identities:

1

3
3BT

1
— Sp, = P and In(Z4+A14) = A1+—§A§++

In a similar way for backward and central operators:

Ax-D=-In(Z—-A;-) and  Ax-D =2arcsinh (3A1c)
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Finite differences [1

Basic Properties

> Constant rule:  Aj c=0
P Linearity: Ajy(au+ Bv) = aljiu+ BAjqv

Product and quotient rules:

Forward product rule: Ay (uv) = uAjiv+ vA u+ Ajpulgiv
Backward product rule: A;_(uv) = ulAy_v+vAj_u— Aj_uly_v

u

VA _u— uly_v
Backward quotient rule: A;_ (- ) = —————
v

v-(v—»~A7A1_v)

etcetera...
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Finite differences [11]

Method of undetermined coefficients:
Objective: Find a one-sided approximation for uv/(x;) on the
stencil {xj_2,xi—1, x; }.

v (x;) = Au; + Buj_1 + Cu;i_» (%)
Where A, B, C are coefficients to be determined, and u; = u(x;).
Taylor series expansions about x;:

_ Ax)2 _Ax)3
ui_1 = u,-—l—(—AX)UX—I-( gx) Uxx+( %X) U + -0

uj =ui+0-Ax+0-(Ax)?+...

_oAx)? _2Ax)3
u,',2:Ui+(_2AX)Ux+( 22A ) Uxx+( 26A ) Usxx &+ o
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Finite differences [12]

Substituting the expansions into () yields:
Auj + Buj_1 + Cuj_y = Au;
B 2 B 3
+ Buj — BAx ux + E(AX) Ugx — E(AX) Uxxx + oot

2 4c 3
+ Cuj — 2CAx ux + 2C(AX) ugx — ?(Ax) Upx 4+ -«

Matching coefficients to satisfy u’(x;) = 1 - tux 4+ 0 - tj + 0 - uxx:

A= =3

A+B+C=0 | 248x
—BAx —2CAx =1 Sove, B=32
B(ax)? +2¢(ax)? =0 1
Ax
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Finite differences [13]

Resulting finite difference scheme:

1
= Uxi = 5 [3uj — 4uj_1 + uj_2]

Truncation error calculation:

—2Ax)3
gum +HOT.

A 3
Error = uy ; — u(x) = —B(ix)uxxx +C 6

6
- —%(AX)2UXXX + (’)((Ax)3)

Conclusion
The leading error term is proportional to (Ax)? =
second-order accurate.
(H.O.T. = Higher Order Terms, which are O((Ax)*) for the expansion)
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Finite differences [14]

Objective

Find a 4th-order approximation for the 1st derivative (uy) using a 5-point central stencil:

stencil: {xj_2, Xj—1, Xj, Xjit+1, Xi+2}

Taylor series expansions about x;:

_ 2
uj_p = uj + (—2Ax)ux + %uxer...
A2
ui_1 = uj + (—Ax)ux + %uu +...
u; = Ui +0-Ax+0-(Ax)2+...

2
uip1 = uj + (Ax)ux + (A;) Unx + e

2
Uit = uj + (2Ax)ux + %uxx +...
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Finite differences [1

Setting up the scheme (assuming the coefficient for u; is 0 due to symmetry):

uy,i = Auj_p + Buj_1 + 0 uj + Cuj1 + Dujip

Resulting linear system of equations:
1

—2A—-B+C+2D = £
— 4A+B+C+4D =0 (eliminate 2nd order derivative terms)
—8A—-B+C+8D=0 (eliminate 3rd order derivative terms)
16A+ B+ C+ 16D = 0 (eliminate 4th order derivative terms)

Solution for the coefficients:
2 —16 16 -2
B C= , D=
41Ax 41 Ax

= A=, :
41Ax 41Ax

Truncation error: O ((Ax)*)

Utrecht

ent of Mathematic:




Finite differences [1

Problem Definition

Given a small grid spacing Ax and an m-th order derivative, we want to achieve an accuracy of:
Error = O ((Ax)P)

General finite difference scheme:

(D)™ (o imax
7”1( ) — Z G u;

m! .=
=Imin

Terminology: The vector of coefficients:
C= (C,-min s C,-max)

is called the template or convolution mask for the approximation.
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Finite differences [17]

Procedure: Select m (derivative order) and p (order of accuracy), then find C;.

2, i"(Ax)"

Using the Taylor series expansion:  uj 1 = Z g u(">
n! !

n=0

Substitution into the general stencil yields:
ml MEP=1 | imax (Ax)"
= == 3| 3G o+ O((ax)P)
(aagm = LS,

(where the double sum represents the approximation, and the remainder is the truncation error)

This implies the following algebraic conditions for accuracy:

. fo, 0<n<m+p-1,n#m
1, n=m
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Finite differences [18]

System Properties
The matching conditions yield a set of m + p linear equations in imax — imin + 1 unknowns.

* If we restrict the number of unknowns to exactly m + p, then the resulting linear system has a unique
solution.

Standard examples of unique stencils:
> Forward Finite Differences (FDs):
imin =0, imax =m+p—1
> Backward Finite Differences (FDs):
imax =0, imin = —(m+p —1)
> Central Finite Differences (FDs):

m+p—1
2

Imax = —Imin =

nent of Mathematics, Utrecht




Finite differences [1

[T T

imax Formula Truncation Error
ujyq—u;
1| 1| Forward 0 1 S O(Lx)
up—uj_q
1 | 1 | Backward | —1 0 e O(Ax)
Yitl—Hi—1 2
1 2 | Central -1 1 % O((Ax)?)
—ujpta4u; g —3u; 2
1 | 2 | Forward 0 2 % O((ax)?)
3uj—4uj_1+ui_o )
1 | 2 | Backward | —2 0 Y O((Ax)?)
—ujyp+8uj 1 —8uj_1+ui_o 4
1 4 | Central -2 2 ! 'leX ! ! O((Ax) )
Uit —2uj41tu;
2 1 | Forward 0 2 &2 O(Ax)
2| 2| Central | —1 | 1 /S S Al S | o((ax)?)
(8x)2
2 | 4 | Central -2 2 Ui 100y — 300 H16u; 1 —vj—a O ((ax)")
12(Ax)2
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Finite difference matrices [1]

12}
Objective: Approximate 8— on the stencil {xj_1, X;, xj+1} with a uniform Ax.
X

-1

o
-

Define the matrix D1 = ﬁ 1 0 1 Ax Ax
0 Xi—1  Xi  Xi+1
- T
and the vector 7' = (..., U1, Uj, Ui41,-.-)
This corresponds to:  ux(xj) & uy ; = % (O((Ax)z) error)

Boundary challenges at the edges of the domain:

> Fori=2 up= U%Z:l v

> Fori=1 ug= % — What is ug?

. u, —Uupm— .
> Fori=M: uy= % — What is upj117?

The boundaries of the matrix depend on the boundary conditions (BC) of the DE.
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Finite difference matrices |

Periodic Boundary Conditions (BC)

We assume a periodic domain where the grid wraps around:

up = upp and Uyl = Ug
Resulting boundary approximations:
_ w—upm
Ux,1 = ~2Ax
_oui—um—1
Ux,M = ~2Ax
Resulting matrix structure:
0 1 -1
-1 0 1
D 1 -1 0 1
= Dic=——
2Ax .
1 —1 0

P This matrix is skew-symmetric (a circulant matrix).
» Its eigenvalues lie strictly on the imaginary axis.

ent of Mathematics, Utrecht




Finite difference matrices [3]

Forward Finite Difference (FD) — “Upwind” style:

—1 1
0 -1
Uil — Uj 1
Uy j = ———— O(Ax) error) = Dy = —
Ix,i Ax ( ( ) ) 1+ Ax
0
1
Backward Finite Difference (FD) — “Downwind” style:
1
-1 1
uj — uj_1 1 —1
Ux,i = B — (O(Ax) error) = D_ = ~
0

0 0
1
- 0
-1 1 0
0 —1
—1
1
-1 1
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Finite difference matrices [4]

82
FD matrix for — at x = x; with periodic BCs:
ax?

—2 1 1
-2 1

-

1
Dyc = D14Di— =Dy_Diy = @02

Matrix Property:

This yields a symmetric matrix =—> real eigenvalues
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Finite difference matrices |

H Dirichlet Boundary Conditions: ugp = uy; =0
Uiyl — 2u; + uj_
Approximation: . ; = e (O((Ax)z) error)

(Ax)y?
Applying the boundary conditions at the edges:

0
uy—2uy g™ up—2u

> Fori=1 uy1= a2 (a2
> Fori=M—1 w1 :%tg"&:)l;“"”*? = _Z”M(*Alx;;”"”*z
Resulting matrix structure (Dyc):
-2 1
! ' 712 712 1
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Finite difference matrices [6]

Fourth-order derivative matrix expression:

8%u 1
i = De=@rt= | 7 (O((x)?) error)

[ Exercise ]
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Finite difference matrices |

Operator composition for the third derivative:

Nl
o
Nl

[N

o D3c = D1y D Dic = !
S = Dy = —
3C + P Pe =05

[N
o
|
[N

T T T
0/0x8/0xd/0x

1
3 0
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(Truncation error: O((Ax)z))

Boundary blocks due to Periodic Bus:

»  Top-right corner block: (_01 _21)

> Bottom-left corner block: (j2 2)

etcetera...




Eigenvalues of FD matrices [1]

Tridiagonal Matrix A (Size: (M — 1) X (M — 1)):

a b 0
b a b
b a b
A=
0 b a
] i .
Eigenvalues: )\j(A):a+2bcos (ﬁ) , j=1,2,...,. M—1
1
vj
. _ . ) k_ . (KT .
Eigenvectors:  j(A) = . with v = sin o) k,je{1,...,M—1}
\/.M;1

Special Case: A = D¢
Setti -2 b 1
etting a= —— =
(axp’ (ax?

Ai(Dye) = { (j—)fl] j=1,2 M—-1
= A\; = cos s =L2...
AT (Ax)? M J




Eigenvalues of FD matrices [2]

Objective: Find the non-trivial solutions to the eigenvalue problem.

Define the normalized matrix A:

1
(Note: the factor ( can be added at the end of the calculation)

x)2

Eigenvalue equation to solve:

Y
<i
Il
>
<t
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Eigenvalues of FD matrices [3]

The matrix equation A~}7 = Ay can be written row by row as a system:
Yi-1—= Q@+ AN)yj+y41=0, j=1,...,M—1
Yo=ym =0
The general solution of this 2nd-order linear recurrence relation is obtained by substituting y; = 2
yj = awl + 8w,
Where wy and wy are the roots of the characteristic equation:

2 (2+N)z+1=0
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Eigenvalues of FD matrices [4]

Using the boundary conditions to determine the coefficients « and j3:
» Fromyg=0followss a+B8=0 = B8=—a

»  From yy = 0 follows: awlM + BWZM =0 <— a(WlM — WQM) =0

Assuming a non-trivial solution (a # 0):

Consequently, the solution simplifies to:  y; = o (w{ — Wé)
By symmetry, we can choose:

=
=

ik ik
wp =e M and w=e M (note that wywy = 1)
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Eigenvalues of FD matrices

The number X is an eigenvalue of Aif wy, wy satisfy the characteristic equation:

(z—wi)(z — wp) = 2° — (w1 + wo)z + wiwp = 0

Comparing this to 22 — (2+ X)z+1 =0, we find:

wp+wy =2+ A
wiwy =1

Solving for A using Euler’s relation:

=

fud]

ik
A=wp+wp —2=eM +e M —2

7k
= 2cos(—) -2
M

ent of Mathematic:

Utrecht



Eigenvalues of FD matrices

Using the trigonometric identity 2 cos(0) — 2 = —4 sin? (%), we can rewrite the expression for A:

I
|
~
"
2
o
~—~ =X
NES
~—

(since Ax = ﬁ for a normalized domain)
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Eigenvalues of FD matrices [7]

Final step

Reintroducing the scaling factor L

ok the eigenvalues of the complete matrix A are:
X

4 .o [ TkAx
= \A) = sin <7)
(Ax)? 2
The eigenvectors of A follow from:
=« (W{ - Wé)

(See also the document on the webpage)
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Higher dimensions [1]

Five-point stencil approximation:

1
Buij & Ui+ i1 vyt ujjo1 = 4ui ]

Truncation error: O(h2)

Derivation requires 2D Taylor expansions with two indices i, j:

2
h
ujtr1,j = Ujj + hux + 72’1)0( + ...
— h
Ui j—1 = uj,j — huy + Sy —
etcetera...
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Higher dimensions [2]

Note on corner expansions:

2
Uit1,j+1 = Uj,j + hux + huy + ?(Uxx +2u +uyy) + ..

Nine-point stencil approximation:

1
Aujj =~ o [411,-,11]' +Aujyy j+Aui o1 A i

U 1j—1 U1 U1 Ui

— 20u; ]

Show that the truncation error is O(h?) — exercise
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Higher dimensions [3]

3D: Seven-point stencil (Ax = Ay = Az = h):

1 2
Aujji ™ g [t i k1 = 6] e
-
Error: O(hz) [ 4
Generalization to d-dimensions (dD):
1
Ay iy, .yig = B2 | Yt ig T F iy g -1 —2d - Uiy iy iy

2d terms
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Higher dimensions [4]

S, <
q T D
Approximation for the mixed derivative: :
I
2 F-—-—-e—-— -
o%u Uikl a1 FU—1j—1 — Uil o1 — Uil |
Ox0y i 4h2 !
, I
d 1 N
> €

Note on the Stencil:

The mixed derivative approximation uses the four corner points of the 2D cell, omitting the central cross points.
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Non-uniform grids [1]

Non-uniform grid structure:

AAX,-,I:SA Ax; =q N Axjy1 =p AAX,-+2:r‘

hd hd Ad hd hd
Xi—2 Xi—1 Xi Xi+1 Xi+2

If p=qg=r=s=--.= Ax, then we have a uniform grid.

ou
Example: Approximate o at x = x; on the central stencil {x;j_1, X, Xj+1}:
X

o’ o
Uiyl = Uj + pux + S Uxx + Flxxx + -
Taylor: uj =ui+04+0+...

7 P
uj_1q :u,-fquXJrTuXXf ?uxxx+...
2 2 3 3
Uiyl — Uj—1 pT—q P +aq

= u, ;= ———— witherror — — Uy — ——u.
! ptaq 2p+aq)  6lp+a)

Leading error term: a uxx => O(Ax) unless p = q
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Non-uniform grids [2]

Concept

Transform a non-uniform physical grid in x into a uniform computational grid in £ using a mapping function x(§)

or £(x).
A
9P, . R S S
Xi-1 X Xi+1 ~__~ Si1 &i §i+1
non-uniform &(x) uniform
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Non-uniform grids [3]

1
Define the uniform computational grid spacing: A& =H = o

(where M represents the number of grid points)

Taylor expansions for the physical step sizes p and g about &;:

p = Axit1 = xip1 — xi = x(&§; + H) — x(&;)

r 1.2 3
»X£+EH s xee + O(HY)
q9=2A4x; =xi—xi—1=x(§)—x(&§ — H)

S Hoxe— tm? + O(H?
=Hoxg = JH xee + O(H)

Algebraic combinations (check!):
> p—q:H2~x£§+O(H4)
> prg=H . + O(HY)
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Non-uniform grids [4]

Resulting approximation for u, ;:

Uiyl — Uj—1
p+a

with truncation error:

non-uniform

2
s [3x£§ Uxx + xéuxxx] + O(HA)

0" At ac ae

uniform
= This is second-order accurate (O(H?))!

Properties of the mapping function x(&):
> x(¢) = & = Uniform grid in x.
> x¢ > 0 == The mapping is non-singular.

> X¢ and Xeg play an important role in the properties of the non-uniform grid.

How to choose x(£)? == See lecture on adaptive grids.
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Outlook to Lecture 3

il Prepare exercises of Lecture 2 (see webpage!)
T" Method-of-Lines (horizontal vs vertical)
Y Time-integration methods

@  Stability regions
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