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Method of Lines [1]

The spatial (“x") and temporal (“t") discretization are done
separately in two steps.
Option 1: method of vertical lines (“the” method of lines)

1) spatial approximation of L(u) = Zi(t) = L(d(t))
a system of

ordinary differential equations
(ODEs)

2) time integration

4

fully discrete approximation
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Method of Lines [2]

Ax Ax Ax Ax Ax Ax Ax
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Method of Lines [3]

Option 2: method of horizontal lines (“Rothe’s method”)

t 1) time integration
At — F(i",d") =0
A ,
At {a system of (non)linear
t
At stationary” PDEs
At
At 2) numerical (non)linear algebra ™\
X — fully discrete approximation
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Method of Lines [4]

We will use option 1 “MolL”

example 1 the heat equation u=kK-Ux , x€(0,1), t>0,k>0
IC: u(x,0) = sin(wx), x € [0,1] u(x, t) =7

BCs: u(0,t) =u(l,t) =0, t>0 (homogeneous Dirichlet))

ui(t) = ulxi, t)

up =0 ul‘Kt) uz‘(t) upy =0

Il
-

x0 =0 X1 X2 XM

ment of Mathemati
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Method of lines [5]

X; = i=0,...,M <— number of spatial grid points

!
M’

i+ 1 ] 1
s : Vi = Ax (constant)

R A VI VI V1 def

BCs: ug=0 Vt

uy =0 Vi IC: y;(0) =sin(mx;),i=1,...,M—1
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Method of lines [6]

How to obtain ODE equations for vu;(t), t > 07

~~ approximate uy(x;, t) in terms of the u;(t) :

uip1(t) = 2ui(t) + iy (t) i=1,....M-1
(Ax)?2 T t>0

Uxx (X,', t) ~

— system of M — 1 coupled ODEs:  ii(t) = - Dy if(t)
with @(t) = (u1(t), ua(t), ..., um—1(t))" and
-2 1 0

_ _ _ a tri-diagonal matrix
(Ax)? T ) with A € R™
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Method of lines [7]

: numerically integrate the ODE system

g+l _gn
At

n=0,1,2,...,N—1

with ul¥ ~ u(x;, T)

example: use Euler Forward (EF) : =K Docd"

" = (T + kAtDy )"
= Y0 )
u” given by IC : .
final time
T
At = —
N
t"=n-At, n=0,1,...,N

ul' = u(x;, t")
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Method of lines [8]

ﬁn+1 7n

Euler Backward (EB): A =k Dycd™!

"t = (T — kAtDy )7 Li"
—
i® given by IC
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Method of lines [9]
In general: suppose L is a linear spatial operator
ur = L(u)
Semi-discretize in space:
— 0(t) = Laci(t) with finite-difference matrix Lay
Approximate in time (EF, EB, ...)
l or: "exact” semi-discrete solution
lj(t) = et'lax i

~ matrix exponential

“exponential integrators” ...~ Ll 7
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Method of lines [10]

example 2 the advection equation
ur +au, =0 , x€(0,1), t>0
u(x,0) = up(x) , x€(0,1), t=0

(exact solution: u(x, t) = ug(x — at))

If a> 0, then we need a BC at x = 0 (“the inflow boundary”)
in that case x = 1 is the “outflow boundary".

fa<0;BCatx=1

consider periodic BCs :  w(0,t) =u(1,t) , t>0
(“whatever flows at the outflow boundary, flows back in at the
inflow boundary”)
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Method of lines [11]

In that case: up(t) = upm+1(t)

l
wE oy (1)
() m(r) (8 uo(t)
L o W=
} } } } } X
X0 X1 X2 cee XM XM+1 :
Ax Ax Ax um+1(t)
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Method of lines [12]

(i, £) mo B tia®) o 3y
/[\

Central FDs
(example)

—> ODE system:
(semi-discrete)

(1) = — 52 (i (t) — i a(t), i=2,...,M
with iy (t) = — 52 (ua(t) — wo(t))

1

(vo =umt1) = —zax (v2(t) — um+1(t))
and dp41(t) E—QZ (um2(t) — um(t))

(11 =ums2) = =585 (a(t) — um(t))
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Method of lines [13]

= U(t) = a- Dycilt)

with Dy, = f

1 -1 0

a circulant, skew-symmetric matrix

(0F -0
= A€ iR
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Method of lines [14]

In general, we obtain, after one step in MoL:

the eigenvalues of the matrix M

_ - <— are going to play an important
(0) = g

{ﬁ(t) = Mii(t)

role in step 2 of MoL.

In step 2, we need to apply a time-integration method:

-

explicit methods

Runge-Kutta methods < \
Taylor series methods / “EF”
non-standard

implicit methods

/ \iﬁunge—Kutta

“EB" linear
multistep
adaptive
linear FD's geometric  implicit- step sizes At
multistep methods explicit
methods methods
(IMEX)

- accuracy ?
- stability ?
- efficiency ?

ul Andries Zegeli ment of Mathemat




time
0000000

Time-integration methods [1]

Consider the scalar ODE : v = f(u)

(autonomous)
up given
IC
| t"=n-At, n>0
H At : At : : t u" ~ u(t")
tOZO ! 2 7 final

time

Paul Andries Zegeling Department of Mathematics, Utrecht University
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Time-integration methods [2]

Forward Euler : ™ =" At f(u")
(EF, Explicit Euler)

Backward Euler : u™t = " 4 At F(u"TY)
(EB, Implicit Euler)

u —u 1

Trapezoidal method : T3 [f(u") + f(u"+l)]
t

(implicit)

S+l =1
Midpoint method : A C f(u")

t
(“leapfrog”)
explicit
n+1 n n—1
BDF; : w = f(u"+1) AAAAAA etcetera......

( leit) 2At
implicit

ul Andries Zegelin ment of Mathemati
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Time-integration methods [3]

Truncation error : (example : midpoint, leapfrog)
u tn+1 — ("1
TE: Lodef M) Do)y
2At
Taylor

expansion —» =

—

o (e") + 2B (") + O((Be)Y)] - o (27)

(a2 (t") + O((At)*)

(note that the O((At)3) term drops out by “symmetry”)

[similar for other methods]

Taylor series methods :

u(t™Y & u(t") + At (£7) + %(At)zu”(t”) T %(At)"u(p)(t")

df , df 11
= — . u = —  f(u) etcetera for v’ ...
du du

o’
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Time-integration methods [4]

intermediate value
ki =u" + LAtf(u")

1
nt3
U™ = " ¥ At (k) (t7"2)

N to approximate u(t

two-stage (explicit) {
using EF

local error: 7" = O((At)3) (“second order”); TE vs LTE...

global error: O((At)z)

ky = u"
ke = u" + 1At f(k1)
four-stage (explicit) ks = u" + LAt f(k2)

ka = u" + At f(ks)
u™t =y 4 B [f(ke) + 2f(k2) + 2f(k3) + f(ka)]

“fourth-order” method: global error: O((At)*) (local error: O((At)®))

— @ r-stage
can be generalized e implicit

® many variants

ment of Mathemat
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Time-integration methods [5]
Linear Multistep Methods (LMM)

r-step LMM: Y77 ou™ = At 377 Bif (u")
if 5, =0, then explicit (otherwise: implicit)

Example  Adams methods :
umtr =yt L At > =0 Bif (u"t)
(=1, ap-1=-1,aj=0for j<r—1)

3-step explicit:

At
unt3 =yt 4 e} [5F(u") — 16 F(u""1) + 23 F(u"F2)]

2-step implicit:
At
ut? =yt 4 > [—f(u") 4+ 8 f(u™1) + 5 f(u"?)]

Paul Andries Zegeling Department of Mathematics, Utrecht University




time
0000080

Time-integration methods [6]

1 _ .
n+r _ r . n+ r o+t
LTE 7 = A7 > o au(t™) — Aty o B u(t")

= f(urt))

0 as AL

= 0 =0 & YL gjoy=3"0_0B;
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Time-integration methods [7]

H Characteristic polynomials H

p(Q)=> ad & o(Q)= > B
j=0 j=0

——
degree=r degree=r (if implicit),
otherwise degree<r

note: p(1) = Z}:o aj & Q)= Z}:ﬂajﬁj_l

< p(1)=0 AND /(1) =o0(1)
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Zero stability [1]

Example of a consistent LMM that does not converge

u™? 30" 42y = —ALF(u)  [#]

n __ 1 n n+1 n /(+n
LTE 7 —E[u(t+2)—3u(t+)+2u(t )] + (")

= gAt u"(t") + O((At)?)  — 0 for At — 0

= method is consistent and first order accurate

What happens with the global error?
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Zero stability [2]

u'(t)=0

(0) = 0 = u(t)=0 Vt>0!

Check with the “trivial” ODE: {

Apply LMM to equation [+] :  u"t2 — 34" 124" =0 [%]
we need two starting values, say t® = v =0 = u" =0 Vn >0 (solves the “ODE" exactly)

However, in general, some perturbation must be added,

say i® =0, vl = At —  u?° = 0(10%) blows-up
~

small!!

Explanation: solve [xx] explicity == u” = 2u% — u* +2°(u* — u®) (check!!)

we know that u(t) = 0,Vt > 0 = global error = u" — u(t") = u"

N~
=0

ul Andries Zegeli ment of Mathemat




zerostab
ooe

Zero stability [3]

factor 2" maghnifies the global error = no convergence
forn — oco !

“Root condition”: the roots of p(¢) are all inside the unit circle in C
(those on the circle: simple roots)

A method is zero-stable <= it satisfies the root condition

Theorem: method is convergent <= it is consistent AND zero-stable

Note: zero-stability <= the origin z = 0 € C lies in the (absolute) stability region

aul Andries Zegeli Utrecht Un
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Stability regions [1]
Define the stability polynomial  7(¢; z) = p(¢) — z - ()

The region of (absolute) stability (“stability region”) <= “A-stability” of a method
= {z € C | w(¢; z) satisfies the “root condition”}

EF: 7 =(—(1+2z),asingleroot: (1 =1+z

[Gil=11+z[ <1
inside a circle

EB: m=(1—2)¢ —1, asingleroot: ¢ = (1 —z)"*

Gl =11 -2)7 <1
outside another circle

|
|
|
|

ul Andries Zegelin ment of Mathemati
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Stability regions [2]

Absolute stability ~ stability properties of the ODE methods
in step 2 of MoL and the properties of the semi-discrete matrix M

A method is (absolutely) stable, or A-stable,

if AA: z(e C) lies in S <— stability region of the ODE

method, where X € spectrum of the matrix M

Paul Andries Zegeling Department of Mathematics, Utrecht University
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Stability regions [3]

. . u'=Au :
Consider the scalar “test” ODE : with A € C
u(0) = wo
r_
and also the “perturbed” ODE: V=
v(0) =up+0

with small perturbation §
As an example, apply EF:
Ut = (14 AAt)u"
== (14 XA1)"10
vt = (14 X At)v"
== (14+ XA +6)

Paul Andries Zegeling Department of Mathematics, Utrecht University
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Stability regions [4]

= L ot = (1 + )\At)n+1. o)
—_ —
? small 77 amplification ~ small

factor
[|>1or||<17?
If |1+ MAt| = |1+ z] < 1, then [v"T — Tl < 1

and the initial small perturbation won't affect the numerical
solution.
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Stability regions [5]
EF is stable, if |1 +z| <1withz= _\ =« At
< =~

from ODE from numerical method

Im(z
() SEFZ{ZECH1+Z|<1}

C
R(z)=1+z~1+z+1224+... =¢?

is called the “stability function” of the
method

Note: solutions of the ODE are “stable” for A € C~
= EF is conditionally stable
with accuracy O(At)

Paul Andries Zegeling Department of Mathematics, Utrecht University
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Stability regions [6]

For Euler-Backward (EB): Sgg={z€ C ||l —2z| > 1}

1 1
= 14242242834 m 1424222423+ =€

R2) =13 22 7%

C
Since Sgg D C—, EB is unconditionally
stable.
Accuracy: O(At)

Department of Mathematics, Utrecht University
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Stability regions [7]

Trapezoidal method: Sty =C~

unconditionally stable
accuracy: O((At)?)

1
R(z):i;:(1—|—%z)(1+%z+...):1+z+~--%ez

Paul Andries Zegeling

Department of Mathematics, Utrecht University
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Stability regions [8]

p-th order Taylor method :
R(z):1+z+%z2+~-+%z”mez
conditionally stable
accuracy : O((At)P)
explicit

Paul Andries Zegeling Department of Mathematics, Utrecht University
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Stability regions [9]

Im(z)
C
Runge-Kutta 4 (RK4) : S
R(z) =14z + %22+ %z3+ ﬁz“ = e?
0
conditionally stable 78 Re(z)
accuracy : O((At)%) .

explicit

ul Andries Zegelin

ment of Mathemati




Stability regions [10]

Note:  R(z) is a rational function or polynomial in z Theorem :

The boundary locus (= curve in C defined by |R(z)| =1) is
symmetric around the real axis in the complex plane:

the angle at z =0 € C between the boundary locus and the real
axis in the complex plane is 90°:

Paul Andries Zegeling Department of Mathematics, Utrecht University
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Boundary locus [1]

how to find the region of (absolute) stability ?

z € stability region S, if the stability polynomial 7(¢; z)
satisfies the “root condition” for this z € C.

If z € 0S, then 7({; z) must have at least one root ¢; with [(j| = 1.
this ¢; must have the form: (; = e'¥ for some ¢ € [0, 27].

— 7(e¥; z) = 0 for this ¢, z combination
< p(e'?) —'za(e"‘*g) =0
p(e”)

< = .
27 o(ei®)

(from ¢ follows z € 9S)
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Boundary locus [2]

Each point on S must be of this form | (for some value of ¢ € [0, 27])
el?

= "“simply” plot the parametrized curve z = pi., @ € [0, 2n]
o(e'?)
=¢ -1 el —1 .
example 1: EF {Z(é)) :i = z(p) = —Y = el —1

this function maps [0, 27| to the unit circle
centered at z = —1.

* Evaluate at some “random” point z on the inside or

outside of the curve and see if the polynomial satisfies the “root condition”

ul Andries Zegeli ment of Mathemat
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Boundary locus [3]

4 1 2
example 2 BDF3 method u"t2 — gu”“' + gu" =3 At F(u"2)

p(C)=¢2—%¢+3 2. \2_a 1
= 7((iz)=(1—%52)¢° -3¢+ 3
{a(c): HS (1-32) @53
2ip A4 ip 1
:>z:e 3e. Jr3:772e7'.“’+1672"“’Y z €8S
2e2ip 2 2

set z = x + iy, {x:x(g@)

'—E— cos(— isin(—
ST = iy = = 2(cos(—) + sin(—¢)

+% (cos(—2¢) + isin(—2¢p))

ul Andries Zegelin
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Boundary locus [4]
{xm =2 — 2cos(p) + L cos(2¢)

3 1
(@) = 2sin(p) — L sin(20) = 5 2cosle) + 5 cos(29)

+i (2 sin(p) — %sin(th))

this is a curve in the x-y-plane (“C")

Im(z)
2
boundary locus curve
Table: /
¥ X Yy
0 0 0
/2 1 2 +
s 4 0 (0,0) 1 (4,0) Re(z)
37w/2 1 —2
27 0 0
-2
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Boundary locus [5]
Stability region S :  inside or outside closed curve ? (need to check one point)
Recall (¢ 2) (1 2)42 2evs = (< 3) 22— 2¢y 2
ecall 7(¢;z) = - =z - = - T|(¢(—= ) = - = =
3 3 3 2 3 3
4\ 2
-+ (—7> —4.2. - .
3 1 i \V8
has roots : (1,2 = =4+ -
2.2 3 4 3
, 1 8 11
and [(P=-+——=-+—=— = [¢I<1
9 16 -9 9 18
= S outside 9S
Im(z)
2.16 - = =
SBDF,
C
(Y] Re(z2)
—2.16 - - =
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Outlook to Lecture 4

il prepare exercises of Lecture 3 (see webpage!)
the heat equation

semi-discretization

space-time discretizations

T
¥
@  time-integration
¥
T

higher dimensions
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