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Chapter 13

Advection Equations

[n this chapter we consider numerical methods for the scalar advection eguation
U + aug =0 (13.1)

where a is a constant. See Section 10.3 for a discussion of this equation. For the Cauchy problem we
also need initial data
u(z,0) = n(z).

This is the simplest example of a hyperbolic equation, and is so simple that we can write down the exact
solution,
u(z,t) = n(z - at). (13.2)

One can verify directly that this is the solution (sce also Chapter 11). However, many of the issues that
arise more generally in discretizing hyperbolic equations can be most easily seen with this equation.
Other hyperbolic systems will be discussed later.

‘The first approach we might consider is the analog of the method (12.4) for the heat equation. Using
the centered difference in space and the forward difference in time results in

Un+l -Un a

et = U - UL, (13.3)
which can be rewritten as .
ak

uptt =up - U = Uy (13.4)

This again has the stencil shown in Figure 12.1{(a). In practice this method is not usefu! because of
stability considerations, as we will see in the next section.

A minor modification gives a more useful method. If we replace U} on the right-hand side of (13.4)
by the average §(UJ | + UP',) then we obtain the Laz-Friedrichs method,

1 " ak . n
urtt = §(U!'-| + Ui - :_,71‘( a —Uioy). (13.5)

Because of the low accuracy, this method is not commonly used in practice, but it serves to illustrate
some stability issues and so we will study this method along with (13.4) before describing higher order
methods such as the well-known Lax-Wendroff method.

We will see in the next section that Lax-Friedrichs is Lax-Richtmyer stable (see Section 12.5) and
convergent provided

<1 (13.6)
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Note that this stability restriction allows us to use a time step & = O(h) even though the method is
explicit, unlike the case of the heat equation. The basic reason is that the advection equation involves
only the first order derivative u, rather than ug; and so the difference equation involves 1/h rather
than 1/A%.

"T'he time step restriction (13.6) is consistent with what we would choose anyway based on accuracy
considerations, and in this sense the advection equation is not stiff, unlike the heat equation. This
is a fundamental difference between hyperbolic equations and parabolic equations more generally, and
accounts for the fact that hyperbolic equations are typically solved with explicit methods while the
efficient solution of parabolic equations generally requires implicit methods.

1o see that (13.6) gives a reasonable time step, note that

ug(z,t) = if'(z — at)

while
w(x, t) = —aug{z, t) = —en'(z - at).

The time derivative u, is larger in magnitude than u; by a factor @, and so we would expect the time
step required to achieve temporal resolution consistent with the spatial resolution h to be smaller by a
factor of a. This suggests that the relation k = it/a would be reasonable in practice. This is completely
consistent with (13.0).

13.1 MOL discretization

‘To investigate stability [urther we will again introduce the method of lines (MOL) discretization as we
did in Section 12.2 for the heat equation. o obtain a system of equations with finite dimension we
must solve the equation on some bounded domain rather than solving the Cauchy problem. However,
in a bounded domain, say 0 € x < 1, the advection equation can have a boundary condition specified
only on one of the two houndaries. If a > 0 then we need a boundary condition at z = 0, say

u(0,4) = gu(t), (13.7)

which is the inflow boundary in this case. The boundary at z = 1 is the oulflow boundary and the
solution there is completely determined by what is advecting to the right from the interior. If a < 0 we
instead need a boundary condition at z = 1, which is the inflow boundary in this case.

‘I'he symmetric 3-point methods defined above can still be used near the inflow boundary, but not
at the outflow boundary. Instead the discretization will have to be coupled with some “numerical
boundary condition” at the outflow boundary, say a one-sided discretization of the equation. T'his issue
complicates the stability analysis and will be discussed later.

For analysis purposes we can obtain a nice MOL discretization il we consider the special case of
perodic boundary conditions,

u(0,¢) = ufl,t) for t20.

Physically, whatever flows out at the outflow boundary flows back in at the inflow boundary. 'This also
models the Cauchy problem in the case where the initial data is periodic with period 1, in which case
the solution remains periodic and we only need to model a single pericd 0 <z < 1.

In this case the value Uy(t) = Up41(t) slong the boundaries is another unknown, and we must
introduce one of these into the vector U(t). If we introduce Upn41(t) then we have the vector of grid
values

Z 18
(¢
Uft) = '_( )

Um-f.-l(t)
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For 2 € j < m we have the ODE
a
Ui(t) = ~ 57 Wrr(t) = U= (1)),

while the first and last equations are modified using the periodicity:

a
Uit) = —g5(Us() = Umia(2)),
a
Upis® = =5=(Ua(®) ~ Unm(t)).
This system can be written as
U'(t) = AU() (13.8)
with
0 1 1
-1 0 1
-1 0 1
= _a (m+1)x(m+1) .
A=-5 €R : (13.9)
-1 0
1 1 0O

Note that this matrix is skew-synunetric (AT = —A) and so its eigenvalues must be pure imaginary. In
fact, the eigenvalues are

ia
h

‘The corresponding eigenvector uP has components

Ap = —=—sin(2aph), forp=1,2 ..., m+ L (13.10)

uf =P for j=1,2, ..., m+1 (13.11)

The eigenvalues lic on the imaginary axis between —ia/h and 1a/h. Note how this relates to the
eigenvalues and eigenfunctions of —ad;.

For absolute stability of a time discretization we need the stability region S to include this interval,
Any method that includes some interval iy, |y] < b of the imaginary axis will be stable provided
lak/h} < b.

13.1.1 Forward Euler time discretization

The method (13.4) can be viewed as the forward Euler time discretization of the MOL system of ODE's
(13.8). We found in Section 8.3 that this method is only stable if [1 + kA| < 1 and the stability region
S is the unit circle centered at —1. No matter how small the ratio k/h is, since the eigenvalues Ap from
(13.10) are imaginary, the values kA, will not lie in S. Hence the method (13.4) is unstable for any
fixed mesh ratio k/h; see Figure 13.1(a).

"The method (13.4) is be convergent if we let & — 0 [aster than h, since then kX, — 0 for all p
and the zero-stability of Euler's method is enough to guarantee convergence. Tnking k much smaller
than h is generally not desirable and the method is not used in practice. However, il is interesting to
analyze this situation also in terms of Lax-Richtmyer stability, since it shows an example where the
Lax-Richtmyer stability uses a weaker bound of the form (12.19), || Bl < 1 + ak, rather than || B|l < 1.
Here B = [ + kA. Suppose we take k = h?, for example. I'hen we have

11+ kXl € 1+ (ka/h)?
for each p (using the fact that X, is pure ininginary) and so

L+ EAP S L4 a®h® =1 4+ 6%k
p
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Hence ||/ + k4|3 €1 +a®k and if nk £ T we have
I+ kA 2 € (14 a®k)™? < 8772,

showing the uniform boundedness of ||[B"|| (in the 2-norm) needed for Lux-Richtmyer stability.

13.1.2 Leapfrog

A better time discretization is to use the midpoint method (6.17),
Ut = unmt g2k AU,

which gives the Leapfrog method for the advection equation,

n n-— ak n :
Urtt = yr-t - _)T(U-’p‘“ -Ur,). (13.12)

This is a 3-level explict method, and is second order accurate in both space and time.

Recall from Section 8.3 that the stability region of the midpoiut method is the interval ia for
=1 < a < | of the imaginary axis. ‘This method is hence stable on the advection equation provided
[ak/h} < 1 is satsified.

13.1.3 Lax-Friedrichs
Now consider the Lax-Friedrichs method (13.5). Note that we can rewrite (13.5) using the fact that
1 U 7 1 )
E(U;‘_l + U;‘+l) = Uj‘ + ‘,-;(U)n..l - 2U]" + U)"-! I):
to obtain L )
| 1 ak n 1 n n n .
UJl+l U,l 5’.;( ]+I_UJ‘-l)+§( j-1 —'.)U) +UJ+|) (la-l-})
‘'his can be rearranged to give
uptt—up pafYinUin) w2 (U, 207+ UL,
k 2h 2%k h? '

If we compute the local truncation ercor from this form we see, as expected, that it is consistent with the
advection equation u, + auz = 0, since the term on the right hand side vanishes as k, h — 0 (assuming
k/h is fixed). However, it Jooks more like a discretization of the advection-diffusion equation

Uy + QU; = €Uy

where € = h?/2k. Actually, we will see later that it is in fact a second order accurate method on a slightly
different advection-diffusion equation. Viewing Lax-Friedrichs in this way allows us to investigate the
diffusive nature of the method quite precisely

For our present purposes, however, the crucial part is that we can now view (13.13) as resulting
from a Forward Euler discretization of the system of ODE's

U'(t) = BU(¢t)

with

(13.14)

—
—
o
—
—
(35
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where € = /i?/2k. The matrix B differs from the matrix A of (13.9) by the addition of a small multiple
of the second difference operator, which is symmetric rather than skew-symmetric. As a result the
eigenvalues of B are shifted off the imaginary axis and now lie in the Jeft half plane. There is now some
hope that each kA will lie in the stability region of Euler’s methiod if k is small enough relative to h.

It can be verified that the eigenvectors (13.11) of the matrix A are also eigenvectors of the second
difference operator (with periodic boundary conditions) that appears in (13.14), and hence these are
also the eigenvectors of the full matrix B. We can easily compute that the eigenvalues of B are

i 2
Bp = - -I’-‘;l sin(2mph) - ;—;(l - cos(2nph)). (13.15)

The values ky, are plotted in the complex plane for various different values of € in Figure 13.1. They
liec on an ellipse centered at —2ke/h? with semi-axes of length 2ke/h? in the z-direction and ak/h in
the y-direction. For the special case ¢ = h%/2k used in Lax-Friedrichs, we have —2ke/h? = —~1 and
this ellipse lies entirely inside the unit circle centered at —1, provided that Jak/h| < 1. (If lak/h| > 1
then the top and bottom of the ellipse would extend outside the circle.) The forward Euler method is
stable as a time-discretization, and hence the Lax-Friedrichs method is Lax-Richtmyer stable, pravided
lak/h} < 1.

13.2 The Lax-Wendroff method

One way to achieve second order accuracy on the advection equation is to use a second order temporal
discretization of the system of ODE's (13.8) since this system is based on a second order spatial dis-
cretization. This can be done with the midpoint method, for example, which gives rise to the Leaplrog
scheme (13.12) already discussed. However, this is a 3-level method and for various reasons it is often
much more convenient to use 2-level methods for PDE's whenever possible - in more than one di-
mension the need to store several levels of data may be restrictive, boundary conditions can be harder
to iinpose, and combining methods using fractional step procedures (as discussed in Chapter 15) may
require 2-level methiods for each step, to name a few reasons. Moreover, the Lenpfrog method is “nondis-
sipative” in o sense that will be discussed in Section 13.6, leading to potential stability problems if the
method is extended to variable coefficient or nonlinear problems.

Another way to achieve second order accuracy in time would be to use the trapezoidal method to
dicretize the system (13.8), as was doune to derive the Crank-Nicolson method for the heat equation.
But this is an implicit method aund for hyperbolic equations there is generally no need to introduce this
complication and expense.

Another possibility is to use a 2-stage Runge-Kutta method such as the one in Example 6.11 for the
time discretization. This can be done, though some care must be exercised near boundaries and the
use of a multi-stage method again typically requires additional storage.

One simple way to achieve a 2-level explicit method with higher accuracy is to use the idea of
Taylor series methods, as described in Section 6.5. Applying this directly to the linear system of ODE's
U'(t) = AU(t) (and using U" = AU' = A2U) gives the second order method

UMt = U + kAU + %kmﬁu".

Here A is the matrix (13.9) and computing A® and writing the method at the typical grid point then
gives

vt = - Sm —ur )+ S g, _aun son 6
i =UF = g Ui = UiLy) + 55 (Ul - 2UF + Ufa). (13.16)

"This method is second order accurate and explicit, but has a 5-point stencil involving the points U T2 and
Uj'ya. Wilh periodic boundary conditions this is not a problem, but with other boundary conditions
this method needs more numerical boundary conditions than a 3-point method. This makes it less

convenient to use, and potentially more prone to numerical instability.
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Figure 13.1. Eigenvalues of the matrix B in (13.14), for various values of ¢, in the case i = 1/50 and
k = 08h, a = [, so ak/h — 0.8. (a) shows the case € = 0 which corresponds the forward Euler method
(13.4). (d) shows the case € = a®k/2. the Lax-Wendroff method (13.17). (e) shows the case ¢ = h?/2k
the Lox-Friedrichs method (13.5). ‘Lhe method is stable for € between a®k/2 and h*/2k, as in figures

(d) through (e).
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Note that the last term in (13.16) is an approximation to fa?ku,, using a centered difference based
on stepsize 2. A simple way to achieve a second-order accurate 3-point method is to replace this term
by the more standard 3-point formuula. We then obtain the standard Laz- Wendroff method:

. ak a’k?
urt =up - -2-’-!(!1;;1 -Ur,)+ W(U;‘_, =20+ UM, (13.17)

A cleaner way to derive this method is to use T'aylor series expansions directly on the PDE u, +au,
0, to obtain

u(z, t + k) = u(z, t) + huy(z,t) + ;k"’uu(z, 4

Replacing u; by —au, and uy, by a®u;. gives
u(z,t + k) = ule,8) - kauy(z,0) + Sk aPups(z,6) + -

If we now use the standard centered approximations to u; and u,, and drop the higher order terms,
we obtain the Lax-Wendroff method (13.17). It is also clear how we could obtain higher-order accurate
explicit 2-level methods by this same approach, by retaining more terms in the series and approximating
the spatial derivatives (including the higher-order spatial derivatives that will then arise) by suitably
high order accurate finite difference approximations. The same approach can also be used with other
PDE's. The key is to replace the time derivatives arising in the Taylor series expansion with spatial
derivatives, using expressions obtained by differentiating the origina! PDE.

13.2.1 Stability analysis

We can analyze the stability of Lax-Wendroff following the same approach used for Lax-Friedrichs in
Section 13.1. Note that with periodic boundary conditions, the Lax-Wendrofl method (13.17) can be
viewed as Euler’s method applied to the linear system of ODE’s U’(t) = BU(t) where B is given by
(13.14) with € = a®k/2 (instead of the value ¢ = h?/2k used in Lax-Friedrichs). The eigenvalues of B
are given by (13.15) with the appropriate value of ¢, and multiplying by the time step k gives

2
kpp = —i (%) sin{pwh) + (%—) (cos(pmh) - 1)).
These values all lie on an ellipse centered at —(ak/h)? with semiaxes of length (ak/h)* and |ak/h|. 1f
lak/h| < 1 then all of these values lie inside the stability region of Euler's method. Figure 13.1(d) shows
an example in the case ak/h = 0.8 The Lax-Wendroff method is stable with exactly the same time step
restriction (13.6) as required for Lax-Friedrichs. In Section 13.5 we will see that this is a very natural
stability condition to expect for the advection equation, and the best we could hope for when a 3-point
method is used.

A close look at Figure 13.1 shows that the values ki, near the origin lie much closer to the boundary
of the stability region for the Lax-\Vendroff method (Figure 13.1(d)) than for the other methods illus-
trated in this figure. This is a reflection of the fact that Lox-Wendroff is second-order accurate while
the others are only first order accurate. Note that a value kpu,, lying inside the stability region indicates
that this eigenmode will be damped as the wave propagates, which is unphysical behavior since the true
solution advects with no dissipation. For small values of s, (low wave numbers, smooth components)
the Lax-Wendroff method has relatively little damping and the method is more accurate. Higher wave
numbers are still damped with Lax-\Wendroff (unless |ak/h| = 1, in which case all the kpp lie on the
boundary of §) and resolving the behavior of these mnodes properly would require a finer grid.

Comparing Figures 13.1(c), (d), and (e) shows that Lax-Wendroff has the minimal amount of nu-
merical damping needed to bring the values kg, within the stability region, Any less damping, as in
Figure 13.1(c) would lead to instability, while more damping ns in Figure 13.1(e) gives excessive smear-
ing of low wave numbers. Recall that the value of ¢ used in Lux-Wendroff was determined by doing a
"Taylor series expansion and requiring second order accuracy, so this makes sense.
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13.2.2 Von Neumann analysis
The stability criterion for the Lax-Wendroff method can also be determined using von Neumann analysis
as described in Section 12.6. Setting v = ak/h and following the procedure of Example 12.5 for the
Lax-Wendroff method (13.17) gives
g=1- %iu(e‘f" -~ e ®hy 4 %u’"(e‘"l ~ 24 e
= 1 — iwsin(€h) + v*(cos(€h) — 1) (13.18)
= 1 — iv[2sin(€h/2) cos(€h/2)] + v7[2sin®(Eh/2))
where we have used two trig identities to obtain the last line. T'his complex number has modulus
lg1* = (1 = 20% sin®(€h/2)] + dsin?(€Rh/2) cos* (ER/2)

L= 4v*(1 = »7) sin'(Eh/2). (13.19)

Since 0 < sin*(€h/2) < 1 for all values of £, we see that {g|® < 1 for all £ and hence the method is stable
provided that {v| < [, which again gives the expected stability bound (13.6).

13.3 Upwind methods

So far we have considered methods based on symmetric approximations to derivatives. Alternatively,
one might use 8 nonsynunetric approximation Lo u; in the advection equation, e.g.,

1
u(z,,t) = (U, = Uy-a) (13.20)

or 1
u,.(z:,,t) ~ H(UJ.’,) - l',). (13.21)

These are both one-sided approzimations, since they use data ouly to oue side or the other of the point
z;. Coupling one of these approximations with forward differencing in time gives the following methods
for the advection equation:

U)"-H =Up - a]—,k(u}l -U,) (13.22)
or I\

These methods are first order accurate in both space and time. One might wonder why we would
want to use such approximations, since centered approximations are more accurate. For the advection
equation, however, there is an asymmetry in the equations due to the fact that the equation models
translation at speed a. If @ > 0 then the solution moves to the right, while if @ < 0 it moves to the
left. We will see that there are situations where it is best to acknowledge this asymmetry and use
one-sided differences in the appropriate direction. In practice we often want to also use more accurate
approximations, however, and we will sce later how to extend these methods to higher order accuracy.

The choice between the two methods (13.22) and (13.23) should be dictated by the sign of a. Note
that the true solution over one time step can be written as

u(z;,t + k) = u(x; — ak,t)

so that the solution at the point z; at the next time level is given by data to the left ol z, ifa > 0
whereas it is determined by data to the right of z; if @ < 0. This suggests that (13.22) might be a
better choice fora > 0 and (13.23) fora < 0
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In fact the stability analysis below shows that (13.22) is stable ouly if

ak
0<—<1 (13.24)
h
Since k and h are positive, we see that this method can only be used if @ > 0. This method is called the
upund method when used on the advection equation with a > 0. If we view the equation ns modeling
the concentration of some tracer in air blowing past us at speed a, then we are looking in the correct
upwind direction to judge how the concentration will change with time. (This is also referred to as an
upstream differencing method in some literature.)
Conversely, (13.23) is stable only if
ak
-1 =<0, (13.25)

and can only be used if @ < 0. In this case (13.23) is the proper upwind method to use.

13.3.1 Stability analysis

The method (13.22) can be written as
untt =yr ak yn ui ok W+ U 13.26
;=0 = 5 Ui - "’)+"E( 1~ U7 + ULy), (13.26)

which puts it in the form (13.14) with € = ah/2. We have seen previously that methods of this form
are stable provided Jak/h| < 1 and also —2 < =2ek/h* < 0. Since k, h > 0, this requires in particular
that € > 0. For Lax-Friedrichs and Lax-Wendroff, this condition was always satisfied, but for upwind
the value of ¢ depends on a and we see that ¢ > O only if @ > 0. If @ < 0 then the cigenvalues of the
MOL matrix lie on a circle that lies entirely in the right half plane, and the method will certainly be
unstable. If @ > 0 then the above requirements lead to the stability restriction (13.24).

If we think of (13.26) as modeling an advection-diffusion equation, then we see that ¢ < 0 corresponds
to a negative diffusion coefficient. ‘T'his leads to an ill-posed equation, as in the “backward heat equation”
(sce Chapter 11).

The method (13.23) can also be written in a form similar to (13.26), but the last term will have a
minus sign in front of it. In this cnse we need a < 0 for any hope of stability and then easily derive the
stability restriction (13.25).

The three methads Lax-Wendroff, upwind, and Lax-Friedrichs, can all be written in the same form
(13.14) with different values of e. If we call these values €y, €., 81d ¢, o respectively, then we have

a*k  ahv ah R ah
€L = - = T, €up = ?, €Lp = ;Z- = -2-;,
where v = ak/h. Note that
€ = VE,, and €up = V€, .

If0 < v <1 then €,y < ¢, < €, and the method is stable for any value of ¢ between ¢,,, and €Lp, 88
suggested by Figure 13.1.

13.3.2 The Beam-Warming method

A second-order accurate method with the same one-sided character can be derived by following the
derivation of the Lax-Wendroff methad, but using one-sided approximations to the spatial derivatives.
This results in the Beamn-Warming metliod, which for @ > 0 takes the form

a2 k'z

ak
UJ{"H = U]P - 57;(3(/;' - IIU}‘_I + U;‘_g) + R

(UF ~ 2, +UP ). (13.27)
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Figure 13.2: Iraciug the characteristic of the advection equation back in time from the point (z;, tn41)
to compute the solution according to (13.29). Interpolating the value at this point from neighboring
grid values gives the upwind method (for linear interpolation) or the Lax-Wendroff or Beam-Warming
methods (quadratic interpolation). (a) shows the case a > 0, (b) shows the case a < 0.

For a < 0 the Beam-Warming method is one-sided in the other direction:
g

" ak b azk?
UPH = U = Uy AUy = U + e (U = 20 + Ufka) - (1338)

‘T'hese methods are stable for 0 < v < 2 and -2 < v < 0 respectively.

13.4 Characteristic tracing and interpolation

The solution to the advection equation is given by (13.2). "The value of u is constant along each
characteristic, which for this example are straight lines with constant slope. Over a single time step we
have

u(Ty, tng) = ulx, - ak,t,). (13.29)

‘Iracing this characteristic back over time step & from the grid point z, results in the picture shown
in Figure 13.2(n). Note that if 0 < ak/h < 1 then the point z;, — ak lies between z;_, and z;. If
we carefully choose k and h so that ak/h = [ exactly, then z; — ak = z,-, and we would find that
(T, bng1) = u(ZTj—1,¢n). The solution should just shift one grid cell to the right in each time step. We
could compute the exact solution numerically with the method

urtt =up,. (13.30)

Actually, all of the 2-level methods that we have considered so far reduce to the formula (13.30) in this
special case ak = h, and each of these methods happens to be exact in this case.

Ifak/h < 1 then the point z;—ak is not exactly at a grid point, as illustrated in Figure 13.2. However,
we might attempt to use the relation (13.29) as the basis for a numerical method by computing an
approximation to u(z; — ak,t,) based on interpolation from the grid values U at nearby grid points.
For example, we might perform simple linear interpolation between U, and U}. Fitting a linear
function to these points gives the function

ur-un
pz) =U +(z — ;) (-’h—") (13.31)
Evaluating this at x; — ak and using this to define UJ-"+l gives
, ak
Uj""l = p(z; —ak) = U;' - T(U’" UJ" 1)

This is precisely the first-order upwind method (13.22). Note that this can also be interpreted as a
linear combination of the two values U;‘_, and U
ak

Ut = (1 - T) Ur+ "’—fu;' . (13.32)
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Moreover this is a conver combination (i.e., the coefficients of Ut and Uj_, are both nonnegative and
sum to 1) provided the stability condition (13.24) is satisfied, which is also the condition required to
insure that z; — ak lies between the two points x,_, and x,. In this case we are inlerpolating between
these points with the function p(z). If the stability condition is violated then we would be using p(z)
to eztrapolate outside of the interval where the data lies. It is easy to see that this sort of extrapolation
can lead to instability — consider what happens if the data UT is oscillatory with U} = (~1)/, for
example.

"To obtain better accuracy, we might try using a higher order interpolating polynomial based on more
data points. If we define a quadratic polynomial p(z) by interpolating the values U -1 U and Ul
and then define U)’-"“ by evaluating p(z, — ak), we simply obtain the Lax-Wendroff method (13.17).
Note that in this case we are properly interpolating pravided that the stability restriction [ak/h <lis
satisfied. If we instead base our quadratic interpolation an the three points U T Uy, and U7, then we

3
obtain the Beam-Warming method (13.27), and we are properly interpolating provided 0 < nk/h < 2.

13.5 The CFL Condition

The discussion of Section 13.4 suggests that for the advection equation, the point z; — ak must be
bracketed by points used in the stencil of the finite difference method if the method is to be stable and
convergent. 'This turns out to be a necessary condition in general for any method developed for the
advection equation: If U;‘“ is computed based on values i Uprry <o Upy, with p < ¢ (negative
values are allowed for p and g), then we must have z,,, € x, — ak € 44 or the method cannot be
convergent. Since z; = ih, this requires

"T'his result for the ndvection equation is one special case of a much more general principle that is
called the CFL condition. "This condition is named after Courant, Friedrichs, and Lewy, who wrote a
fundamental paper in 1928 that was essentially the first paper on the stability and convergence of finite
difference methods for partial differential equations. (I'he original paper {CFL28] is in German but an
English translation is available in [CFLG7].) L'he value v = ak/h is often called the Courant number.

To understand this general condition, we must discuss the domain of dependence of a time-dependent
PDE. (Sece, e.g., [Kev90], [LeV02] for more details.) For the advection equation, the solution u(X,7')
at some fixed point (X, 7") depends on the initial data 7 at only a single point: u(X, 1) = u(X - aT).
e say that the domain of dependence of the point (X,7') is the point X — a7

D(X,T) = {X - aT).

If we modify the data 5 at this point then the solution u(X,7) will change, while modifying the data
at any other point will have no effect on the solution at this point.

"I'his is a rather unusual situation for a PDE. More generally we might expect the solution at (X, 7")
to depend on the data at several points or over a whole interval. In Section 13.8 we consider hyperbolic
systems of equations ol the form u, + Auy = 0, where u € R’ and A € R*** is a matrix with real
cigenvalues Ay, Ag,..., A,. If these values are distinct then we will see that the solution u(X,T)
depends on the data at the s distinct points X — A7, ..., X = AT and hence

DX, T)={X=MTlorp=12 ..., s}

The heat equation u; = u-. has a much larger domain of dependence. For this equation the solution
at any point (X, 1) depends on the data everywhere and the domain of dependence is the whole real
line,

D(A’u 'I') = (—oo,oo).
"This equation is said to have infinite propagation speed, since data at any point is felt everywhere at
any small time in the future (though its effect of course decays exponentially away from this point).
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Figure 13.3: (a) Numerical domain of dependlence of a grid point when using a 3-point explicit method.
(b) On a finer grid.

A finite difference method also has a domain of dependence. On a particular fixed grid we define
the domain of dependence of a grid point (z;,¢,) to be the set of grid points =, at the initial time
t = 0 with the property that the data U}" at z, has an effect on the solution U, For example, with the
Lax-Weundrolf method (13.17) or any other 3-point method, the value U} depends on U;‘_',', ur !, and
U)",:,'. These values depend in turn on U;‘_' ,_,"' through U)";._,". ‘Tracing back to the initial time we obtain
o triangulor array of grid points as seen in Figure 13.3(a), and we see that U}' depends on the initial
dnta at the points z,_y, ..., L 4.

Now consider what happens if we refine the grid, keeping k/h fixed. Figure 13.3(b) shows the
situation when & and h ure reduced by a factor of 2, focusing on the same value of (X, 7') which now
corresponds to U.};’ on the finer grid. This value depends on twice as many values of the initial data,
but these values all lie within the same interval and are merely twice as dense.

If the grid is refined further with k/h = r fixed, then clearly the numerical domain of dependence
of the point {X, 7’} will fill in the interval [X —T'/r, X +7'/r]. As we refine the grid, we hope that our
computed solution at (X, 7’) will converge to the true solution u(.X, 1) = n(X - a¥’). Clearly this can
only be possible if

X-ThrgX~-al S X +T/r (13.33)
Otherwise, the true solution will depend only on a value 5(X — aT’) that is never seen by the numerical
method, no matter how fine a grid we take. We could change the data at this point and hence change the
true solution without having any effect on the numerical solution, so the method cannot be convergent
for general initial dnta.

Note that the condition (13.33) translates iuto |a} £ 1/7 and hence ak/h| < 1. 'Lhis can also be
written as |ak] < h, which just says that over a single time step the characteristic we trace back must
like within one grid point of z, (recall the discussion of interpolation vs. extrapolation in Section 13.4).

The CFL condition generalizes this idea:

The CFL Condition: A numecrical method can be convergent only tf its numerical domatn of
dependence conlains the true domain of dependence of the PDE, at least in the limit as k and h go to
zero.

For the Lax-Friedrichs, leaplrog, and Lax-Wendroff methods the condition on &k and A required
by the CFL condition is exactly the stability restriction we derived earlier in this chapter. But it is
important to note that in general the CFL condition is only a necessary condition. If it is violated then
the method cannot be convergent. If it is satisfied, then the method might be convergent, but a proper
stability analysis is required to prove this or to determine the proper stability restriction on & and A.
(And of course consistency is also required for convergence — stability alone is not enough.)

Example 13.1. The 3-point method (13.4) has the same stencil and numerical domain of depen-
dence as Lax-\Wendroff, but is unstable for any fixed value of k/h even though the CFL condition is
satisfied for Jak/h] < L.

Example 13.2. The upwind methods (13.22) and (13.23) each have a 2-point stencil and the
stability restrictions of these methods, (13.24) and (13.25) respectively, agrec precisely with what the
CFL condition requires.
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Example 13.3. The Beam-\Varming method (13.27) has a 3-point one-sided stencil. The CFL
condition is satisfied if 0 < ak/h < 2. When a < 0 the method (13.28) is used and the CFL condition
requires -2 < ak/h £ 0. These are also the stability regions for the methods, which must be verified
by appropriate stability analysis (Exercise 13.4).

Example 13.4. For the leat equation the true domain of dependence is the whole real line. It
appears that any 3-point explicit methed vielates the CFL condition, and indeed it does if we fix & /A
as the grid is refined. However, recall from Section 13.1.1 that the 3-pomt explicit method (12.5) is
convergent as we refine the grid provided we have k/h® < 1/2. In this case when we make the grid finer
by a factor of 2 in space it will become finer by a factor of 4 in time, and hence the numerical domain
of dependence will cover a wider interval at time ¢ = 0. As k — 0 the numerica) domain of dependence
will spread to cover the entire real line, and hence the CFL condition is satisfied in this case.

An implicit method such as the Crank-Nicolson method (12.7) satisfies the CFL condition for any
time step A. In this case the numerical domain of dependence is the entire real line because the
tridiagonal linear system couples together all points in such a manner that the solution at each point
depends on the data at all points (i.e., the inverse of a tridiagonal matrix is dense).

13.6 Modified Equations

Our standard tool for estimating the accuracy of a finite difference method has been the “local truncation
error”. Seeing how well the true solution of the PDE satisfies the difference equation gives an indication
of the accuracy of the difference equation. Now we will study a slightly different approach that can be
very illuminating since it reveals much more about the structure and behavior of the numerical salution.

The idea is to ask the following question: Is there a PDE v; = --- such that our numerical approx-
imation U is actually the ezact solution to this PDE, Ul =v(z,,t,)? Or, less ambitiously, can we at
least find a PDE that is better satisfied by U} than the ongmal PDE we were attempting to model? 1f
50, then studying the behavior of solutions to this PDE should tell us much about how the numerical
approximatjon is behaving. This can be advantageous because it is often easier to study the behavior
of PDE’s than of finite difference formulas.

In fact it is possible to find a PDE that is exactly satisfied by the Ul', by doing Taylor series
expansions as we do to compute the local truncation error. However, this PDL will have an infinite
number of terms involving higher and higher powers of & and A. By truncating this serics at some point
we will obtain a PDE that is simple enough to study and yet gives a good indication of the behavior of
the U

13.6.1 Upwind

This is best illustrated with an example. Consider the upwind method (13.22) for the advection equation
ug + au; =0 in the case a > 0,

ak
urtt =up ~ + U} = U (13.34)
"The process of deriving the modified equation is very similar to computing the local truncation error,
only now we insert the formula v(z,t) into the difference equation. “This is supposed to be a function

that agrees exactly with U7 at the grid points und so, unlike u(z, t), the function v(z, t) satisfies (13.34)
exactly:

u(z, t + k) = v(x,t) - aTk(v(J:,t) = v(z = h,?)).

Expanding these terms in Taylor series about (z,t) and simplifying gives

l 2 l 2
(u, + ;,-kv“ + %k'vm +-- ) +a (v, - %hvu + Eh'v::: + ) = 0.
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We can rewrite this as
l l hed ]
ve + avg = g(ahvey — kuy) + E{Gh'vnz S ENE X

This is the PDE that v satisfies. If we take A/h fixed, then the terms on the right hand side are
O(k), O(k?), etc. so that for small k we can truncate this series to get a PDE that is quite well satisfied
by the U

If we drop all the terms on the right hand side we just recover the original advection equation, Since
we have then dropped terms of O(k), we expect that U} satisfies this equation to O(K), as we know to
be true since this upwind method is first order accurate.

If we keep the O(K) terms then we get something more interesting:

Uy + vy = %(ahr-,, ~ Ktyy) (13.35)

This invelves second derivatives in both x and ¢, but we can derive a slightly different modified equation
with the same accuracy by differentiating (13.35) with respect to ¢ to obtain

1
Ve QUyy + ;,-(ﬂhl}_-u,l - ]\'U“()
and with respect to z to obtain
1
Vpr = —QUrx + -2-(ahn,,, Kvye).

Combining these gives

Uy = @ vpe + O(R).

Inserting this in (13.35) gives
: ! a a
v+ avy = ;;(ahu,, —- a*kuge) + O(K7).

Since we have already decided to drop terms of O(k?), we can drop these terms here also to obtain

v+ auy = %nh (l - 9;::) Urr. {13.36)

"This is now o familiar advection-diffusion equation. The grid values U} can be viewed as giving a second
order accurate approximation to the true solution of this equation (wherens they only give first order
accurate approximations to the true solution of the advection equation).

The fact that the modified equation is an advection-diffusion equation tells us a great deal about how
the numerical solution behaves. Solutions to the advection-diffusion equation tronslate st the proper
speed a but also diffuse and are smeared out. This is clearly visible in Figure 13 4.

Note that the diffusion coefficient in (13.36) is {;(ah — a%k), which vanishies in the special case
ak = h. In this case we nlready know that the exact solution to the advection equation is recovered by
the upwind method

Also note that the diffusion coefficient is positive only if 0 < aek/h < 1. This is precisely the
stability limit of upwind. If this is violated, then the diffusion coefficient in the modified equation is
negative, giving an ill-posed problem with exponentially growing solutions. Hence we see that even
some information about stability can be extracted from the modified equation.
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Figure 13.4: Numerical solution using upwind (diffusive) and Lax-Wendroff (dispersive) methods.

13.6.2 Lax-Wendroff

If the same procedure is followed for the Lax-Wendraoff method, we find that all O(k) terws drop out of
the modified equation, os is expected since this method is second order accurate on the advection equa-
tion. The modified equation obtained by retaining the O(k?) term and then replacing time derivatives

by spatial derivatives is
1 .. '\ ?
Vg + aug + anh' (l - (2,{:) ) Ugrr = 0. (13.37)

The Lax-Wendrofl method produces a third order accurate solution to this equation. This equation
has a very different character from (13.35). The v:z; term leads to dispersive behavior rather than
diffusion. This is clearly seen in Figure 13.4, where the U T computed with Lax-Wendroff are compared
to the true solution of the advection equation. ‘I'he magnitude of the error is smaller than with the
upwind method for a given set of k and h, since it is a higher order method, but the dispersive term
leads to an oscillating solution and also a shift in the location of the main peak, a phase error.

‘The group velocity for wave number £ under Lax-WendrofT is

.\ 2
cg=a--:‘12-ah2 (1- (a’—f) )f"'

which is less than « for all wave numbers. (The concept of group velocity is explained in Section 13.7.)
As a result the numerical result can be expected to develop a train of oscillations behind the peak, with
the high wave numbers lagging facthest behind the correct location.

If we retain one more term in the modified equation for Lax-Wendrofl, we would find that the U 7
are fourth order accurate solutions to an equation of the form

ve + at, + %ah:l (l - (%) ) Urrr = ~€lsgsrx, (13.38)
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where the ¢ in the fourth order dissipative term is O(h*) and positive when the stability bound holds.
This higher order dissipation causes the highest wave numbers to be damped, so that there is a limit
to the oscillations seen in practice.

The fact that this method can produce oscillatory approximations is one of the reasons that the first-
order upwind method is sometimes preferable in practice. In some situations nonphysical oscillations
may be disasterous, for example if the value of u represents a concentration that cannot go negative or
exceed some limit without difliculties arising elsewhere in the modeling process.

13.6.3 Beam-Warming

The Beam-Warming wethod (13.27) has a similar modified equation,

1 . k £\*?
v+ av; = zah? (2 - g;'l— + (%) ) Vere. (13.30)

In this case the group velocity is greater than a for all wave numbers in the case 0 < ak/h < 1, so that
the oscillations move ahead of the main bump. If t < ek/h < 2 then the group velocity is less than a
and the oscillations fall behind.

13.7 Dispersive waves

‘This section contains a short introduction to the theory of dispersive waves, useful in understanding
the behavior of many finite difference methods. See, e.g, [Kev90], [Str89], [Whi74] for further details

Section 11.4 contains a brief discussion of Fourier analysis of the dispersive equation u; = uzz;.
Extending that analysis to an equation of the form

Uy +aug + buggy =0, (13.40)

we find that the solution can be written as
u(z,t) = _1_. /w ,-)(E)eii(z-m—b{ﬂ)t)df'
V2 Jeo

where 7}(€) is the Fourier transform of the initial data n(z). Each Fourier mode e** propagates at
velocity a — b€?, called the phase velocity of this wave number. ln general the initiul data n(z) is
a linear combination of infinitely many different Fourier modes. For b # 0 these modes propagate
at different speeds relative to one another. ‘T'heir peaks and troughs will be shifted relative to other
modes and they will no longer add up to a shifted version of the original data. The waves are called
dispersive since the different modes do not move in tandem. Moreover we will see below that the
“energy” associated with diflerent wave numbers also disperses.

13.7.1 The dispersion relation

Consider a more general PDE of the [orm
Ug + Qi + Qylizzz +Arlzpzzr +-0- =0 (13.41)
that contains only odd-order derivative in z. The Fourier transform (&, t) satisfies
(€, L) + ay i€, t) — ayi€*i(€,t) + ani€ (€, ) +--- = 0,

and hence

a(€,t) = e"5(¢),
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where

r

w=w()=af-ay€’ +as" - (13.42)

The solution can thus be written as
- 1 i(€ {&)¢)
u(x,t) = ——= N(&)etex—w de. 13.43

The relation (13.42) between £ and w is called the dispersion relation for the PDE. Once we've gone
through this full Fourier analysis a couple times we realize that since the different wave numbers €
decouple, the dispersion relation for a linear PDE can be found simply by substituting a single Fourier
mode of the form

u(z, t) = e~ Welts (13.44)

into the PDE and cancelling the common terms in order to find the relation between w and £, This
is similar to what we found when applying von Neumann analysis in Section 12.6. In fact there is a
close relation between determining the dispersion relation and doing von Neumann analysis, and the
dispersion relation for a finite difference method can be defined by an approach similar to von Neumann
analysis by setting UT = e~"n*eitih o using e=™* in place of g.

Note that this same analysis can also be done for equations that involve even order derivatives, such
s

U+ Uy + Q2Ugr 4 AylUzzz + Qaltzrer +-- = 0,

but then we find that . .
w(f) =o€ +ia6” - (1:|€" - ia.tE" —_—,

The even order derivatives give imaginary terms in w(€) so that
g g

=it = glea€?—aift+ )t silaiE—asg®+ )t

The first term gives exponential growth or decay, as we expect from Section 11.3, rather than dispersive
behavior. For this reason we call the PDE (purely) dispersive only if w(€) is real for all £ € R. Informally
we also speak of an equation like u, = u.; + uzzz 8s having both a diffusive and a dispersive term.

In the purely dispersive case (13.41) the single Fouricr mode (13.44) can be written as

u(z, £) = e/ €(=-w/0n

and so a pure mode of this form propagates at velocity w/€. ‘T'his is called the phase velocity for this
wave nuinber,
w(§)

cp(§) = et (13.45)
Most physical problems have data 5(x) that is not simply sinusoidal for all z € (=00, 00) but instead is
concentrated in some restricted region, e.g., 8 Gaussian pulse,

nz) = e P (13.46)

The Fourier transform of this function is a Gaussian in €,
. 1 )
(&) = —\/T)?e . (13.47)

Note that for 8 small, 5(z) is » broad and smooth Gaussian with a Fourier transform that is sharply
peaked near £ = 0. In this case 5(z) consists primarily of low wave number smooth components. For
B large n(x) is sharply peaked while the transform is broad. More high wave number componerits are
needed to represent the rapid spatial variation of n(z) in this case. Note the nice duality here, since
n(z) can also be viewed as essentially (up to the sign in the exponent) the Fourier transform of ().
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Figure 13.5: Gaussinn initial data propagating with dispersion.

If we solve the dispersive equation with data of this form then the different modes propagate at
different phase velocities and will no longer sum to a Gaussian, and the solution evolves as shown in
Figure 13.5, forming “dispersive ripples”. Note that for large times it is apparent that the wave length
ol the ripples is changing through this wave, and that the energy associated with the low wave numbers
is apparently moving faster than the energy associated with larger wave numbers. The propagation
velocity of this energy is not, however, the phase velocity c,(€). Instead it is given by the group velocity

dw(
¢, (€) = %. (13.48)
For the advection equation u, + au; = 0 the dispersion relation is w(€) = a€ and the group velocity
agrees with the phase velocity (since all waves propagate at the same velocity a), but more generally
the two do not agree. For the dispersive equation (13.40), w(€) = a€ - b€* and we find that

G

cg(€) = a - 3b€”

whereas

ep(€) = a — b€’

13.7.2 Wave packets

T'he notion and importance of group velocity is easiest to appreciate by considering a “wave packet”
with datn of the form .
n(z) = eTe87 (13.49)

or the real part of such a wave,
3
1(z) = cos(&yx)e™P<. (13.50)

This is a single Fourier mode modulated by a Gaussian.
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Figure 13.6: 'I'he oscillatory wave packet satisfies the dispersive equation u; + aug + buzzz = 0. Also
shown is a black dot, translating at the phase velocity cp(€n) und s Gaussian that is translating at the
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The Fourier transform of (13.49) is
; L —te-gu)?/as
NE) = \/'TBE i {13.51)

a Gaussian centered about £ ~ £,. If the packet is fairly broad (8 small) then the Fourier transform is
concentrated near £ = £ and hence the propagation properties of the wave packet are well approximated
in terms of the phase velocity c,(€) and the group velocity cg4(€). The wave crests propagate at the
speed c,(&n) while the evelope of the packet propagates at the group velocity cg(£n).

To get some idea of why the packet propagates at the group velocity, cousider the expression (13.43),

u{z, t) = 1 ii(€)e’E=—w1On ge.

V2r Jo

For n concentrated packet, we expect u(z, ) to be very close to zero for most z, except near sone point
ct where c is the propagation velocity of the packet. To estimate ¢ we will ask where this integral could
give something nonzero. At each fixed = the integral is a Gaussian in € (the function 7(£)) multiplied by
an oscillatory function of £ (the exponential factor). lutegrating this product will given essentially zero
at a particular z provided that the oscillatory part is oscillating rapidly enough in £ that it averages
out to zero, even though it is modulated by the Gaussian #(€). This happens provided the function
£z — w(é)t appearing as the phase in the exponential is rapidly varying as a function of € at this .
Conversely, we expect the integral to be significantly different from zero only near points = where this
phase function is stationary, i.e., where

d
&(5” w(g)t) =0.
This occurs at,

= w(€),

showing that the wave packet propagates at the group velocity ¢y = w'(€). T'his approach to studying
oscillatory integrals is called the “method of stationary phase” and is useful in other applications ns
well.

13.8 Hyperbolic systems

The advection equation i, + au; = 0 can be generalized to a first order linear system of equations of
the form

u + Augy = 0 (13.52)

u(z,0) = un(x)

where u: R xR — R™ and 4 € R™"™ is a constant matrix. 1his is a system of conservation laws
with the flux function f(u) = Au. This system is called hyperbolic if A is diagonalizable with rea
eigenvalues, so that we can decompose

A= RAR™! (13.53)

where A = diag(A1, A2, ..., Am) is & diagonal matrix of eigenvalues and R = |ry|rs - |ry] is the matrix
of right eigenvectors. Note that AR = RA, i.c.,

Arg =, forp=1,2, .., m (13.54)

The system is called strictly hyperbolic if the eigenvalues are distinct.



