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Keywords: This paper deals with well-posedness and blow-up of Caputo-Hadamard time-fractional Keller—
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1. Introduction

Chemotaxis is the directed movement of a group of cells or a population in response to chemical gradients. The Keller-Segel
model, first proposed in the 1970s by Keller and Segel [1], plays a foundational role in the mathematical modeling of chemotaxis.
It characterizes the movement and aggregation behavior of organisms such as slime molds in response to chemical gradients. The
solution of the Keller-Segel system can develop sharp structures and may exhibit finite time blow-up patterns within small regions
of the domain. Chemical attractants can either be sourced from the environment or generated internally within organisms [2].
However, the assumption of an instantaneous response to stimuli in this model overlooks the possibility of memory effects and
delayed reactions, which are common in biological processes.

Increasing attention has been directed toward fractional derivatives in recent mathematical modeling, as they effectively describe
memory-related behavior and spacial non-locality. By extending the order of differentiation and integration to real and even complex
numbers, fractional calculus offers an efficient tool for capturing memory effects, non-local interactions, and anomalous diffusion in
complex systems [3-5]. These features are especially relevant in chemotaxis, where cellular responses to chemical signals depend on
both present and past stimuli. The development of fractional analysis for the Keller-Segel model, together with its variants, is driven
by both the mathematical analysis and its potential importance for enhancing our understanding of certain biological processes.

In this paper, we consider the Caputo-Hadamard time-fractional Keller-Segel model

{CHDZ‘tu=Au—V-(qu), XEQ, t>a>0, D

CHDz,,U=Av—yv+u, XeEN, t>a>0,

in a bounded domain 2 C RN, N > 2, with smooth boundary 92, subject to the homogeneous Neumann boundary conditions

Ju _ ov

—=—=0, x€0Q2,t>a>0 (1.2)
on  on
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and the initial conditions
u(x,a) = u,(x), v(x,a)=0v,(x), xE€LQ, (1.3)

where % denotes the exterior normal derivative on d<, and a € R* is the starting time. The operator ¢, Dj, is the Caputo-Hadamard
fractional derivative one of order a« € (0, 1), which will be introduced later. The parameter y > 0 is the decay rate of attractant,
and the term —yv denotes the degradation of the attractant, u(x, r) represents the density of cells at the point x € 2 at time ¢, while
v(x, 1) is the concentration of the chemoattractant. The first equation includes a diffusion term representing the random Brownian
motion of cells and a chemotactic drift term accounting for directed movement along chemical gradients. The terms in the second
equation express the diffusion and production of attractant over time. For detailed background and derivation, see [1,6].

As far as we know, studies of fractional chemotaxis models appeared in the last decade. Azevedo et al. [7] proved an existence
result of the time-fractional Keller-Segel system with small initial data in Besov-Morrey spaces. Self-similar solution was obtained,
and asymptotic behavior was also analyzed. Cuevas et al. [8] studied the global existence, regularity, and long-time behavior of the
solution to the Caputo time-fractional Keller-Segel model. Akilandeeswari and Tyagi [9] proved the existence of nonnegative weak
solutions for the time-fractional Keller-Segel system under Dirichlet boundary conditions within a bounded domain. Tuan et al. [10]
considered the time-fractional Keller-Segel model (in a bounded domain) and the space-time fractional Keller-Segel model (in
RM), and established the global well-posedness of the solution in a Besov space, as well as the existence and uniqueness of a mild
solution in a Hilbert space. Costa et al. [11] investigated the well-posedness and blow-up behavior of the time-fractional Keller-Segel
chemotaxis model in Lebesgue and Besov spaces, considering homogeneous Neumann boundary conditions in a smooth domain.
Jiang and Wang [12] studied the Cauchy problem for time-space fractional Keller-Segel-Navier-Stokes model in RN (N > 2), and
established the existence and the asymptotic in L? space. Gao et al. [13] investigated the global existence and uniform boundedness
in L* of weak solutions to a space-time fractional parabolic-elliptic Keller-Segel system with logistic source terms. However, there
are few relevant literature on numerical methods for fractional chemotaxis models, especially for the model with the time-fractional
Caputo-Hadamard derivative. This paper is devoted to the theoretical analyzing and numerical computing model (1.1) with initial
and boundary conditions (1.2) and (1.3).

Solving the Keller-Segel system on a uniform mesh may not be a good choice due to the presence of sharp gradients in certain
regions of the physical domain. Therefore, employing the adaptive mesh method is essential for solving this type of partial differential
equations (PDEs) more efficiently. The moving mesh method is one of adaptive mesh methods, where a critical aspect of mesh
adaptation involves controlling the shape, size, and orientation of mesh elements, thereby controlling the error in the physical
solution of PDEs [14]. It can be used as the response to some structure of the solution of a PDE [15]. The moving mesh method
involves constructing a mapping from a computational (or logical) domain to the physical domain. In this process, the calculation
typically begins with a uniform mesh, and the mesh points are subsequently adjusted during the solution process, while maintaining
the mesh topology and the total number of mesh points. The locations or velocities of the mesh points are then determined by solving
a system of moving mesh equations.

The movement strategies primarily lie in two aspects: defining the optimal mesh geometry (shape) and determining how to
adjust the mesh to achieve this ideal shape. Optimal mesh geometry is often characterized using equidistribution measures derived
from the PDE-based monitor functions or via variational principles. When employing these strategies, it is essential to carefully
avoid mesh tangling while maintaining mesh regularity and isotropy. These techniques enable the movement of mesh points to
align with the natural structures of the physical equations [15]. For one-dimensional problems, both the theory and practical
techniques for generating meshes and solving PDEs on moving grids have become well-developed and widely adopted. However, in
the higher-dimensional case, significant challenges still remain regarding mesh movement and the discretization of PDEs.

If the initial data are radially symmetric in R?, the solution of the Keller-Segel system tends to preserve this symmetry. This
allows for the early identification of blow-up locations based on initial conditions. From this insight, we design two moving mesh
methods for single-point and multi-point blow-up problems. One method involves the use of moving graded meshes, which are
characterized by their alignment along the spacial coordinate directions. Another method employs auxiliary functions and the
rezoning approach [14] to generate adaptive meshes. In this approach, an adaptive mesh is constructed through a coordinate
transformation from the computational domain £2 to the physical domain £,. This transformation is designed to minimize a meshing
functional, thereby optimizing the mesh. One benefit of this approach is the ability to incorporate mesh qualities like smoothness,
flexibility, and alignment into the functional formulation [16]. Additionally, auxiliary functions are utilized to replace solutions of
physical equations, improving the flexibility and efficiency of the traditional moving mesh method.

The remainder of this paper is structured as follows. Section 2 introduces the essential definitions and properties of fractional
derivatives, with an emphasis on the Caputo-Hadamard type, and details the L1 discretization scheme employed in our numerical
method. In Section 3, we prove the existence and uniqueness of L9-mild solution to the Caputo-Hadamard fractional Keller-Segel
system. Moreover, we characterize the conditions of the appearance of the finite time blow-up solution. Section 4 is devoted to
the computational method and numerical calculations: the first part conducts a finite element analysis on the fixed spatial meshes,
while the second part develops two moving mesh strategies and outlines the discretization of the system on these adaptive meshes.
Section 5 presents numerical experiments to validate the accuracy and efficiency of the proposed methods and to examine the key
factors affecting the blow-up time.
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2. Preliminaries

In the current section, several necessary definitions are introduced. The Hadamard-type (fractional) integral and derivatives are
introduced as follows.

Definition 2.1 ([4,5]). The Hadamard integral of order a (« > 0) of a given function f(x) € L'(a, b) with a > 0 is defined as

t
uDLE (1) = ﬁ/ﬂ (1ogr—1ogr)“*1f(r)d—:,t> a.

Here, log is the natural logarithm (same below).
Definition 2.2 ([4,5]). The Hadamard derivative of order a € (0, 1) of a given function f(¢) € AC&1 [a, b] with a > 0 is defined as
¢ iy — s [0 1) p0Z
gD, f() = o —a)é/a (logT> f@—1>a
where 6 =14,
ar

Definition 2.3 ([4,5]). The Caputo-Hadamard derivative of order « € (0, 1) of a given function f(¢) € ACb! [a, b] with a > 0 is defined
as

e iy — e LY s
DL, 0= F—p [ (1) "aroTi>a
where 6 = 7 <.
dr

The Hadamard and Caputo-Hadamard derivatives are not equivalent either. From an application aspect, the Caputo-Hadamard
derivatives are often used in the evolution equations to characterize superslow diffusion [5]. The Laplace transform of the Caputo—
Hadamard fractional derivative will be presented below, which will be employed in the derivation of the mild solution to the system
of equations.

Definition 2.4 ([17]). For |f(t)] < M| flog %, where M is a positive constant and y > a (> 0), the amended Laplace transform and the
inverse amended Laplace transform of f(r) as follows,

flw)=Z,f0),0] := /00 e_]og%k’g%f(l)%, a>0, Re(w) >y,

c+ico ® '
f =2 fw),1 = ZL / el 792 150, ¢ = Re(w) > 7.
Tl Je—ico @

Here, e denotes the base of the natural logarithm, and we use this notation consistently throughout the paper.
The convolution of f(r) and g(¢) is defined as

t
f(t)*g(t)=/ 7 (al) s,

then

LS @) % g0} = ZLf ), 0]1.Z,[8(1), 0] = f(w)g(w).

It immediately follows that

£, [ HD;}Zf(’)sW] =4, [ﬁ <10g %)H % f(t),w] = (log %) ~ ().

And it is not difficult to get the amended Laplace transform of the Caputo-Hadamard derivative of order a € (0, 1) of () as follows
2, [ CHD;,f(’)aCU] =4, [ HD;(,lfa)5f(t), w]
a _ a—1
= (10g2)" @ - (10g2)" " f(a.
a a

The Mittag-Leffler function has the expression

had k
. 4
Ea,ﬁ(z) = k§=0 F(—(xk+ﬁ)’ zeC,

where ¢ > 0 and § € R are arbitrary constants. Obviously, E, ;(z) = E,(z). Forn>0and 0 < a < 1, E, ,(-1) > 0.
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The amended Laplace transform of the Mittag-Leffler function was given in [17]

[ (e )™ £ (a2 e ))&
k! (log f)“_ﬁ

= ) Re@)> el

((log §>a . §>k+1 ?

Several approximation schemes for the Caputo-Hadamard fractional derivative have been developed, including the L1, L1-2, and
L2-1, formulas. We provide a discrete formula for the Caputo-Hadamard derivative with 0 < a < 1. For a given positive number
T > a, we divide the interval [¢,T] into N subintervals such thata =1, <t < --- <1,_; <1, < --- <ty =T with the uniform stepsize
T=1t; —t,_1,1 <k<N.

Att=1,,1<k< N, there holds:

1 e n\™" ds
= log £ ) sg(5)=
= T —a)/a <°g s> 897
k 1t —a
1 i lk> ds
S log £ ) sg(5) %
F(l—a);/,Fl(gs s

k —
_ 1 g()—g(t1) 1 B\ “ds | ok
“Td-o Z ; /, 1 <1°g ?) S TR 2.1)

cuDg,8)

Jj=1 log T -
Jj=1
k
=Za,k —g (1)) + R
j=1
k
Z k—j, kg +Rk
where
l—a 1-a
t t
aj,k=;;;. <10g—k> —(10g—k> ;
I'2-a) 1Ogﬁ Ij—l Ij
In
—ayy, Jj=0,
bk_j'k= aj k= Qg o j=12,..., k-1,
Ak k> Jj= k,
and

k

o8 [ () - st

F(l — a) log t_/ s
Jj-1

We denote
k

%8t =Y b, (). 2.2
j=0

Then, this can be regarded as an L1 formula for Caputo-Hadamard derivative. Here, we use the font -, D%, to strictly distinguish
the discrete operator from the continuous derivative -,D?,.

Lemma 2.1 ([18]). For 0 < a < 1, the coefficients a (1<j<k1<k<N)in (2.1) satisfy

A > gy > > a0 >a; > >ap; > 0.

Lemma 2.2 ([18]). If 0 < a < 1, g(t) € C?[a, T}, then the local truncation error for (2.1) is given by
|| < e,

3. Solution and its properties

We consider the negative Neumann Laplacian —4 in a bounded domain 2 C RN. For p € (1, ®), let A be the realization of the
operator —A with the homogeneous Neumann boundary condition in L?(£2) [19], i.e.

D(A) = {¢ € W (Q); @ =0on a.@} WP (),
A = —Ag for ¢ € WP ().
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For p € (1, «), the sectorial operator —A generates an analytic semigroup {G(s) := e~54} . The semigroup {G(s)},s, and its several
L? — L7 estimates serve as a fundamental basis for developing the existence theory. Let 1 < p < g < oo and u € L?(£2), we have

N 1

1
Gl Loy < Cs~ 27 2 lull gy s € O, 1). 3.1

Here, s represents a generic time variable for the semigroup, distinct from the physical time variable ¢ > a in model (1.1). We have
also that
_N ( 11 )
166l < (145767 g 550 3.2)
It is indeed important to highlight that the divergence operator V- does generally not commute with the exponential operator e*4.
For all w e LP(2) and 1 < p < g < oo, one has

1 N 1
GV - wll gy < C (1 +5 272 G q)> e wll o). 5> 0, (3.3)

where 4; > 0 denotes the first nonzero eigenvalue of —4 with homogeneous Neumann boundary conditions. Let 1 < p < g < +co.
Then, for all u € LP(R2), we have

1

_N(LI_1Y\_1
IVG(s)ull o) £ C <1 +s 2 (” ") 2 > e"”llullmm, s> 0. 3.9
Let w € WP(Q). If 2 < p < oo, then
[IVG()wll 1ro) < Ce_/lls||vw||u(g), s> 0. (3.5)

Estimates (3.1)-(3.5) and their proofs can be found in [11,20]. It should be noted that the variable s € (0,1) in the above
inequalities will merely act as a generic variable. In the subsequent proofs, it will be replaced by the logarithmic term log(¢/a), and
these substitutions are rigorously justified.

3.1. L9-mild solution

We first derive the mild solution of the system (1.1) through integral transformation. Applying the Hadamard integral of order
a on both sides of Eq. (1.1), one gets

1 ! el ds 1 ! et ds
u(1)=ua+m/a (10g;) wT -5 | (logg) V- @V S

B A r\o! ds 1 [! r\o-! ds
() =v,+ m /a (log E) AU(S)T - T@ [1 (log ;) (yv— u)(s)T.

Through the modified Laplace transform, one obtains

L) = — ¢ <log i)_ AL, w)(2) — <log 4)_ L,V - @Y0)(A).
log = a a
2,00 = =+ (log 2) " U= 2,00 + (g ) " L,

log -

By arranging the equations, one has

2= (g 2)" [(log 4y - A]_l u, - [(log ) - A]_l L,V - Vo)),

2w = (log2)” [(log 4 - - y)] o [(log 4) - - y)] " Zuih,

Applying the modified inverse Laplace transform gives

ut) = E, ((tog é)a A)u, - /at (10g %)H V. By, ((log £>a 4) (qu)(s)ds—s,

o) = E, ((1og é)a (4- y)) v, — /at (log é)a_l E,, ((log f)a (4- y)) u(s)d—ss.

Consider the Wright-type function [19,21]

(3.6)

)

,_ (-2 _ 1y () .
M, (z) := "Z;] —n!F(—an+ —o ; . 1)!1"(noz) sin(nra), z€C.
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For 0 < a < 1, the Wright-type function satisfies the following properties:

M, (0)>0, 6>0,

/ M, (6)d0 = 1,
0
nd

/ 0" M, (6)d6 =
0

a
ra+r
ra+ar)

The Mittag-Leffler operators can be expressed as the following integral formulas,

-1 <r<oo. (3.7)

£, (tog Lyea) = /0 " M, 006 (sttog L) s,
E,, ((log é)u) = /0 " M, (5)G (s(log é)“) ds,
E, ((og Dy(a—p)) = /0 " M,006, (stog ) as,
Eyq (02 2y @a-p) = /0 " asM, ()G, (sttog L)) as.

Here, G, (1) = ™7 G(?) for ¢ > 0 denotes the damped heat semigroup. These operators are strongly continuous in L’(£2) for I <r < co.
The corresponding proofs will be provided in the next section.

Definition 3.1. A pair of continuous functions (u,v) : [a,T] — (L9(£2))? is called an L¢-mild solution to the time-fractional
Keller-Segel model (1.1)—(1.3) if it satisfies (3.6).

3.2. Well-posedness and blow-up

Lemma 3.1. The operator families (Ea ((log i)"A))»a, (Ea ((log ﬁ)"(A - y))) s

12a

<VE,, ((log L4 - y)))m, (E{,_a ((log L4 - y)j)m and (VEM <(log Lysa- y)))m are strongly continuous in L'(2), 1 < r <

Proof. We only prove the statement for the first family. The other families can be proved in a similar manner and so the proofs
are omitted here. Let ¢ € L"(£2) with 1 < r < 0. According to integral formulas of the Mittag-Leffler operators and the properties
of semigroup, one obtains that for a <1, <1,,

t t
E, <(log f)“A) »-E, ((mg ;‘)“A) ®
L"(2)

e ) h
SC/ M, (5)||G (s <(10g =)* — (log —)">> o—@
0 a a

Using the inequality (3.2), we obtain

ty « 1 o
G<s<(log;) —(log;) ))(p—(p

The integrand converges to zero pointwisely in s > 0 as t, — tT. Applying the Lebesgue dominated convergence theorem, the
continuity of E, ((log ﬁ)"A) @ in L"(Q) is obtained. This finishes the proof of Lemma 3.1. []

ds.
L7(2)

M, (s) < CM el )

L)

Lemma 3.2. Letg>1, > %(p -1), f= %(p —1)and p > 2. If u, v, € LY(R), then it holds that

lim (log £)? ||E, <(log 1)“4) u, =0, (3.8)
t—at a a Lri(Q)

. t t

lim (log )/ | E, <(10g Dyega- y)) v, =0. (3.9)
t—a a a Lr4(82)

Proof. Let ¢ € L?9(£2). According to (3.2) and (3.7), we know that

lim (log 2)? || E,, ((log 1)“4) @ -0,
t—at a a

Lr(Q)

and

t
£, (dog Lya) "’H < Cliollmay > a.
a Lra(2)
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Analogously, we have

=0,
L4(2)

E, ((og 2)d=1) o

lim (log L)
t—at a

for all ¢ € LP4(2).
In the following, we prove that for all ¢ € L4(£2) and all 7 € (a, ae),

(log Ly
a

t

£, (o) < Cllollia (3.10)
a Lra(Q)

and

(log Ly
a

t
E,(Gog 5 @=)o|  <Cllolle 311
a LPI(Q)

The proofs of estimates (3.10) and (3.11) are similar, so we only prove inequality (3.10). Let ¢ € (a, ae). We know that g > év—p(p -1),
and then by using inequality (3.2) and equality (3.7), one can deduce that

00 N
o\~ PD
<c [ M1+ (s00g D)) dsllll oo
Lra(Q) 0 a

r<1—§)

t._
—c|1+@og Ly P~/ t
C|l1+(og a) (=5 loll Lo

E, ((tog 2)a) g

t.—
< C(log Z) Pl pace)-

The smoothing property of the operator E,((log ﬁ)“A) provides a continuous embedding from L4(£) into L*4(£2). Using the
estimates (3.10) and (3.11), together with a density argument, yields (3.8) and (3.9). Therefore, Lemma 3.2 is proved. []

Lemma 3.3. Let ¢ € L"(Q2) with 1 < r < co. Then, for all t € (a, ae), the following inequalities hold.

t to_g
E, log —)*4)V - <C(og-)?2 Q) 3.12
‘ - (( og a) ) QJ”L’(_Q) < C(log a) llell - (3.12)
[vEe (t0g 2rca=n)a|  <caoe ol (3.13)
a L7 () a
!.a r -5 (Xa)
VE,q ((log =)*(4- y)) ® <C(og=) 2\ el r>N, (3.14)
a L®(Q) a
i r.-g
VE,q ((108 -)*(4- 7)) (PH < Clog =) 2ol ) (3.15)
a L"(2) a
t
Eya (G0g 2)7a- 1) w” < Cliglliro (3.16)
a L7(2)

Proof. Using inequality (3.3) and Eq. (3.7), and keeping in mind that 0 < a < 7 < ae, one gets

Eyo(og2)74)V g

o 1 a
gc/ asMa(s)<1 +572(log 1)*§)ds||q)||u(g)
L"(2) 0 a

| r(3)

t -2
<cl—1— +Qoglyr —2 ,
e (ga) F<1+5) lell Ly
2

. _2
< C(log ;) 2 loll ro)

The proofs of the estimates (3.13) and (3.15) are similar. We only show inequality (3.13). With the help of inequality (3.4) and Eq.
(3.7), we get the estimate below

vz (toe Lrca=n)e

oo _1
< c/ M, (s)e 002" (1 4 (s(log 1)“) ) dsligll g
L"(2) 0 a

to_a
< C(log ;) 2ol L)
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In order to prove inequality (3.14), we should stress that r > N, and thereupon using Eq. (3.4) we get

° t -3 (24)
< C/ asM,(s)[ 1+ (s(log —)") dsllell ro)
L®(2) 0 a
(-%))
2

m ol

[¥Eea (t02 2ra=n) 0

1 t —E(ﬂﬂ)
= Ca| —— +0g Ly72\7
N Taga Tlogy)

t-4( X4
< C(log ;) 2<’ )”(ﬂ”]_r(g)-

To prove inequality (3.16), we use Eq. (3.2) and proceed as follows:

(s
< / asM (s)
L7 () 0

1
<C—7vr—— Q).
*“Ti+o lloll ;. (Q)

ds
L7(2)

Epo (Uog 2a=-1) 0

G(dbgéf)w

This completes the proof. []

Remark 3.1. In Lemma 3.3 and inequality (3.10), the time variable is restricted to ¢ € (a, ae). This specific choice ensures that
0 < log(t/a) < 1. Bounding the logarithmic term strictly away from infinity is mathematically necessary to control the exponents of
the singular kernels when estimating the Mittag-Leffler operators and applying the contraction mapping principle.

The following is a generalization of Kato’s lemma [22], which is useful in proving uniqueness.

Lemma 3.4. Let X be a Banach space, and let y : [a,T) to R be a differentiable function satisfying w(a) = 0 and y(t) > 0 for t > a.
Suppose f(y(s), (1)) is an X-valued continuous and bounded function for 0 < a < s <t <T < oo. Let u < 1, v < 1. Define the function

t
g =y ! / w() W@ —w) " fw ), y@)w'(s)ds, a<t<T.

a

Then g belong to the space of bounded and continuous functions BC((a, T); X). Furthermore, if the limit im; ;y_, 4 ) f (W (s), w (1)) = f exists,
then g can be continuously extended to [a,T), and

gl@=fB(—-pu,1-v),
where B(-, ) is the Beta function.

Proof. Introduce a new variable ¢ = %, where ¢ € (0,1), s € (a,1). Substitution in the integral yields

1
/ W) WO = w) ™ f (), wO' (s)ds

1
= ll/(f)/o W) w®U = o)™ fwt)o, w(t) do.
Thus, g(r) becomes

1
g) =y -W(t)/0 W)™ A - o) fy (o, y(1)do

1
= [ o7*1l=0)"flw®o,w()do.

Since f is gounded,
1
[lg®Il < /0 (1 =)l fwte, w(®)|l do

1
< M/ o "(1-0)"do
0
= M-B(-p1-v),

where M is a positive constant. The Beta function B(1 — u, 1 — v) is bounded because of u,v < 1. Hence, g(7) is bounded.
For 15 € (a,T), as t — 1y, y()o - w(ty)o and w(r) - y(ty). By the continuity of f and the dominated convergence theorem, one
gets

1
lim g(1) = / o '(1=0)™" lim f(y(no, y (1) do = g(1y).
(= 0 —t

Thus, g(¢) is continuous on (a,T).
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As t — a*, w(f) - 0. By the uniform convergence of f(y(t)s,w()) to f, one has
1
}im g = / o H(l-0)" }im fw o, w(t)do
—a 0 —a

1
= f/ o *(1-0)"Vdo
0
=/B(—p1-v).
Hence, g extends continuously to [a,T). []

According to the Gronwall type inequalities with singular kernels in [23,24], we provide a version in the logarithmic sense.

Lemma 3.5. Leta > 0, b >0, p > 0, and let | be a nonnegative and nondecreasing function locally integrable on a <t < T (for some
T < ). Assume that u is a nonnegative function locally integrable on [a, T) with

t
u(n) < 1) + b/ (log g)ﬂ_lu(s)(t—s, a<t<T.
Then
g
u(t) < 10, (6‘(10g Ly ) . a<i<T,
a

where 0 = bI'(p).

Theorem 3.1. Let u, € LY(Q), where ¢ > 1, q > %(p —1), and p > 2. Set f = %(p — 1). Assume also that v,, Vv, € L®(£2) so that
||va||Lw(Q) is small enough. Given R > 0, there exists T > a such that Egs. (1.1)-(1.3) have an L4-mild solution pair (u, v) : [a,T] — (L9(£2))?
and u,v and Vv belong to C ([a, T1; L4(£2)), with the following bounded properties:

t

sup (log =) [lu()ll () < CR, 3.17)
te(a,T) a
t

sup (log _)ﬁ”U(t)”Lq(Q) < CR, (3.18)
1€(a,T) a

where C is a positive constant. Moreover,

t
(log ‘—Z)ﬁ”u(t)”m(_(z) -0, ast—a", (3.19)

t
(log Z)ﬂ”U(I)”Lq(g) -0, ast—at. (3.20)

This solution depends continuously on the initial value.

Proof. Let R be a positive number, and let T € (a, ae) be a parameter chosen later. We define a Banach space

p
Z = {u €C(@TEL@)]| sup (102 )" 10l sy < +oo}

te(a, T

and equip it with the norm ||u|| 5~ = sup,(, 1)(log ﬁ)ﬂ [l Lra(2)- Let B be the closed ball of radius R in 27, centered at the origin.
We note that g + % <1andgq> % We then select a constant C > 0 as specified in Lemma 3.3 and choose v, € L*(£) such that

1
4C2B(1—ﬁ—%,%>‘

We select a sufficiently small T to ensure that

””a”m(:)) <

t t t t R
sup (log —)* ‘ E, ((log —)"A) u, + sup (log —)? E, ((log -)*(4 - y)) U, <=, (3.21)

1€(a,T) a a Lra(Q)  te(a,T) a a L) 2

a N
(log Z)E(z_ﬁ)_ﬂ < 11\/ R (3.22)
a 2 —_p5 % _ i _p-% ¢
(R (e T ()
and
C(log Z)I’B(l —fa)< % (3.23)
a
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Given u € %y, define v in Eq. (3.6). From inequalities(3.13) and (3.14) we have

VE, ((log 1)“<A—y>) 0

Lo(Q)

sup (log - )ZIIVU(t)IILeo(g>< SUP (IOg )2
1€(a.T)

N
+C sup (og 1)t / 0z )2 070 o)l oy &
1ea,T)

toa t 2(1-2)1 _zd
< Clta]| gy + € sup (log —)2/(10g 1y50-5%) (log 2y P ull o (3.24)
te(a,T) a a s a s
t 5(2—ﬁ)—ﬁ o N
< Cvgll;eo(o) + C sup (log—)2 Z B<l—ﬁ,—<l——>>R
loell iy te(@T) 4 2 pq
T . 2(2-Y)p a N
<c <||va||Lm(g> + (log ;)2( w7y <1 -5 (1 - E)) R) ,
where g > %(p —1)and p > 2. Let
(3.25)

t
(@u)1) = E, ((log é)u) u, — / (log i)"‘le ((1og é)‘m) V. (qu)(s)d—SS.

The next step is to prove @u € Ay. By virtue of (3.12), we can obtain the following estimate

1
[N d
e / (log )5 @Vl ey
Lr(Q) a N S

E, ((log 24 u,

E, ((og )4 ) u,

E, ((og )74} u,

[[(@uw)®)| Lra@) <

I3
toa_ d
e / (log 5 () Loagen 170 ooy &
LP4(82) a N s

Lra(Q)
e / (og 9%~ og 5775 Sl sup tlog D V0l oy
From (3.24), using (3.21) and (3.22), we obtain
(1og ) 1| @u)Dl s < (log =) ‘ E,((log )" 4)u, o +CB (1= = 2.5 ) Rlloa oy
+C?B(1-p- %,%)B (1 -5 <1 - %)) R2(log = )2( )
< g + g - R

Hence, @ is a self-mapping in %y.
We just need to check the continuity of @u. Given that E, ((log i)"A) is strongly continuous (see Lemma 3.1), it suffices to focus

on the continuity of the function
t
(Tu)t) = / (og L)'E,, ((log l)u) V- @voys L.
a s s s
Fora <t <t, <T, we split 7(u) (1) — T (u) (,) as
(T (t;) = (Tw (1)) =1, + I, + I,

where

I = / (log 2"~ E,, <(log’§)“A>V-<uvU)<s)d—;,
I
! t2 a—1 a5 ds
1= / ((log 2yt~ (tog 1) ) <(1og ) >V~<uw)<s>;,
L= / (log "yt (E <<1og’§>“4) ~E,, ((1og%>u>> V@,

From (3.12), the first and second terms can be estimated as follows,
n %) 2 ds
1l < / 08 2)F sl VNS oy 2
il

) 1) a_ _sad t a
< / (log 2)2 7" log 272 Zlull 5 sup (log 2)2 [((VOYDIl o2y
N a N te(a,T) a

1
1y _ t.e _p—2ds
< log 2)Pllull 5 sup (og D)3 IVl ey /, (1= il p-5 98,
a te(a,T) a N

log;
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5
”IZHLM(.Q) S/
a

X R sup (log )2 VYDl oo (2)-

te(a,T

t t t a _p_9
(log —2>‘H ~ (log —‘)‘“ (log i)‘f(logg) ’ z%

By applying inequality (3.3), we derive the following upper bound

n oo t t d
||I3||LM(_Q) S/ (log ?1)‘1 1 <Erx,a <(10g ?Z)aA> _ Ea,(x <(10g %)"A)) V - @Vuo)(s) as
a LP9(RQ)
n I a—1 « 5] a 5 o ds
< (log —) atM (7)||[{ G| t(log =)* | = G | z(log —) V- (uVo)(s) dr—
a s 0 s s iy S
n Uy [% 1 4 1 4 ds
<C (log —) atM,(7)||[{ G| r(log =)* —(log —=)* | =1 | V- @Vuv)(s) dr—
a s 0 s s Loa ()
11 -1 S —p-g
<CR SUP (log )2 II(VU)(I)IIU»(Q) (10g —) (log ;) 2
te(a,T
o 1 ds
X / atM (r)(l +1 2(10g —) 2 (log —)“ (log—)”>> -1 dr—.
0 s B(LPA(2))

Here, % (L"(£2)) denotes the bounded linear operator space from L?((2) to itself. Consequently, it follows that |1, ||U,q(g) - 0,
as t, — 1. Using the Lebesgue dominated convergence theorem, we get that || 15| (g [|[13]| o) COnVerge to zero as t, — rf.
Therefore, we conclude that .7 (1) is continuous.

We aim to prove that @ is a contraction. Let 4’ € %y and define v by Eq. (3.6), i = 1,2. We then estimate ||®u! — ®u?|| 4-. To
do so, we first write

t

a ! a—1 [N 2 1 1 ds
7 (t)=/a(10g;) Eqy((og 74) V- (12 =) Vo) (),

Lo t ds (3.20)
D = /a (log )" E, g ((l0g £)74) V- (12V (2 = 01)) ()5
From inequalities (3.12), (3.24), and (3.22), we obtain
02 2 | F7O gy < €B(1-8=55) sup o8 DF [0/ O] g | =],
<c*B(1-p-%2 .
(T G(Zg)zﬂ) (”Ua”L i.xQ) N 2 | (327)
+log )7\ ) 7'B <1 ~6.5 (1 - E)) R) “u —u H%
<zl =],
Next, taking into account the upper bound, we get
,;(g%)(log ys ”v 02— ! (t)”L‘X’(-Q) C(log—)2< ) <1 —ﬂ,% (1 - %)) ”u2 —ulH%.
From this, we infer that
02 |72 2 s TRV (1= £ 8) (105 (1 X)) o],
< g H%

Now, it follows from inequalities (3.27) and (3.28) that

5

o -], < 3 =]

for every u!,u? € Bpy. The contraction mapping principle yields the existence of a unique fixed-point u in #y. Next, we demonstrate
that the pair (u, v) represents the unique solution provided by the theorem within the space #. However, establishing the uniqueness
of solutions in the entire space is significantly challenging, thus the problem remains open.
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Note that v belongs to #y. Indeed, invoking inequalities (3.12), (3.21), and (3.23), one has

(log Y10l ncay < log 2 | E, ((log 274 - 1) v,
a a a

Lri(Q)

B (g i a=p)ues)| &
N

Lra(Q) S

r.p ! 1 a1
+ (log ;) (log ;)
a

R t R S d
<35 +Cllog -y / (1og =) lull Lpag) =
a a N N
R T Lt _pd
< K Cllullgrtog Ty [ dog by tog 272
a a s a s
< g + CR(log Typ-pa
a
R R
<=+Z-=R
-2 2

Since u and v belong to %y, we immediately get the bounded properties (3.17) and (3.18).
We next prove the asymptotic profiles of u and v. Using Eq. (3.6) and inequality (3.12), we can estimate the L?-norm of u(¢) as
follows

[

d
el oy < YOSl o)

E, ((tog 2)74 ) u,

t
+C / (log L
L9(2) a s
ds

fore
+ C/ (log )2 ! lu( Loa ) I(VOYSI 20— (3.29)
LI(2) a s Lr-1(@) s

<\, (Gog 2y74) u,
a

<

E, ((og 2)74) u,

[N o
+Clog )3 7B (1-5.5 ) Il o sup VOO o5
L9(2) a 2 t€aT) LrT(@)

From (3.5) and (3.15), we have

t
sup [[Vo@)|| 2« < sup ||VE, ((log—)a(ﬁ—}’)> Ugl| 24
1e(a.T) L@ teaT) a L=t
! [N ds
+ sup /(10g‘)5_ [N poapllu(HIl 2a =
re@T) Ja s Lot 8
<C sup |VE, ((1og 1)"(A - 7)) Uy
te(a.T) , a Lra(2) (3.30)
toa_ ds
+C sup /(log—)2 ) o) =
te(aT)Ja s s

t
[N K _ﬂds
SCQW%MWQ+CRLG%EV mg? ?>

< C (IV0ull i + CRU0g THI7B (15, £)).

Then, based on inequalities (3.29), (3.30), and Lemma 3.2, we conclude that u satisfies the convergence property (3.19). Considering
Eq. (3.6) and inequality (3.16), we have

(og L1160l 4y < (log Y | E, (tog 174 1) v,
a a a

La()

tp ! t . a—1 ds

+ C(log ;) (log ;) ||u(l)||u(Q)T
a

< Cllog 2

E, (tog Da=p) o,

'
+ C(log —)*|lull - -
@ a

Utilizing Lemma 3.2, we get the convergence (3.20). Consequently, any solution (u,v) € 2 x 2 to the integral Eq. (3.6) satisfies
the convergent relations (3.19) and (3.20).

Next, we aim to show u, v, and Vv € C ([a,T]; L4(£2)). Using the method for proving inequality (3.29) leads to

E, (tog 2y a) u, - u,

[t = | oy < + C(log 2)%—/*.

L9(Q)
Applying Lemma 3.1 yields

,l_lgl [lu® = ug|l o) = O-

Therefore, we obtain u € C ([a, T]; L1(£2)).

The continuity of v follows from combining Lemma 3.1 with Lemma 3.4, where w(f) = log - and the parameters are chosen
such that § < 4 < @ and v = 1 — u. Define the function f(y(s),w (") = (W) (w®) — w(s)*HE, . (w(®) — w(s)*(4 - y)) u(s), for all
a <s<t<T.Firstly, f is an L?9(£2)-valued continuous function. Secondly, it can be shown that sup,, ., | f (), w ()| e () < +0
and f(y(s), (1) — 0 as (s,t) = (a, a). Similarly, the continuity of Vv can be shown by applying the same reasoning.
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To prove continuous dependence on the initial data, we adopt an approach analogous to that used in the contraction mapping
argument. Specifically, let (u!, v!) and (u?, v?) be Bg-solutions of the integral equations defined by (3.6) with initial data (u., v!) and
(u%, ug), respectively. Utilizing the representation (3.6), Lemma 3.3, and inequalities (3.22) and (3.24), we obtain

=] <l 0 (18- 5:2) o ] o -2,
+crB(1-p-42.9) sup (og DY (' =) 0 (3.31)
<C uélz —ui L@ +C?RB (1 —-p- %,%) Uélz - Ui L@ + % Hul —uZH% .
Employing Eq. (3.6), and inequalities (3.2) and (3.14) gives
”Ul - Uz”% <Clvg-vg Lo(Q) + % Hul _uz“% : (3.32)
Then we get
R T R TR s T N

This closes the proof of Theorem 3.1. []

Theorem 3.2. Under the hypotheses of Theorem 3.1, provided that (u,v) is an L4-mild solution of Egs. (1.1)—(1.3), then (u,v) can be
uniquely continued up to maximal time Ty, > T If Ty, < +o0, then limsup,_p— [lu(®)]l Loq(c2) = 0.

Proof (Continuation of the Solution).. Let (u,v) : [a,T] — (L9(£2))* be the solution determined by Theorem 3.1 with u,v € %g. For
T > T, we define the complete metric space

¢ = {.; ec ((a,T]; LM(Q)) | sup [la(t) = u(T)ll ppoy < R, u= in [a, T]}
1€[T.T]
with norm defined by
_ [N I
[lall¢ = sup (log =)@l Lra(q)-
1€(a,T)

Let @ : ¥ — ¢ be given by Eq. (3.25).
Set it € ¢, and define & as the function given by Eq. (3.6). A straightforward computation reveals that ®i(t) = u(r) for all 7 € [a,T].
Using inequalities (3.3) and (3.4), we obtain

! a to_a toa
VE, (tog La=n) s < ctontyE (t0e D) +1) W lia 1> (3.33)
t 1 -5 ()
VE,, ((log =) (A—y))fH <C(1+(log=) 2\m NN pragy 1> as (3.34)
a L®(Q) a
! ro_a
Eyq((og 2)y*4) V- f W(Q)SC(H(log ) W lmey 1> a (3.35)

By using inequalities (3.33) and (3.34), we get

[
sup (log =) 2 [[VO(®)|| Lo () < +oo.
t€a,T] a
In fact, we also have the following inequalities:

ds

t
ta t.a t oot
log =)2 [|VO)|l Loy < C o C(log -)2 log =)*
(08 DS IVEOl ooy < € i+ Clloz D [0 ) .

‘VE,M ((log i)"(A - y)) u(s)

t a N
e t o 1 -5 (24 _ ds
scllvallwmﬁca"g;)z/a (log )" 1(1+(1°g J o )> R (3.36)

3a
< C|vg)l poogey + € [(log 2)7_11]3(1 - B, a)

af|_N
+tog Ly3(750)+3 ﬂB(l—ﬁ,%(l—%))] lall -
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Given that u € ¥, the continuity of ®u can be shown by using a similar argument as in Theorem 3.1. For a < t; <t, < T, the result
follows from the following three estimates when 7, — ¢,.

1

1y _ a_ 1 _g_ads
”IIHLM(Q)SC(lOg;) ﬁﬁog%(l—s)z s Sl
log%2
I <c [ tog 2yt —q =1 S log £y75798,
2]l ooy < (log =) ~(ogL ) (Og—) (log =)™2

_1 1 _a
1451 Loaey < /(log )=L(log 2 )” / a‘rMa(‘r)(l+r 2(10g?]) z)
0

1 o 1 .
G<‘r ((log;) —(log?) >>—I

where Z (L*4(£2)) is a bounded linear operator space and the terms I, I,, and I5 are explicitly defined as follows,

1, =-/t1 (lOg 12) a,a((log%)ﬂﬁ)v'(ﬁVﬁ)(s)%’

= [ o) et
g:/”(log”) [Ea.a((log%)"é‘)— o (10g )" )]V @Vos) S

Next, for T < 1 < T, we have

dfé,
B(LP1(L))

X

@a)0) - () = (E, ((og é)u) ~ £, ((log %)“A)) u,
- /aT ((log é)""lEa’a ((log é)u) — (log %)“-IEQT(, ((log %)"A)) v. (qu)(s)dS—S
-/ og Ly, (G0g L) V- @i
T s N K
Y AOE R AQE I AGE

According to Lemma 3.1, it follows that .#|(¢) tends to zero in the L?4-norm as + — T*. Furthermore, by applying the Lebesgue
dominated convergence theorem, we conclude that ||, (|| Lra(g also vanishes as ¢ — T*. Taking into account inequalities (3.35)
and (3.36), we arrive at

t
, !iae |- T d
5O ncay < [ og 1 (14 o8 75 ) GV OO0y &
! .21, _ _ ds
¢ [ tog HE N6 L1Vl 2
T

l a
< C(R+ (M)l pragey) sup (log - )2||Vu(t)||Lw(_Q)/ T(l—s)z ls2ds >0

0g ﬂ
t€la, T] ]02 T

as t —» T+. Therefore, we can take T so close to T such that 1l Loy < R/3, i = 1,2,3 and we have

sup || @i(t) — u(T)|| praay < R
1€[T,T)

Next, we prove that @ is a contraction mapping. Let « be in %, and define v/ by Eq. (3.6), i = 1,2. It is crucial to analyze the
contributions of the terms ¢, and _¢,, as defined in expression (3.26). Using the inequality (3.36) yields

! a a
(tog =/ [|LA1 )] o <Cll0g 2/ / (log £)37(10g 2)-3 &

X t;l;pﬂ(log Rk ”VU (t)”L‘X’(.Q) “ul h MZH%

o . (3.37)
<C’B(1-p-35.2) (llvallmm + (log Z)E(Z_EHB(I P05
x(log %)/3 (R+ ||u(T)||uq<Q>)> H”l B "2”% '

By considering the upper bound below,

sup (log ~ )z ”v ol — o2 (z)”

T 2N - a N 1 2
S . C(log ( ) B<1—ﬂ,§<l—ﬁ>)”u —u
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we conclude that
T (2-X)- T
10g )7 |20 ooy < Cl0g 7)2 (%) 10g = (R + (D)l o))

B(l—ﬁ—%,%)B<1—ﬂ,%(1_%>>””|_u2“<€‘

By selecting ||v,]| ;o) and T appropriately, and utilizing the inequalities (3.37) and (3.38), it follows that @ is a contraction.
Let u be the unique fixed point of @ in ¢, and define v by (3.6). A priori estimates below can be established as

(3.38)

t [
VE,, ((log ;)“A)fHLq(Q)SC(l+(log 57 ) W ey 1> @

[vEe (t0g Lra=n)e,

2 SC| Vool ig, 1> a
Lr~1(Q)

g
Lr-1

[ ¥Ee (002 ria=1) 5

. -g t e
< Clog )72 ((og )% +1) If lpae 1> .
() a a

sup Vool m SC<||Vva||Lw(Q)+(10g%)%_ﬂB(1—ﬁ%) <R+(10g%)ﬂ“u(T)”Lm(.Q)))~

t€la, T]

Based on the preceding estimates, we get

E, ((og 2y a) u, —u,

lu®) = ug|| oy <
LUQ)

+C(og )z"’B(l- )||u||<g sup (Vo) ss (3.39)
relaT) '@

t a_
E, ((log ;)“A) u, —u, + C(log ;)2 s

LI(Q)
Now, we conclude thatu € C ([a, T L"(Q)) from the inequality (3.39) and the continuous embedding L*9(2) & L9(£2). Additionally,

the fact that v € C([a,T1;L9(2)) can be established via Lemma 3.4. Consequently, the solution (u,v) satisfies the necessary
conditions to be considered an L?-mild solution, as stated in our theorem.

_ 2
Let two L4-mild solutions (u;, v,) and (u,, v,) belong to C ([a, TI; L‘1(.Q)) such that

u=u =u,, te€laT],
v=v=0,, t€[aT]

We shall prove that

u =uy, telaTl (3.40)

v =0y, t€laTl] (3.41)

Letr e [a,T]. Considering inequalities (3.35) and (3.36) gives

[l41® = O] Loy sc/t(log Lyet (1 + (log 1)_%) ”((“1 — 1) Vo +wV (v = 1)) () Lra() dss
<c/ (log = )2 ) (H 1 =) (9) o VOOl o)
S 0] e MO (S)HLw(m) s (3.42)
< /T'(log éﬁ(l—%)—l (02 2075 |t = 2) ] o
+(1°g§ B b (s)Hsz)) S
=¢ /TI(IOg g)%(l_ﬂ_l <”("' = 42) O] g HV (01 = 22) (S)“Lm(:z)) d_ss'
Additionally, we have
[¥ =020 0] gy <€ 102 DR ) 0],

Now, let & : [a,T] — [0, o) be defined by

&0 = [0 = 10 agay + ||V (01 = 02) O -
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From the estimates provided in (3.42) and (3.43), it follows that

t a N
£ < c/ (log §>f(l‘ﬁ)‘1¢<s>%

By applying Lemma 3.5 with /(r) = 0, we deduce that &(r) = 0, leading to Egs. (3.40) and (3.41). Consequently, the uniqueness of
continuations is established.

(Blow-up). Suppose that T, < oo and that there exists a constant K > 0 such that for all 1 € [a,Ty,,) the inequality
lu(®)|l ooy < K holds. Thus, given a sequence of positive real numbers ¢, — T, , we want to show that (u ( 1)) is a Cauchy
sequence in L?9(L). Indeed, for a < 1,, <1, < Ty,

u (tn) —u (IM)

= [E ((bg ’;")“A) - E, <aog ’;’")"A)] u,
m Tmax — Tmax dS
- / <(log 2y E,, <(log Lyeg >—(log xye-lp ((log —_Mmax yx 4 )) V- uVo)(s)=
a N ? N

m tm a—1 tm a Tmax a—1 de ds
+ (log ?) E, . | (log ?) A | —(log T) E,q | (log — )*A V- (qu)(s)?

n 1 tn ds
/ (log )“ <(10g ?)”A> V- (uVU)(s)?.

max’ neN

we have

It follows that the right-hand items all converge to zero in the L*?-norm as n,m — oo. Specifically,

! a_p _«
<CK logrﬁ(l—s)z s~ 2ds.
Lea(@) g 2
c s

/t,, tn -1 ( tn ) ds
(log =) E,, | log =)*4 ) V - (uVv)(s)—
. K s s

Thus, we obtain that Hu (1) —u(ty) L) — 0 as n,m — co. Therefore, the limit lim,_, , u(t,) exists in L4(2). By a similar argument,
we can conclude that lim,_,, v(z,) exists in L(£2). As a result, both u(T},,,) and v(T},,,) exist in L?(£2). This implies that the pair
(u,v) can be extended, leading to a contradiction. The proof is complete. []

4. Numerical algorithm

In this part, we establish a numerical scheme based on the finite element method to solve the considered model, and the
corresponding numerical analysis and computer simulations are displayed. Throughout this section, we assume that the numerical
analysis is performed on a time interval [a, T] strictly before the blow-up time, i.e., T < T}, guaranteeing sufficient regularity of
the exact solution.

We denote W"”(£2) as the Sobolev space endowed with the usual norm || - [y mp(q), and H"(2) = W™2(Q). The L? inner product
and L? norm are used as usual.

(v, w) :/ vwdx, vl = V(v,v).
Q

The weak formulation of problem (1.1) can be written as: u, v € H'(Q) satisfy

(CHD:Ju, w) + (Vu, Vi) — uVo, V) =0, Vw e H'(RQ),

4.1
(CHD;IU, w) +(Vo,Vw) + (yu, w) = (u,w), Yw e HY(Q).
Multiplying both sides of the second equation by « and substituting the result into the first equation yields
(CHDZ,, ) + (Vu,Vw) = (u w) — (yuv, w) — (u CHDZJU, w). (4.2)

Then, for u,v € H'(Q), system (4.1) and Eq. (4.2) are equivalent.

4.1. Finite element analysis on a fixed mesh

A fixed mesh represents a mesh that does not change over time. Fixed meshes can be divided into two types: uniform
meshes and nonuniform meshes. Fig. 1 shows the node distributions and mesh structures of two fixed meshes, including a graded
mesh, a common type of nonuniform mesh. Graded meshes have shown their advantages in solving nonlinear reaction-diffusion
equations [25,26].

Let 7, = UK denote a fixed mesh, and define the discretization parameter h = maxge 7, hx as the maximal diameter of the
circumscribed ball over all elements, where i represents the diameter of the local element K. Let V,, := {p € C(@Q)|p € P(K), VK €
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(©) (d)

Fig. 1. (a) The nodes of the uniform mesh; (b) The nodes of the graded mesh. (c¢) Uniform mesh; (d) Graded mesh.

J,} ¢ H'(R) be the standard finite element space, where P!(K) denotes the space of linear polynomials over the element K. The
semi-discrete finite element scheme is given as follows: find u,, v, € V}, such that

(caDa sy ) + (Vg Vioy) = (ugVoy, Vi) =0, w, €V, s
(CHD:,tUh’wh) + (Vvh, th) +vy (vh, wh) = (uh, wh) , Wy €V
Assume that the discretization parameters satisfy quasi-uniform condition, that is, there exists a positive constant ¢ such that

LSC, VK € 9.
hg

Define the projection operator R, : H!(2) — V}, as follows,

(Vu,Vw,) = (VRuu, Vw,), wy, € V.
Then, there exists a positive constant C, independent of 4, such that [27]

lle — Ryull < Chllull 1, VYue HY, 4.4
and

llu = Ryull < Ch?|lull g2, Yue€ H. (4.5)

Let {P,-}f‘zl , be the set of all vertices of .7, with M being a positive integer. The Lagrange interpolation operator z;, : c(Q) -V,
is defined by z,v(P) = v(P,) for all P, € {R-}f‘;’l. For any K € .7}, we have

740 = vll Loy < Chi ooy P € (d/2,00),0 € WP(K).
The following lemmas will be used for error analysis later on.

Lemma 4.1. Let v(t) be absolutely continuous function on [a, T]. Then we have the inequality

1
v(t)ey DL, () > 3¢ D% 0.
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Proof. To prove the inequality, it suffices to show that
1
vty D2 u(t) — 3¢ uDE (1)
LI /’ su(@) dr 1 /’ 20(r)du(z) dr

I'd-o "Jo (Qogt) 7 2IA-a) Jo (og2) 7
_ 1 /' (@) — v(r))éuv(z) de

ra-aj, (log i)" T

1 ) < /' dn) dr
- som— | &£
r(l—a)/a (og 1y \J: )T

s [ ([ e )
ra-ao /, a (1og§)w T )N

=72>0.

In fact,

1 Lt Su() " Su(r) dr\dy
I=— [ (ogt) ! )
rl-a J, n (log;)"’ a (log-)* 7 /1
2
1 ! t T sv(r) dr \ dn
=—— [ @oglys )=
2r<1—a>/a(°gn) (/ (log 1) r> n

p 2
=T /(103;5)"_1 /ﬂ 2 de) Ty,
ri-ao /, n a (log%)“ T n

This proof is thus complete. []

The following lemma is a direct consequence of Lemma 1 in [28] and Lemma 3.2 in [29].

Lemma 4.2. Let u(x,-) € ACs[a, T] for any x, u(-,1) € Q) for any t € [a,T]. Then, for a € (0, 1) and a continuous function &(x), there
holds

/ cnDj u(x, 1) @(x)dx = oy D7, (/ u(x, t)@(x)dx) .
Q ’ : Q

Lemma 4.3. Let a nonnegative absolutely continuous function y(t) satisfy the inequality
CHDZ’,Y(I) Sy te(), 0<axgl
for almost all t in [a, T, where ¢; > 0 and c,(t) is an integrable nonnegative function on [a,T]. Then

t t _
y(1) < ¥@E, (cl(log ;)“) + I(@)E,, (cl(log ;)“) #D;% ().
Proof. Let g(r) be an integrable function such that HDZ,, ¥(t) — ¢, y(t) = g(t). According to formula (3.2) in [29], we have

t
y() = y@E, (cl(log é)) + / (log i)"‘]E‘,,a (cl(log i)“) g(‘r)%.

Based on the inequality g(7) < ¢,(1), the positivity of the Mittag-Leffler function E, , for given parameters, and the asymptotic growth
behavior of E, ,(7), we obtain

t
0 < y@E, (e o £7) + [ Gog Ly, (1008 ) ey &

< Y@E, (¢/10g 1)) + F@E,, (€100 )7 ) yDyes(0

This proof is ended. []

4.1.1. Error analysis of the semi-discrete finite element scheme
Write the error as a sum of two terms,
u—u, =u— Ryu+ Ryu—u, =0+n,
h h h h 4.6)
v—v,=v—- R+ Ryv—v,=p+p.

The terms 6 = u — R,u and p = v — R,v represent the projection errors associated with the operator R,. These projection errors are
controllable. In contrast, the terms # and # will be the main object of the numerical analysis.
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Remark 4.1. The optimal error estimates in the following finite element analysis require high spatial regularity of the exact solution,
specifically H?(£2). While Section 3 guarantees the existence of L9-mild solutions, we impose additional standard a priori assumptions
in this section to ensure that the H?(£2)-norm of the solution remains uniformly bounded over the entire interval [a, T]. Specifically,
we assume that the initial data u,, v, € H?(£2) satisfy the homogeneous Neumann boundary conditions, and that the boundary 952
is sufficiently smooth.

Next, we provide the error analysis for the semi-discrete scheme (4.3).

Theorem 4.1. Assume that the solution (u(x, -), v(x,-)) € H2(&2). Then the semi-discrete finite element solutions (uh, u,,) of system (4.3)
satisfy the following error estimate:

|lu@® = up®|| + |Jo@® = v,O|| < Ch?, 4.7)

where C is a constant independent of the mesh size h.
Proof. By subtracting the second equation in (4.3) from that in (4.1), one gets

(CHDgJﬂ, wh) + (V(p +p), th) =—y (p + B, wh) — (CHDZ,;/” wh) + (9 +7, wh) . (4.8)

Note that (Vp,Vw,) = (V(v— Ryv),Vw,) = 0 and ||cyD%pll < Ch*. Let w, = . And then apply Young’s inequality and the
interpolation estimate (4.5) to obtain

(cuD2,8.8) < C(IAIP +h* + i) @9

It is also known from Lemmas 4.1 and 4.2 that

(cups,s.p) = | peupspax

1 1 (4.10)
z5 /QCHDZJﬁde = ECHDlelﬂllz.
Since f(a) = 0, setting y(t) = ||#||> in Lemma 4.3, it is immediately deduced that
18Il < € (B> +lInll) - (4.11)
For the semi-discrete scheme (4.3), we multiply its second equation by u, and substitute it into the first equation to obtain
2
(CHD:Juh, wh> + (Vuy, Vwy,) = ((uh) , wh> =7 (upvp, wy) - (uh cuD§ vy, wh) . (4.12)
Moreover,
uv — uy vy, :u(v—uh) + v, (u—uh)
=ulp+ B)+v,(0 +n),
(4.13)

u CHDZ’,U —uy, CHDZ’,U,, =u (CHD:JU - CHDZJU,!) + (u — uh) CHDZ‘JU,,
=u CHDZ,;(/’ + /) + O+ ”I)CHDZ,tUh-
Note that (V8, Vw,) = (V(u — R,u), Vw,) = 0. Let wy, = n, then subtracting (4.2) and (4.12) yields
(CHDZJn, r]) +(Vn,Vp) =— (CHDZ;H»”) + ((u + “h) @ +n), r])
— v @(p+B).n) — v (v,(0 +m).n) (4.14)
- (u D (p+ B+ O +meuD, v, n) .

Since our numerical analysis is strictly restricted to the time interval [a,T] with T < T},,, the exact solutions » and v of (1.1) are
non-negative and uniformly bounded on this interval. Consequently, the term | D%, v, is controlled. Using Young’s inequality and
interpolation estimate (4.5), we obtain

(ang,,m'l) <C h +2|I'III2 + Ch4 + 2]l + Ch4 + ||ﬁ||22 + Il
+ Ch4 +22||'I||2 + Ch4 +ll7l1* + 11811 + Ch4 +§|Ii1||2 (4.15)
<C (Inli* + A* + 11BI1) -
Furthermore, by using (4.11) and Lemmas 4.1 and 4.3, we derive
lnll < Ch*. (4.16)
Substituting (4.16) back into (4.11) gives
11l < Ch?. (4.17)

Finally, combining the interpolation estimate (4.5) with the triangle inequality, we conclude the proof. []
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4.1.2. Stability and error estimation of the fully discrete scheme
Now, we derive the fully discrete scheme where the time fractional derivative is approximated by L1 scheme (2.1). Then, we
present the following decoupled fully discrete scheme: For n =1,2,..., N, find (“Z’ UZ) € V), such that

(ca® )+ (Vg Viey) = (4 Vep, Vi) =0, w, €Vyyy n21, s
<CH©§JUZ’wh) + (VUL Vwy,) +y (Vhowy) = (W wy), w, €V, nxl,
where u‘;l and u(;l are given. Let uj = Z =1 jqﬁj, = Z i1 V] "¢; and {¢J}M denote the finite element basis functions. Then,
substituting the basis expansions yields a vector system
n—1
(bo,M+K+M)v' =Mu"' =M Y b, v/, n>1,
j=0
(g, M +K —N(¥") u ——MZb,, a1

where u”" and v" represent the coefficient vectors of Z/ . qu ; and ZJ 1Y v ¢;, mass matrix M, stiffness matrix K and nonlinear matrix
N are respectively represented as

= @),

K,‘j = (V¢j» Vo)),

M
N,‘j(Vn) = z U:I,,(quv‘ﬁma V).
m=1
In the process of solving the discrete system, we first apply an explicit scheme to the second equation to obtain the intermediate

solution v. This result is then substituted into the first equation, which is likewise formulated in explicit form, thereby enabling

the determination of the solution ujp.

Algorithm 1 Fully discrete scheme for the time-fractional Keller-Segel system

0 0

W 0

UO—>V.

Initialize: Discretize initial conditions u h

forn=1,2,...,N do

Step 1: Solve for v"

Assemble RHS: b’ = Mu'~! =M X'~ b,_; v/

v

> Solve linear system: (by,M + K +M)v" = b”

Step 2: Solve for u”
Construct matrix N(v") using the updated v,
Assemble RHS: b = -M ¥} b

> Solve linear system: (b, ,M + K — N(v"))u" = b

vV Vv

n—jn

end for

Lemma 4.4. Let&).n, €V, for n=0,1,..., N. Assume that the sequence of norms {Ulmy I }r’l"= o 1S nondecreasing, and suppose the discrete
Caputo—Hadamard derivative satisfies

D¢ Nl < Co (Il + Ny I1P) o m=1,..., N, (4.19)
Then there exists a constant t* > 0 such that for t < t*, the following estimate holds,
el < ¢ (I + 1y, n=1,...,N. (4.20)
Here, C, and C, are constants independent of = and n.

Proof. Combining the L1 formula and (4.19), we have

n—1

2 02 i 12 2 —12
a,  lopll” = ay ,llo 1~ + z(a,-,n—a,-ﬂ,n)llvﬁ,ll < Co (1117 + Nl M1%) - (4.21)
=1
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According to Lemma 2.1, the summation term is negative. By rearranging the terms, we can rewrite (4.21) as

n—1
2 2 —1)12 012 j 112

a,,llopll= < Collopll” + Collugy " 117 + ay, lluyll +Z(aj+1$n—a,,n)llvﬁ,ll» (4.22)

j=1
and then we have
n—1
2 —1)2 0,2 j 12
(@n — COlloRI” < Colluy ™ 117 + ay,lloll +Z(a,+1,n—aj,n)llv’,,||~ (4.23)

Jj=1
We know a,,, > a;,, > 0 by Lemma 2.1. When 7 is sufficiently small, coefficient a, , ~ 7=* becomes significantly large, but we have

n—1
Zj:l(aj+],n — ;) _ Gun — A

Apn — CO Apn — CO

<q.

Therefore, using the discrete Gronwall inequality and the above bound, we derive the following inequality for = < z*,
o < ¢y (120 + ). O (4.24)
Next, we give the numerical stability analysis of the fully discrete scheme (4.18) under the L?(£2) norm.

Theorem 4.2. For n=1,2,..., N, there exists a constant t* such that when t < t*, the fully discrete scheme (4.18) satisfies

<o (] + 1l)-

+|

n n
Uy U

where the constant C is independent of the mesh size h and the time stepsize .
Proof. In the second equation of the fully discrete scheme (4.18), let w;, = vZ. We obtain
(s h0h) + (Ve Vo) +r (hvp) = (7" 0}) (4.26)
Note that
n—1 .
(CHQZJUZ, UZ) = <an,nUZ - Z(aij,, —a;,)U, - al,nuz, UZ)
j=1

—1 j

oo N2+ 000 I + o2 4.27)
2 an.nllvh” - Z(aj+l.n - aj,n) 2 —Aain 2
Jj=1

1 2
= ECHQZJ”UZ” .

Applying Young’s inequality together with the estimate in (4.27), we obtain
2 2

[l < ([l +

Hence, using Lemma 4.4, we conclude that there exists a constant z* such for all = < ¥,

| ) (4.29)

Similarly, we multiply both sides of the second equation of the fully discrete scheme (4.18) by u, and substitute it into the first
equation of the fully discrete scheme to obtain

(ca® )+ (Vg Vi) = (i w0y) = 7 (0 104) = (1 0D 010 (4.30)

a
CHDQJ

! H2> . (4.28)

n
Un

< (Jl4]+

Let w;, = u}. Since uZ‘l and 4D}, v} are bounded, the above equation can be transformed into

a n on noxg,m\ — (n,n=1 0\ _ non oon\ _ (.n a . oon
(CHDa,ruh’uh)+(Vuh’Vuh)_(uhuh ) = v (v uy) (uhCHga,tUh’uh>

(4.31)
< Cy (o uy) + Co (1) + Cs (uf )
where C;, C,, C; are positive constants. Next, by using (4.27) and Young’s inequality again, we derive
a n 2 n 2 n 2
en® < (] + =] ) (4.32)
Then, applying (4.29) and Lemma 4.4 yields
0 0

)< (] 14D @0

Finally, substituting the above result into (4.29) completes the proof. []
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Remark 4.2. The stability threshold z* in Theorem 4.2 is determined by the condition g, , > C (see proof of Lemma 4.4), where
a, , ~ % Hence, for sufficiently small 7, the scheme is stable.

We present the following error estimate for the fully discrete scheme (4.18) in the L%(£2) norm.

Theorem 4.3. Assume (u(x,1),v(x,1)) € C*([a,T]; L*(2)) n C'([a,T); H*(R2)). For n = 1,2, ..., N, there exists a constant * such that
when t < t*, the fully discrete scheme (4.18) satisfies

Hu(t”) —u

+ “v(t") —ull<c(z+n?), (4.34)

where the constant C is independent of the mesh size h.

Proof. Let
E'=uy(t,) —ul, E!=uv,(,)— vl (4.35)

First, subtract the second equation of the fully discrete scheme (4.18) from the second equation of the semi-discrete scheme (4.3)
to obtain

(CH:DZ,tEg’ wh) + (VE;I’ th) ==7 (ES’ wh) + (CHQZJU"I(I}’I) - CHDZJUh(tn)a wh)

(4.36)
+ (E! +up —u;'!_l,wh) .
Since (uy, vj,) € C?[a,T], it follows that
|CH©Z,,Uh(’n) = cnDg,vp(t)| < crre,
and
luf — i | =7 0u@)] < Cr, & E (ty1.1,).
Let w), = E}) in Eq. (4.36). According to (4.27), one has
e NENP < CELP + [E + 7).
Hence, from Lemma 4.4, we get
IS < C (IER] +7)- (4.37)

Next, subtracting (4.30) from (4.12), we obtain
(CHDZJES’ wh) + (VE], Viy)
= (cn @ (1) = cnDi (1) w0y + (1w (1) + 1)) Ef1wy)
+ (uy (up =) cw0n) = 7 (s (1) EL + 04 Efvwy) = (2 e D0 (1) 103 )
- (”h (tn) (CHD:,,U;, (tn) = cn®, 0 (%)) ’Wh> - (“';, CHDZJE;"wh)'
Let w), = E!!. Then, using Young’s inequality and (4.27), one has
cn® | ELP < c (IELP +ELP + 7).
Therefore, using Lemma 4.4 and (4.37), we get
Iz <cx.
Substituting this back into (4.37) leads to
|Es|| < Cr.

Finally, by applying the triangle inequality and the semi-discrete error estimate (4.7), the conclusion is shown. []

Remark 4.3. The H? regularity is essential for the standard finite element method to achieve optimal spatial convergence, while
the C? regularity is required to bound the local truncation error of the temporal L1 scheme.

The theoretical error estimates for fixed meshes in this section rely on the spatial regularity u,v € H?(£2), which holds only for
t < Ty Ast — T, this regularity is lost, causing the error constants in Theorems 4.1 and 4.3 to become unbounded. Consequently,
fixed-mesh simulations deteriorate near blow-up and may fail to resolve the sharp profile. This motivates the use of adaptive moving
meshes, which concentrate nodes in regions of steep gradients, thereby compensating for the loss of regularity and enabling more
accurate resolution of the blow-up behavior.
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(a) One blow-up point at (b) One blow-up point in (c) One blow-up point on (d) One blow-up point

the center of the domain. the lower left domain.  the upper right corner.  on the right central edge.

(e) Four blow-up points. (f) Four shifted blow-up (g) Nine blow-up points. (h) Sixteen  blow-up

points. points.

Fig. 2. Moving graded meshes for single or multiple blow-up points.

4.2. Auxiliary moving mesh

As mentioned earlier, the blow-up position in the chemotaxis model can be estimated through analytical methods or preliminary
computational experiments. This provides the capability to pre-design a moving mesh through the construction of auxiliary functions.

In the following, we introduce an auxiliary adaptive graded mesh. It preserves parallelism in the mesh lines along the spatial
direction, thereby ensuring that all mesh cells retain a strictly rectangular geometry. Such adaptive grids are similar to the
tensor-product grids described in [30], while offering the advantage of a simple, undistorted structure.

4.2.1. Auxiliary moving mesh I: moving graded mesh

Consider the blow-up problem in a rectangular domain Q, : [a,b] X [a,,b,]. Assume there is only one blow-up point with
coordinate (p,p,) € 2,\02,. We map the domain Q, to the domain @, : [-1, 1]?> through an affine transformation and map the
blow-up point to the origin. This affine transformation is defined as

Si—-pm &b
(plfalv%az & <P & <y,
@y =q 50 T (4.38)
<51—P1 52—172) E > pr s > p
by—p by—py ) TR

for every (£,,&,) € [a;,b;]1X [ay, b,] and (4;,7,) € [-1, 1], where the transformation @ is applied componentwise to the coordinates.
Our next goal is to generate a graded mesh that is increasingly refined near the center. For this purpose, we define an auxiliary
moving mesh function (AMMEF),

(X1(0), X5 (1)) = (sign(ny) |y |15 sion(yy) |, |1 FHN@0=D) ¢ € [a, T, (4.39)

wherec; > 1, ¢, =7.% ﬁ is an aggregation parameter, and ., € (0, 1] represents a parameter related to the velocity of movement.
Specifically, 7, = 0 corresponds to a fixed mesh, and a larger value of 7z, indicates a higher speed of movement. The parameter ¢,
determines the initial mesh configuration. When ¢, = 1, the initial mesh is uniform. Finally, the domain £, is mapped to the domain
Q, through the inverse transformation @~ For (Y,Y,) € Q,

o (%) = {((Pl —apX; +p, (P —a)) Xy +py), -1 <X, <0, -1 <X, <0, (4.40)
((by = )X + P12 (by = p)Xs + ), 0< X, <1,0< X, < 1.

For the case of multiple blow-up points, simply divide the domain into small areas centered around the blow-up points, then use
the same method to move the meshes of the small areas, and finally combine them. The above method is also applicable to the case
of boundary blow-up points. We provide moving graded meshes for various scenarios, as illustrated in Fig. 2. Subfigures 2(a)-2(d)
show meshes at different locations for a single blow-up point, while 2(e)-2(h) show cases with multiple blow-up points.

766



D. Cao et al. Mathematics and Computers in Simulation 249 (2026) 744-783

The primary motivation for using moving graded meshes is their structural simplicity and remarkably low computational
overhead. Unlike traditional moving mesh methods that require solving a highly nonlinear moving mesh partial differential equation
(MMPDE) system iteratively, the graded mesh utilizes a predefined, explicit analytical mapping (Egs. (4.38)-(4.39)). While a
practical limitation of this approach is that it requires prior knowledge of the approximate blow-up location, in practice, this location
can often be reliably estimated either from the symmetry of the initial data or by conducting a computationally inexpensive “pilot
run” on a coarse uniform mesh.

The advantage of this method is that it can effectively handle difference discretization of operators, due to the parallel mesh
lines of each spatial component. Unfortunately, this method can only provide a mesh with a number of aggregation points that is
an integer power of 2. For example, it is currently unable to generate a graded mesh with three central clusters, which requires
further improvement. However, for the problem of a single blow-up point, this method has specific advantages.

4.2.2. Auxiliary moving mesh II: moving triangle mesh

If some information about the blow-up points’ coordinates is known in advance, we can also generate the required mesh by
designing auxiliary functions combined with known moving mesh methods. The auxiliary function will replace the solution in
generating the moving mesh. This method is more flexible and computationally efficient than traditional moving mesh methods.
Before detailing our proposed method, it is necessary to consider an existing moving mesh strategy that forms the conceptual basis
for our approach. In the following, we briefly introduce this method.

Let 2 and €, in R? represent the physical and computational domains, respectively. Both domains are assumed to be bounded,
simply connected, and polygonal. Generally speaking, €2, can be chosen to be the same as £2. Convex domains are often selected
because they help avoid singularity in the coordinate transformation [31]. We also assume that a symmetric and uniformly positive
definite metric tensor M = M(x) defined in € is given, which provides information about the size and shape of mesh elements.
Typically, M is defined in a mesh adaptation process based on the physical solution, solution error, or other physical considerations.

Let x and & represent the coordinates in the domains 2 and £, respectively. The coordinate transformation is given by
x = x(&) : 2, - Q, with the inverse transformation being denoted as £ = &(x) : 2 — .. Meshing functionals typically use
the inverse transformation, since this formulation more effectively avoids singularities, as noted in [31].

We consider a general meshing functional

I[§]:/G(J,det(J),M,x)dx, (4.41)
Q

where J = g—f is the Jacobian matrix of the transformation & = £(x), and G is a given smooth function. Let G be a smooth function
with continuous derivatives up to the third order with respect to all its arguments. We assume that the Jacobian satisfies ||J|| < co

and | det(J)| < oo for all x € Q, where || - || denotes the matrix and vector 2-norm. Since the Jacobian matrix is nonsingular, the
functional in (4.41) is mathematically equivalent to
G(J, det(J), M, x)
I[x] = —— e P e, 4.42
[x] /!2 C ) & (4.42)

The formulation in (4.41) is quite general and encompasses many existing meshing functionals. We consider two representative
examples in the following.
The first example is a generalization of the Winslow’s variable diffusion functional,

1€l = / tr (IM17) dx, (4.43)
Q

where tr(-) denotes the trace of a matrix. This functional admits a unique minimizer, as proved in [14].
The second example is Huang’s functional [32],

p
r dp det
181=0 / Vet (tr (JIM™'IT)) 2 dx+(1-26)d 7 / VATRY i (4.44)
Q Q 1/ det(M)
where 0 < 6 < 1 and p > 0 are dimensionless parameters. This functional incorporates terms that enforce alignment and
equidistribution conditions, respectively. For 0 < 6 < %, dp > 2, and p > 1, the functional is coercive, polyconvex, and admits
a minimizer [14]. In particular, for 6 = % and dp = 2, it reduces to

1[15]:0/ Vet tr (IM~1J7) dx,
Q

which is the energy functional for a harmonic mapping from @ to ©.. Moreover, (4.44) and Winslow’s functional (4.43) coincide
when 6 = %, dp =2, and M = I. Huang’s functional is used in our moving mesh method.

A common approach in variational methods for computing coordinate transformations is to discretize and solve the correspond-
ing Euler-Lagrange equation. Following the standard mathematical framework described in [14], the Euler-Lagrange equation
corresponding to (4.41) can be derived and is given by

o _ _y. (96, 9% 1) =
o = \% <0JI+ or det(D)J ) 0, (4.45)
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where ‘;—’ denotes the functional derivative of I[£], and % and % = O;:(J) are the derivatives of G with respect to its first and second
arguments. This equation is defined for the inverse coordinate transformation &. Since the computational mesh of Q. is generally
known, the physical mesh of 2 needs to be determined. It is common practice to exchange the roles of the independent variable
x and the dependent variable & in the mesh Eq. (4.45), and then discretize it on the computational mesh using finite difference or
finite element methods. The resulting nonlinear algebraic system can then be solved to obtain the physical mesh.

In general, Eq. (4.45) is highly nonlinear. An effective strategy for solving such a nonlinear system is to employ a time-varying
or MMPDE approach, which is particularly useful in dynamic mesh adaptation. An MMPDE is defined as a gradient flow equation
of the functional (4.41), i.e.,

a P sI
% __B3 (4.46)
or 1, 8E
where ¢ denotes a quasi-time variable, 7, > 0 is a constant parameter that controls the scale of mesh movement, and P is a
positive balancing function used to make the equation to have some invariance properties. When the goal is to compute the physical

coordinates directly, Eq. (4.46) can be coupled with the identity

0x 10
= 7 la—f =0.
This gives
ox _ P ol
ot 1, &’
Then, using the x-formulation, we have
Jx P &I
i _T_c 3 (4.47)

To guarantee the invariance of the MMPDE under the scaling transformations of M for the current functional, a selection of P is
=1
P =det(M) 2.

Discretizing Eq. (4.47) yields a system of equations governing the nodal velocities of the physical mesh. The solution of this
equation is the minimizer of the mesh functional, whose existence and uniqueness have been established. One approach for
computing this solution, as adopted in [33], is the direct discretization of the functional (4.41).

In the computational process, the rezoning approach involves alternating between solving the physical PDE and updating the
mesh. The process involves three steps: firstly, estimating the solution error or mesh quality; secondly, adjusting (or moving) the
mesh based on this estimate; and finally, advancing the PDE solution on the updated mesh. This auxiliary function evolves in a
manner similar to the physical solution, exhibiting sharp growth at certain locations over time. For the Keller-Segel equation with
a single blow-up point (p;, p,) in domain 2 = [a, b;] X [a,, b,], we define the following auxiliary function:

i=[c; + eyt — a)lexp {—[c; + c,(t — DI[(x; — p1)> + (x5 — p)°1}, (x1,x,) € 2, (4.48)

where ¢; > 0, ¢, > 0 are aggregation parameters. We can choose ¢, = 100 and ¢, = C‘AZ , where N, denotes the number of time steps,

and T is terminal time. Fig. 3 shows moving triangle meshes that adapt to single or multiple blow-up points. Subfigures 3(a)-3(d)
display meshes at different positions for a single blow-up point, while 3(e)-3(h) present cases with multiple blow-up points.

Remark 4.4. In our numerical experiments, we primarily consider initial data with symmetric structures. Since the solution of
the Keller-Segel system tends to preserve this symmetry during evolution, it allows us to naturally and precisely deduce the blow-
up locations in advance. For general initial data where the blow-up locations are completely unknown a priori, we recommend a
practical two-step strategy. First, one can conduct a computationally inexpensive “pilot run” on a coarse uniform mesh. Since the
Keller-Segel system develops sharp gradients relatively early, this pilot run will quickly capture the approximate regions of gradient
aggregation. Once these locations are estimated, the global domain can be partitioned into several smaller sub-domains, ensuring
that each sub-domain contains only one independent aggregation point. Finally, the proposed auxiliary moving mesh methods can
be applied locally to each sub-domain, which are then combined to form a globally adaptive mesh.

4.3. Finite element discretization on the moving mesh

Assuming that the moving mesh is obtained by auxiliary moving mesh II. Given the computational coordinate and physical
coordinate:
t=r,x=x(£1), =t E=ERXT).

Then, the time partial derivative in the physical equations can be expressed as

7] ) [Z} .
uZ:a_L::u+§,~V§u, ut:a—lt):U+§,-V§U, (4.49)
or
u,=%=u—X-Vu, U,=%=D—X~Vl}, (4.50)
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(a) One blow-up point at (b) One blow-up pointin (c) One blow-up pointon (d) One blow-up point

the center of the domain. the lower left domain. the upper right corner. on the right central edge.

(e) Two blow-up points. (f) Three blow-up points. (g) Four blow-up points. (h) Five blow-up points.

Fig. 3. Moving triangle meshes for single or multiple blow-up points.

where

igr) =i= 2

ou
D=u = 2 a,
1) =ty az|x ot |

Substituting (4.50) into (2.1) yields

CHDZ’,g(X’I)‘ _ )/ <log ) 5g(x,t)%
= —5x - ds

= Ta —a)/ (log ) (6g —6x-Vg) 5

- - vy

= F(l — a) / (log > (6g—6x-Vg) S

n _ _ t —a ~
L £ ()~ (tr) _ M) = X) - Ve(t-1) /k <l°g %) 5 HR
Tk—1

= Z s [g (1) = & (timr) = (x (1) =x (1e1)) - Ve (k)] + R
k=1
a - v lot_" l—a_ 101_” o
kn ™ r@Q—a) log & & o1 € Iy ’
k-1

R ” 8 () —g (fk—l) ds
I"(l - a) / <10g > ﬁg(S) log tl:_kl N

" T x() = x () ds
T(l—a) / ( > logtt—k 'Vg(lk—l)—(SX'Vg T
k-1

Therefore, the discretization of system (1.1) on a moving mesh is given as follows:

n
<Z g [ty =™ = (=X Vi ’wh> + (Vith Veoy) = (V0. Veoy ) =0,

and

k=1

n
<2 App [U'}; - Uﬁ_l — (xk —xk_l) 'Vv';l_I] ,wh> (Vv th) +y (U wh) = (u;‘l_l,wh) .

k=1
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Set
M M
=Y U0, V=Y V00, (4.52)
j=1 Jj=1

where U ;’ and Vj" are numerical solutions at (x o) Combining (4.51) and (4.52), we obtain

[Z (Uf Ul ) (o) - T (6 =5y U (v¢,,¢,.)]

k= Jj=1 j=1
M M M
+ U] (Ve V) - 2 U] (v% 2 V%,W,) =o.
) - s (4.53)
e [Z (V=) (@) = X (< =X ! (V¢],¢,)]
k=1 j=1 Jj=1
M M
+ XV (V0 V) +r TV 20 (¢ 1)
Jj=1 Jj=1
Rearranging Egs. (4.53) yields
M M M M
Y a,, Ul (b;.,) + D U (Vo Veb,) 2 <¢,- > V,,"V¢,],V¢,->
Jj=1 j=1 j=1 -
= Z(akjl - ak—l,n) 2 UJ(Cil (¢_[ + Z aj n ¢/ ¢I
k=2 j=1
n M
+ D a4, ) (=X U (Ve e),
. s (4.54)
> a, Vi (. ¢) + DV (Ve V) +y2v" (¢-)
Jj=1 j=1 j=1
= Z(ak,n _akfl,n)zvjk_l (¢j’ + Zaln ¢]’¢1
M
+ Za,m D (=X v (Ve ) + ZU}’—' (6;.9;) -
J=1 Jj=1
The above equations are equivalent to the vector system below,
(a,M+A-H)U" =Y (), - a)_;) MU + 4, ,MU" + Y BFU*,
k=2 = (4.55)
(a,,M+A+yM)V Z Ay = @p ) MV 0y MVO 4+ Y BRVE MO
s k=1

where
=[rur,.. Y, v = Vel n=12,.. N
Mij = (¢j7¢i) = /Q¢j¢id‘g’
A= (Ve V) =/ Vo, - Vde,

M

Hy; = Y05 (6;Vey V) Z /¢V¢ﬁ Ve,de,
ﬁ,

B = ag, ((xF —x<1). v¢,,¢,)—akn/g(x"—x ') V$;9,40.

Finally, we present the finite element algorithm for system (1.1) on a moving triangular mesh:
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Table 1

The L*- and L?-norm errors of the solution.
Uniform mesh Moving graded mesh Moving triangle mesh
N L> error L? error N L> error L? error N L> error L? error
2x10x 10 - —_ 2x20x20 3.682x 107! 6.601 x 1072 4x10x 10 1.192 x 107! 2.788 x 1072
2x20x20 1.425 3.227 x 107! 2x30x30 1.723 x 10! 3.021 x 1072 4x20x20 8.049 x 1072 6.768 x 1073
2x40x40 2.463 x 107! 8.867 x 1073 2x40x40 1.025 x 107! 1.717 x 1072 4x30x30 6.257 x 1072 7.385x 1073
2x80x80  1.008x 107! 2958 x 107 2x50%x50  6.754x 1072 1.122x 1072 4x40x40  2905x 1072 3.680x 1073

Finite element algorithm on a moving triangular mesh

for k=0,1,...,ndo

Step 1: Evaluate the mesh functional using i(r,) as defined in (4.48), and substitute it into the MMPDE discretization
to compute the physical mesh x(z) at time 7.

Step 2: Discretize and solve the physical PDE system on the updated mesh to obtain U**! and V**!,

end for

The finite element algorithm for system (1.1) on a moving graded mesh is given as follows:

Finite element algorithm on a moving graded mesh

for k=0,1,...,ndo

Step 1: Compute the mesh coordinates (Y, (1), Y,(t,)) at time 7, using Eqgs. (4.38)-(4.40).

Step 2: Discretize and solve the physical PDE system on the updated mesh to obtain U**! and V*+!,

end for

4.4. Numerical simulations

This subsection examines the key parameters influencing the blow-up behavior of the fractional chemotaxis model through
numerical experiments, in which the solutions obtained using both fixed and moving meshes are also compared. The parameter N
is the total number of elements, where N =2 x -x-and N =4 x - X - denote the division of each rectangular cell into two or four
triangular elements, respectively. Unless stated otherwise, Huang’s functional with parameters p = 1.5 and 6 = % is employed as the
mesh functional in the computational framework. In the numerical calculations, a fixed, uniform time step size = (e.g., 7 = 107) is
employed. In contrast, for the mesh adaptation process, the MMPDE (4.47) is integrated using ode15s, which inherently utilizes
an adaptive variable time-stepping strategy to ensure stability and accuracy when tracking the rapidly moving mesh nodes.

Before presenting the specific examples, it is worth noting that we intentionally employ initial data with symmetric structures or
specific analytic forms in our numerical experiments. This design guarantees that the exact blow-up locations are known in advance,
providing a reliable benchmark to rigorously validate the accuracy, stability, and mesh-aggregation capabilities of our proposed
moving mesh algorithms. For general asymmetric initial data, the preliminary coarse-mesh precomputation strategy discussed in
Remark 4.4 can be employed to identify the aggregation points before the full adaptive simulation.

To evaluate the effectiveness of the two moving mesh methods, we consider a test problem with an exact solution that exhibits
a rapidly intensifying gradient near a localized region as time progresses.

Example 4.1. Consider the following semilinear problem:

cuDEu—du—u? = f(x,y,0), (x,y) € (0,1)%, 1 € X(a,T],
u(x,y,a) =0, (x,y) € [0,112, (4.56)
u©,y,1) =u(l,y,1) = u(x,0,1) = u(x,1,1) =0, t € [a,T],

where a = 1,T = 2.1. The exact solution of the problem (4.56) is given by

(x=5) +(-3) —exp<—ﬁ)

£

u(x, y,t) = 100(log z‘)2 exp|—
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This is a sharp solution with a peak [34]. The source term is constructed accordingly and takes the form

2 2
i =2 ey RGDRIG)

—exp (—ﬁ) + 100(log 1)

12 12 §
x—z) +(y—§

6 —e ()

In the numerical calculations, we set the parameters as « = 0.5, N, = 100, and & = 1073, The finite element method is employed
to solve the equation under three mesh configurations: a uniform mesh, a moving graded mesh, and a moving triangle mesh. To
examine the impact of these mesh strategies on numerical accuracy, we configure the moving graded mesh with parameters 7, = 0.01
and ¢, = 1.4, and the moving triangle mesh with 7, = 0.01 and ¢; = 500. The L® and L? norm errors of the computed solution
at the final time are evaluated under varying numbers of mesh elements, as summarized in Table 1. Because these three methods
employ different mesh structures, and the fact that moving meshes do not simply yield higher accuracy by increasing the number
of elements, we cannot configure them with the exact same element count. Nevertheless, we ensure a fair comparison. On the
one hand, the moving mesh methods can achieve significantly higher accuracy even with fewer elements. On the other hand, we
maintain closely matched total element counts; for example, the moving graded mesh with N = 2 x 40 x 40 yields 3200 triangular
elements, which is highly comparable to the 3600 elements in the moving triangle mesh with N = 4x30x30. Furthermore, to better
illustrate the spatial distribution of numerical errors, we present the surface plot of the exact solution, along with scatter plots of
the pointwise absolute errors at nodal locations for the three mesh types, as shown in Fig. 4.

In addition, to simulate the case of multiple blow-up points, we choose the exact solutions with multiple peaks as

2 2 2 2
[ b))
u(x, y,t) = 100(log #)“ | exp| — +exp|— —exp (—4—)
£

— 100%(log t)* | exp| —

and

4 4 1
+exp|— +exp|— —exp<—z> .

We set @ = 0.5, N, = 100, and & = 10~3. The moving graded mesh method uses parameters 7, = 0.01 and ¢, = 2, whereas the moving
triangle mesh method uses z, = 0.01 and ¢; = 5000. Figs. 5 and 6 present a visual comparison between the surface of the exact
solution and the absolute errors of the numerical solution computed on the three types of meshes.

Example 4.1 shows that the two moving mesh methods effectively simulate peak-type solutions, indicating their potential
applications for blow-up problems. More importantly, Table 1 and Figs. 4-6 demonstrate that even with the same and relatively small
number of nodes, moving mesh methods achieve significantly higher accuracy. Fixed uniform meshes suffer from severe spurious
oscillations near sharp gradients, whereas moving meshes effectively reduce both L* and L? errors. As noted in Remark 4.3, the
solution loses its high spatial regularity (H?(£2)) as it approaches the blow-up time. By dynamically aggregating nodes around the
singularity, moving meshes successfully compensate for this severe regularity degradation, thereby preserving numerical stability
and precisely resolving the sharp profile.

Example 4.2. Consider the following time-fractional Keller—-Segel system with « € (0, 1) in a square domain:

cnDiu=Au—-V. V), x€Q=(-0505%1>a=1,

CHDZ,;U =Av-yv+u, XEN= (—0.5,0.5)2, t>a=1, (4.57)
du Jv

= ====0, €002, t>a=1.

on  on X “

The physical parameter y is chosen to be equal to 1. The initial conditions are given by

u(x, y,0) = 400 exp(—40(x> + %)),
v(x, y,0) = 50 exp(—5(x> + y?)).
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Absolute error
o
=
8

(a) Exact solution at 7. (b) Absolute error of the numerical solution
on the uniform mesh at 7 with N = 2 x 40 x
40.

0.034

Absolute error
Absolute error

(c) Absolute error of the numerical solution (d) Absolute error of the numerical solution
on the moving graded mesh at 7 with N = on the moving triangle mesh at 7 with N =
2 x 40 x 40. 4 x 30 x 30.

Fig. 4. Exact solution of Eq. (4.56) with one peak and absolute errors at 7 on three meshes.

We evaluate the numerical solution for « = 0.5 using three types of meshes. The uniform mesh with N = 2 x 128 x 128 and
7 =2 x 1077, The solution is shown in Fig. 7, which displays the initial solutions and the numerical solution u at t = 1 + 5 x 107°,
t=1+1x107,14+2%x107, 14+3x 102 and r=1+4x 107>, and v at t = 1 + 4 x 107°. The solutions on moving graded mesh with
N = 2 x 48 x 48 and moving triangle mesh with N = 4 x 40 x40 and 7 = 1 x 107, where time is taken as t = 1 4+ 3 x 107>, Their
images are shown in Fig. 8. In the moving graded mesh method, we choose the parameters 7, = 7.5 x 1073, ¢; = 1.4. In the moving
triangle mesh, we choose the parameters 7, = 1.5 x 107, ¢; = 500.

To capture the evolution progression of the solution, we show the variation of the numerical solution u(0, y,7) on an adaptive
mesh witht=1+1x10"%,r=14+2%x105,tr=1+3x10",r=1+4%x10"5 and = 1 + 5 x 1075, The simulation is conducted under
the parameter setting: @ = 0.5, 7 = 1 x 10™%, N = 4 X 36 x 36, 7, = 1072 and ¢, = 5000. The numerical results are shown in Fig. 9.
An important physical property of the Keller-Segel system with homogeneous Neumann boundary conditions is the conservation of
total mass. Preserving and monitoring this mass conservation is a valuable diagnostic tool in our numerical experiments, particularly
as the solution approaches blow-up. Therefore, we continuously monitor the conservation of total mass M" = /,, updx during the
numerical evolution. The maximum relative mass error |[M" — M°|/M° (< 1.2x10™*), as illustrated in Fig. 10, is actually a combined
result of the time-fractional approximation, the nonlinear treatment, and the standard rezoning interpolation. Importantly, this
strategy, combined with the peak profile of the initial data, causes the mesh movement to progressively decrease over time until it
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(a) Exact solution at T'. (b) Absolute error of the numerical solution
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(c) Absolute error of the numerical solution (d) Absolute error of the numerical solution
on the moving graded mesh at T with N = on the moving triangle mesh at 7 with N =
2 x 48 x 48. 4 %30 x 30.

Fig. 5. Exact solution of Eq. (4.56) with two peaks and absolute errors at T on three meshes.

stops completely, because the maximum mesh density is controlled. As a result, the interpolation error introduced at each step is
practically negligible.

We examine how different values of « affect the blow-up time T of the solution. The blow-up threshold is numerically defined as
the solution reaches a magnitude of 1x10*. The relationship between the blow-up time and « (ranging from 0.1 to 0.9) is illustrated in
Fig. 11, where the red region indicates the blow-up zone and the blue region represents the stable zone. As a increases, the blow-up
time is progressively delayed. This observation effectively validates our theoretical premise regarding the influence of the fractional
derivative. Unlike standard integer-order models, the Caputo-Hadamard fractional derivative incorporates a historical memory effect
into the chemotaxis system. By tuning the fractional order «, the onset of the finite time blow-up predicted in Theorem 3.2 can be
quantitatively controlled and delayed, which proves that our fractional model is highly capable of capturing anomalous and delayed
chemotactic behaviors in biological processes.

The initial conditions also play a pivotal role in determining the onset time of blow-up. To examine this influence, we construct

a parameterized initial values

u(x, y,0) = 100pexp(—10p(x2 + y?)),
v(x,,0) = 10pexp(—p(x* + %)),
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Absolute error

(a) Exact solution at T'. (b) Absolute error of the numerical solution
on the uniform mesh at 7 with N = 2 x 48 x
48.

Absolute error
Absolute error

(c) Absolute error of the numerical solution (d) Absolute error of the numerical solution
on the moving graded mesh at T with N = on the moving triangle mesh at 7 with N =
2 x 48 x 48. 4 %30 x 30.

Fig. 6. Exact solution of Eq. (4.56) with four peaks and absolute errors at 7 on three meshes.

where the parameter p is systematically varied within the range from 2 to 10. For each parameter setting, we monitor the evolution
of the numerical solution U and record the time at which it first exceeds the critical threshold of 1 x 10* (as blow-up time). Their
relationship is shown in Fig. 12. This approach allows us to quantitatively assess how variations in initial conditions affect the
dynamic and time of blow-up response, offering insights into the sensitivity of the system to initial perturbations.

In addition, we test numerical solutions with multiple blow-up points using different meshes. The parameter « = 0.5 is fixed.
Firstly, we compute the numerical solution on a uniform mesh with N =2 x 128 x 128 and 7 = 1 x 107°. The resulting 3D surface
plots and their corresponding 2D contour plots for two and four blow-up points are shown in Fig. 13.

In the case of two blow-up points, we use the moving graded method with the parameters N =2 x 50 x 50, 7, = 0.025, ¢; = 1.5,
and the moving triangle method with the parameters N = 4 x 45 x 45, 7, = 107*, ¢; = 5000. Their 3D and 2D contour results are
shown in Fig. 14.

In the case of four blow-up points, we use the moving graded method with the parameters N =2 x 50 x 50, z, = 0.01, ¢; = 1.4,
and the moving triangle method with the parameters N = 4 x 42 x 42, 7, = 1073, ¢; = 2000. The corresponding results are shown in
Fig. 15.

To improve the readability of these multi-point blow-up cases, we have additionally provided 2D contour plots in Figs. 13(d)-(e),
14(e)—(f), and 15(e)—(f). Compared to the traditional 3D surface plots, these 2D representations more intuitively and quantitatively
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Fig. 7. Numerical solutions of (4.57) with N =2x 128 x 128, 1 =2x 1077 and « = 0.5. (a) u(x,y,?) at t = 1, (b) u(x,y,) at t =1+ 1 x 107°, (c)
ux,y, ) at t=1+1x107, (d) u(x,y,1) at t=1+2x 1075, (&) u(x,,1) at t = 1 +3x 1075, () uCx,y,1) at 1 = 1 +4x 1075, () v(x, 3,1 at t = 1, (h)
v(x,y,0) at r=1+4x107.
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(a) Moving graded mesh at initial time. (b) Moving triangle mesh at initial time.

(c) Moving graded mesh at t = 143 X (d) Moving triangle mesh at r = 1+ 3 X
1075, 1075,

10 «10*

S
o
[
N o

5

)
3
3
5]
S15.
)
X
5

u(x,y,1.00003)

(e) The numerical solution of (4.57) on (f) The numerical solution of (4.57) on

the moving graded mesh. the moving triangle mesh.

Fig. 8. (a) Moving graded mesh at initial time with N =2 x 48 x 48, (b) Moving triangle mesh at initial time with N =4 x40 x 40. (c) Moving
graded mesh at t = 1 +3x 107 with N = 2x48x48, (d) Moving triangle mesh at t = 14+3x 10~ with N = 4x40x40. (e) u(x,y,t) at t = 14+3x 107>
on mesh (¢) and 7 =1 x 107, (f) u(x,y,1) at t =1 4+3 x 107> on mesh (d) and 7 = 1 x 107°.

illustrate the precise spatial coordinates of the multiple blow-up points. Furthermore, for the adaptive mesh methods, the contour
plots clearly demonstrate how the mesh elements highly concentrate exactly at these isolated aggregation regions, successfully
avoiding any visual overlapping or obstruction caused by 3D perspective effects.

Numerical experiments validate our theoretical findings on the factors influencing the blow-up phenomenon. As confirmed in
Figs. 11 and 12, the blow-up time is fundamentally governed by the initial conditions and the fractional order «. Specifically, the
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Fig. 9. The evolution of solution u(0, y,t) for Eq. (4.57) with N =4 x 36 x 36 and 7 = 107°.
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Fig. 10. Monitoring of mass conservation: evolution of the maximum relative mass error [M" — M°|/M° on the moving mesh over the time
interval t € [1,1+3 x 107°].
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Fig. 12. Blow-up time vs. parameter p.

initial data dictate the system’s sensitivity, while a larger « strengthens the memory effect of the Caputo-Hadamard derivative,
effectively delaying the blow-up. Overall, these consistent results strongly demonstrate the effectiveness and robustness of the
proposed moving mesh methods in simulating complex fractional chemotaxis systems with severe singularities.

5. Conclusion

This article investigates well-posedness and blow-up of Caputo-Hadamard time-fractional Keller-Segel system and presents
effective moving mesh methods for single or multi-point blow-up problems. The proof of existence is based on L? — L7 estimates of
the Mittag-Leffler type operators. Theoretical analysis indicates that both the solution behavior and the blow-up time are affected
by the initial condition and the order of the fractional derivative, which is supported by numerical simulations. In addition, the two
proposed moving mesh methods have been validated to be effective, providing more ideas for solving fractional blow-up problems.
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(a) Uniform mesh with N =2 x 128 x 128.

I

u(x,y,1.00003)

(b) The numerical solution with two (c) The numerical solution with four
blow-up points on a uniform mesh. blow-up points on a uniform mesh.
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(d) The contour of the solution in (b). (e) The contour of the solution in (c).
Fig. 13. The numerical solutions on a uniform mesh. (a) Uniform mesh with N =2 x 128 x 128; (b) 3D surface plot of u(x, y,t) of two blow-up

points at r = 1 4+ 3 x 107%; (¢) 3D surface plot of u(x, y,t) of four blow-up points at t = 1 +3 x 10~%; (d) 2D contour plot corresponding to the two
blow-up points in (b); (e) 2D contour plot corresponding to the four blow-up points in (c).
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(a) Moving graded mesh at t = 143 X
1075

(c) The numerical solution on the moving

graded mesh.
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(e) The contour of the solution in (c).
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(b) Moving triangle mesh at r = 1 +3 X
1075
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(d) The numerical solution on the moving

triangle mesh.
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(f) The contour of the solution in (d).

Fig. 14. (a) Moving graded mesh at initial time with N = 2 x50 x 50; (b) Moving triangle mesh at initial time with N = 4 x 45 x 45. (¢) 3D
surface plot of u(x,y,t) at t = 1 +3 x 10~ on the moving grade mesh with N =2 x 50 x 50; (d) 3D surface plot of u(x,y,7) at t = 1 +3 x 10~ on
the moving triangle mesh with N =4 x 45 x 45; (e) 2D contour plot corresponding to the solution in (c); (f) 2D contour plot corresponding to

the solution in (d).
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(a) Moving graded mesh at t = 143 X
1075
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(c) The numerical solution on the moving

graded mesh.
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(e) The contour of the solution in (c).

Mathematics and Computers in Simulation 249 (2026) 744-783

(b) Moving triangle mesh at r = 1 +3 X
1075
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(d) The numerical solution on the moving

triangle mesh.
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800

(f) The contour of the solution in (d).

Fig. 15. (a) Moving graded mesh at initial time with N = 2 x 50 x 50; (b) Moving triangle mesh at initial time with N = 4 x 42 x 42. (¢) 3D
surface plot of u(x,y,?) at = 1 +3 x 107> on the moving graded mesh with N =2 x 50 x 50; (d) 3D surface plot of u(x,y,f) at t = 1+3x 10~ on
the moving triangle mesh with N = 4 x 42 x 42; (e) 2D contour plot corresponding to the solution in (c); (f) 2D contour plot corresponding to

the solution in (d).
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