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ARTICLE INFO ABSTRACT

Keywords: This paper introduces a new numerical method for solving space-fractional partial differential
Fractional Laplacian equations (PDEs) on non-uniform adaptive finite difference meshes, considering a fractional
L2 method

order « € (1,2) in one dimension. The fractional Laplacian in PDE is computed by using
Riemann-Liouville (R-L) derivatives, incorporating a boundary condition of the form u = 0
in R\Q. The proposed approach extends the L2 method to non-uniform meshes for cal-
culating the R-L derivatives. The spatial mesh generation employs adaptive moving finite
differences, offering adaptability at each time step through grid reallocation based on previously
calculated solutions. The chosen mesh movement technique, moving mesh PDE-5 (MMPDE-
5), demonstrates rapid and efficient mesh movement. The numerical solutions are obtained
by applying the non-uniform L2 numerical scheme and the MMPDE-5 method for moving
meshes automatically. Two numerical experiments focused on the space-fractional heat equation
validate the convergence of the proposed scheme. The study concludes by exploring patterns in
equations involving the fractional Laplacian term within the Gray-Scott system. It reveals self-
replication, travelling wave, and chaotic patterns, along with two distinct evolution processes
depending on the order a: from self-replication to standing waves and from travelling waves to
self-replication.

Moving mesh method
Gray-Scott model

1. Introduction

Fractional differential equations garner significant interest in both numerical and theoretical studies due to the enhanced accuracy
of fractional derivatives in describing memory and hereditary properties across various materials [1] and processes [2,3]. One
development in this field is the extension of the Laplacian operator to fractional orders, a concept named after Marcel Riesz,
distinguished for substantial contributions to functional analysis and potential theory [4]. The Riesz fractional Laplacian is commonly
denoted by —(—A)%, where « is the fractional order [5]. In the context of partial differential equations, the Riesz fractional Laplacian
arises in problems involving non-local effects and has applications in areas such as physics, finance, and image processing.

The Riesz fractional Laplacian operator can be viewed as a nonlocal generalization of the integer-order Laplacian. One of the
differences between the Riesz fractional Laplacian and the ordinary Laplacian is their behaviour in boundary value problems. For a
function u defined on R, the Riesz fractional Laplacian (also referred to the integral fractional Laplacian [6]) in can be defined via
a singular integral

u(x) — u(y)

(=82 u(x) = C(1,a) P.V./ L0V 4y, ae0,2), @
R |x _ y|1+a
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20r(14%)
Valr=$)l
problem, we should note that the domain of (—A)% consists of functions defined on R, rather than a finite domain £, i.e. PDEs with
the boundary type u|,, = 0 are ill-posed. This issue is addressed by employing the regional Laplacian, which differs from the Riesz
definition, even if u(x) = 0 for x € R\, see [5,7,8]. Therefore, a well-posed problem defined on R is given by

where C(1,a) = and P.V. denotes the principal value of the integral. Different from solving a usual diffusion equation

dou a

= = _(=A)2 Q0

o (=D2u+ fu,x,1), x € Q, @
u=0 in R\Q.

For simplicity, we use the fractional Laplacian instead of the Riesz fractional Laplacian in subsequent discussions. Normally,
giving a discretized form of the fractional Laplacian operator is difficult since it is complicated to calculate the integral in (2)
directly. Instead, we use the property that the fractional Laplacian is equivalent to the Riesz potential for smooth functions, and
Riesz could be represented as the combination of the left and right side Riemann-Liouville fractional derivatives. Thus, solving
the fractional Laplacian is transformed into making use of the Riemann-Liouville fractional derivative. If we further constrain the
smoothness of the integrated function u within a open bounded domain £, it will lead the Riesz-Liouville derivative to degenerate
into a fractional derivative neglecting boundary effects, i.e., the Caputo derivative [5,9]. These will be discussed in Section 2 detailed.

It is known that, for u € C"(£2) with order m — 1 < a < m, the Riemann-Liouville derivative exists and coincides with the
Griinwald-Letnikov derivative. This relationship between the Riemann-Liouville and Griinwald-Letnikov definitions allows the use
of the Riemann-Liouville definition during the problem formulation, and then the Griinwald-Letnikov definition for obtaining the
numerical solution [3,10], i.e., using a numerical algorithm for the integral part of the Riemann-Liouville derivatives leads to
the Griinwald-Letnikov derivatives. For 1 < a < 2, we call this L2 method, which is introduced in Section 3. The L2 method,
recognized for its efficacy in discretizing Riemann-Liouville derivatives, has been extensively investigated on the uniform meshes
by scholars such as [3,9,11]. While there has been considerable research on the L2 method applied to non-uniform meshes, the
focus has predominantly centred on the fractional time derivative to overcome the numerical oscillations possibly occur near the
initial time [12,13]. Similar to spatial cases, for steep and moving solutions of PDEs, uniform L2 method requires a significantly
high number of mesh points around the abrupt changes of solutions to accurately represent the changes in the solution. To improve
the computational efficiency and accuracy, in this paper, we generalize the L2 method to non-uniform meshes for spatial Riemann—
Liouville derivatives of order 1 < a < 2 by using a central difference approximation. This approach offers flexibility in mesh
construction and different updating techniques for enhanced numerical performance.

After we have constructed the generalized L2 algorithm, in Section 4, we present a mesh generating technique called Moving Mesh
PDE (MMPDE). This technique is a widely recognized mesh generation approach extensively explored by researchers like Huang
and Russell, among others [14-16]. MMPDE operates on the fundamental principle of equidistribution, enabling the automatic
allocation of meshes at each time step. This characteristic distinguishes it from uniform mesh approaches, as it permits a more
precise numerical solution with reduced mesh points across various scenarios, particularly in cases involving solutions of partial
differential equations with abrupt discontinuities or steep fronts. In this article, we use MMPDE-5 for mesh adaptation due to its
notable ease of discretization and also adaptability in high-dimensional contexts [17,18]. MMPDE-5 can be regarded as an extended
version of the equidistribution principle, contributing to its practicality in a variety of computational settings.

Within this study, our aim is to solve space-fractional PDE problems and apply the numerical method to a specific nonlinear
fractional PDE model: the space-fractional Gray-Scott system. The ordinary (integer-order) Gray-Scott model, a representative
of classical reaction—diffusion models, can create a variety of patterns found in nature, such as spots, spot replication, stripes,
and travelling waves [19,20]. Its pattern formation has been extensively studied by many researchers [21,22]. In the section on
numerical experiments, we first apply the adaptive L2 (L2-MMPDE-5) algorithm to (2) in two specific models: a fractional heat
equation and a fractional heat equation with a source, and the results show the numerical convergence of the method. Then we
proceed to numerically solve the equations represented by the Gray-Scott system involving the fractional Laplacian term. In these
experiments, five patterns of the fractional Gray-Scott system are presented: self-replication, travelling waves, periodic solutions,
chaotic behaviour, and bifurcations between stable and self-replicating patterns.

2. Preliminaries

In this paper we consider the fractional Laplacian as defined via Riemann-Liouville fractional derivatives of order a« € (1,2).
Here, we introduce some main definitions of fractional derivatives that we will use. For a open bounded set 2 = (a,b) or 2 = R,
the Riemann-Liouville fractional derivatives and the Caputo fractional derivatives are defined as follows [23]:

Riemann-Liouville fractional derivatives. The left and right Riemann-Liouville derivatives of order « > 0 for a function u(x),x € 2
are given by

o 1 am [ e

rLD, u(x) = Tm—a) dx" /a (x =) Lu(s)ds, 3)
a =nmdm b m—a—

RL Dx’bu(x) = % T /X (s — x) Yu(s)ds, 4

respectively, where m — 1 < @ < m with m > 0 being an integer.



P. Yuan and P.A. Zegeling Communications in Nonlinear Science and Numerical Simulation 138 (2024) 108231
Caputo fractional derivatives. The left and right Caputo derivatives of order a > 0 for a function u(x), x € £2 are given by

cDg ux) = / (x = s)" 1M (5)dss, )

T(m—a) (m
D% ( l)m m—a—1 (m)
¢ D ju(x) = Tm-a (s X) (s)ds, (6)
respectively, where m — 1 < @ < m with m > 0 being an integer.

Lemma 2.1. Let x € Q,a € R. Then the Riemann-Liouville and Caputo fractional derivatives are related as follows:

"o u0(a)(x — a)k2

RLDH,XM(X) = kgo Th+l—a) + CDH’XM(X), )
m=1 BY(b — x)k—
pu D) = 3, O ) ®

k=0

Proof. See [23]. [

Lemma 2.1 shows that for a € R, if u(x) € {u € Cl*l : u®(x)|,o = 0,k < [«]}, then the left (right) Riemann-Liouville derivative
is equivalent to the left (right) Caputo derivative.

The Riesz derivative. Suppose u € C (]R) = {u e CK(R) : ¥ is continuous and bounded, k < [a]} with « € (0,1) U (1,2). Then, we
have the following relation between the Riesz derivative and the Riemann-Liouville derivatives [4]
o U(xX) = — e (a D+ g D% (). ©
a|x|* 2cos(ar/2) RLDg + R D,

Furthermore, if u € S(R) := {u € C=(R) | Vi, j €N, sup,cq [¥' (/)] < oo}) with a € (0,1)U(1,2), the fractional Laplacian —(~4)%
defined in (1) is equivalent to the Riesz derivative: [5,9,23]

— = ux) = L ux), xeR. (10)

9%
alx|”
Theorem 2.2. For a finite domain Q2 = (a,b) and a function u € C([)"](Q) = {u e CldQ) : ulp\o = 0} with « € (0,1) U (1,2), the
following equality holds:

1

—(=4)2u(x) = W(RL .t RLDX b)u(x) 1n
If, furthermore, Z” vanishes in R\ Q, then:
Su)=—— L pe «
(A7) =~ g ) (D%, + D2 u(x). (12)

Proof. Applying Lemma 2.1 and (9) directly. []

Remark 2.1. Note that if u € S(R) for @ 1 2 and a | 0, the fractional Laplacian equals the Riesz derivative and becomes the ordinary
Laplacian operator 4 and u(x) itself respectively [24,25]:

lim [—(—A)Zu(x)] = du(x) and Timl(~(~4)u(x)] = ~u(x)
And for a = 1, the fractional Laplacian becomes the Hilbert transform H of the first derivative [26,27]:
1 d
—(=4)2u(x) = —H( d—u(X)).
X

Based on Theorem 2.2, we construct a numerical scheme: the non-uniform L2 method to discretize the fractional operator (—A%)
by approximating the Riesz — d‘ P making use of approximations for the left (3) and right Riemann-Liouville derivatives (4).

3. The L2 method for discretizing the Riesz derivative on non-uniform spatial meshes

In this section, algorithms for implementing integro-differentiation to fractional order 1 < « < 2 are discussed and evaluated. The
L2 method, recognized for its efficacy in discretizing Riemann-Liouville derivatives, has been extensively investigated on uniform
meshes by scholars such as [3,9-11]. While there has been considerable research on the L2 method applied to non-uniform meshes,
the focus has predominantly centred on the fractional time derivative, as exemplified by studies by [12,13]. Inspired by these three
works, we generalize the L2 method to non-uniform meshes for spatial Riemann-Liouville derivatives and derive its consistence
error.
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Based on Lemma 2.1, it is evident that the accuracy of the approximations for Riemann-Liouville derivatives fundamentally
depends on the approximations of the Caputo derivatives. As a consequence, we present the L2 non-uniform scheme specifically
tailored for the Caputo derivatives. For a finite domain Q2 = (a,b) and u € C[“](Q), we consider a set of N + 1 mesh points, denoted
by {x, }" _o» forming the Q, where x, and x, are the boundary points of Q: x, = a,xy = b.

Xn
Dy ulx,) = 1_+ / (e, — )" (s)ds n=1,....,N -1

=
F(2—a) / (x, =) "u"(s)ds.

Within each subinterval [x,_;, x,], we employ quadratic interpolation, denote as IT, ,u(x), with the points (x;_, u(x;_;)), (xy, u(x,)),
and (x;,1,u(x;41)) to approximate u(x). Taking second derivatives to IT,,u(x) gives a central difference approximation to u”(x).
Consequently, the approximation of the left Caputo derivative in Q is determined by,

« 2 < u(xy_1) u(xy) u(Xjq1) > / e
D ~ - + - d
Do) ¥ T3 ; (hk,l(hk,l T hy)  hehey o helh + ) (e = ) ds

n

2 u(x,_1) u(xy) u(xyy 1) ) - - 1
= - - - (- : 3
G- ; (hk,l(hk,l T T gl ) (7D = G = x0T 13

where the mesh spacings h, = x; . —x;, k=0,...,n—1.

Similar for the right Caputo derivative, on each subinterval [x;, x;,] we have

oD u(x,) = ——— D /Xk*l(s—x Y (s)ds, n=1,...,N -1
T TQ —a) "

2 N"( o) ulx) U(Xper1)

~ (x _ xn)Z—O( - (x — xn)Z—a , 14)
I'G-a) S\ (hy_y+h) by hy(hy + hk_1)> (O k )

Remark 3.1. Note that as a 1 2 the generalized L2 method will reduce to the central 3-point approximation for u”/(x) since only
2—a _ . . . . . .
(x, = x,_;)" " will exist and approach to 1, same for the right-side Caputo derivative.

Based on the definition for the Riesz derivative representation of the fractional Laplacian in Egs. (9), we combine the left (13)
and right (14) derivatives. It gives the non-uniform L2 approximation to the fractional Laplacian in one dimension.

We will apply this scheme with the adaptive moving mesh method described in the next section to obtain a full numerical scheme
for solving space fractional PDEs on adaptive finite difference meshes. To show the method is consistent consider the following
Lemma.

Lemma 3.1. For | < a <2, and u € C3[a, b), it holds that

n c - (1)
— o (Vs = 2 < b)) o uO) UK )
/a G = s ,Z{ he(h_y + ) hghey o hy(hy + hy_y)

Xk
x/ (x, —s)™ds+R,, 1<n<N-1 (15)
Xk—1

with
"

u h? h2_ + h?
R M M _ 2—a_h2—n( n—1 h2 a
R = i (2 )« S

where u/}] = max

" — — 3
a<x<x, |“ (x)| and hyy = maxXgcgep—1 Aoy By = Mingepe, g Ay

Proof. We first use IT, ,u to approximate u on each interval [x,,x, ], where

(x = X )(x = X41) (= X)X = Xpepp) (x = xp_D(x = xp)

b = TR T k)
2400 = CX) hy_i (hy—y + hy) ) —hy_yhy ) hy(hy_y + hy)

is the quadratic interpolation of u(x) using three points (x;_, u(x;_;)), (x, u(x;)) and (x;,;,u(x;,)). And the second derivative of
I, ju(s) is given by

(I u(s))" =2 ( xg-1) u(xy) + U(xq1) )

M (g +h) Ry ) Ry + )
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which actually is the central finite difference of the u”(x;) on (x,_;,x;,). Therefore, the truncation error R, (k) can be estimated
by

(Xk—1) u(xy) u(Xpiq)
R, () = |u" ) uxy_1 _ k " k+1 >
IRLEOT = 0 <hk—l(hk—l +h) ey b+ hyy)
1 2 h2
=3 m W(fl)— e+ h um(fz) &1 € (xp_1-X)s & € (Xps Xpy1)- (16)

Now we analyse the error bounds on the interval [a, x,]. Write the integral as

/ K (x, =)' (s)ds = / o (e, =)' (s)ds + / " (xy =)' 7" (s)ds

n—1

For the first integral on the right side we have

Xp-1 nolexy
/ (X, — )7 (s)ds = Z / (x, = ' (s)ds
a k=1 Xk-1

n—1

X
= Y (T us))” / (%, = )75 + Ry,
k=1

Xk—1

then it gives

Xk
IRyl =Y R0 / (x, — )~ ds

Xk—1

n—1 x
< TIRMI [ =50
k=1

Xk—1

1 MaXgg;cy1 A7 Tn=1 _
< = max |u”'(x)|# (x, — )%
3 \ asx=x, miNy<j<p—1 h a

1 0<i<n—1 n?
< max |u"’<x>|#>((xn—a>2—“—hﬁz7)

T 32— a) \ asxs<y, ming;<,_1 h

Similarly, for R; (n) we have
IR (m] < max |u”’(x)| (x — )" (s)ds

1 SXLX,,
Xp—1

—_ 1 max |u///(x)|u hz a
T 32— @) \ x5S h,_ +h, | 1

As the |R; ,| is bounded by |R; ,_;| + |Ry (1), this yields the results. []

By using similar analysis for the right-side,

b -1
(x4—1) u(xy) u(Xpy1)
_ ey d=22< U Xg—1 _ 120 k+1 )
/x,, (= xn) uds i e+ b)) hohe (g + hy_y)

=n

X+l
x/ (s=x,)'%ds+Rg,, 1<n<N-1 a7

Xk

it gives

1 2 h2 + h2
M M 2—a 2—a n—1 n 2—a
Real < 355 )<—h (b= x,)™™" = By") + i | I
m n—1 n
where uy; = max, .., |« (x)| and Ay = max,. ;1 een—1 Aoty A = M, een—1 Py

. - i g .
Remark 3.2. If there exists a finite constant h such that W < h, then the sequence of meshes is referred to as
0<k<N-1"k-1

quasi-uniform. For 4 = 1, it holds that h, = h = b;N“ foralln=1,...,N —1, then R; (k) in (16) is bounded by

2
Ryl max W,

Xje—] SXSX et ]

and the left-side error

A

IRyl S IR+ R ()] (18)

IA

h2 h3—a
— max |u””(x)|/ (x, =)' %ds+ ——  max |u"(x)|

3 asx<x 3(2 — &) xp—1SXSX4

5
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h2 " 1— 3-a "
< Y (""" (0@ = x,_)h, "] + 32— maxu x) (19)
"
pi-a ( - MaX, . <icx,. |u""(x)|
< <a£}%’§” [ ()|(a = x,_1) + o -

Similar analysis can be done for the right-side errors. Thus we conclude that (15) and (17) reduce to a uniform finite difference
method with the truncation order O(h3~%) [11].

For simplicity, we write (13) and (14) into the computational format (which has been used in the codes). For a left-side Caputo
derivative, we denote

Al )= (x;—x; )" = (x; = x)"™ 1<i<j<N-1,

1

—_— J=1i
hi_y(hi_y + hy)
1
H(@i,j) = T wh j=i+1, with1<i<N-1,
ii-1
1
— j=i+2,
hi(hi_y + h;)
therefore, (13) can be represented as
2 _
D UT = m(ALHUT +R)), (20)
where U = [u,...,uy_1,U = [y, U,uy] and R; =[R; ;, ..., Ry y_,]. Similar for the right-side Caputo derivative, denoting that

ARG, ) = (Xjpy =X 7 = (0 = x)* ™%, 1<i<j< N -1,
then (14) is represented as

Dy, UT = L_M(ARHUT + Rp), (21)

ra

where Rg = [Rg;,...,Rgy_1]- The results of Lemma 3.1 prove the following Theorem which shows the consistency of the
generalized L2 method.

Theorem 3.2. For | < a <2, and u € C3[a, b, it holds that

2
oDy uCx,) + ¢ DY ju(x,) = T

ﬂ[(ALH+ARH) U",+R, (22)

where [-], denotes its n—th entry and R is the truncation error with |R,| < ﬁ(lRL’M +|Rg D

4. The adaptive moving mesh method

Different from constructing the uniform mesh, the non-uniform mesh is designed to adapt as time progresses. In this paper, adap-
tivity is determined through the concept of equidistribution, ensuring that the mesh dynamically moves to achieve equidistribution
at each time step. This approach involves solving a mesh movement equation, represented as x(t), derived from the equidistribution
principle, commonly referred to as the adaptive moving method. This procedure is designed to allocate the mesh points in such a
way that distances between them are smaller in regions where the target function u(x) have a sudden change, and the distances
are larger in regions where u(x) changes mildly at each time-step. The monitor function M (x) is introduced to quantify the extent of
change in u(x).

The equidistribution principle, proposed by De Boor in 1973 [28], suggests selecting mesh points in a way that equalizes some
measure of the solution error over each subinterval. In practice, an effective approach involves choosing a function M(x) that
connects the mesh and the physical solution u(x) such that

a b
/ M(x)dx =& / M(x)dx, (23)

where the physical domain x is a coordinate transformation of the logical domain ¢, i.e., x = x(&,¢) : [0,1] X [0,T] = [a,b] X [0,T].
The differential form of (23) is given by

9 (M%) =, 24)
o 4
which is the Euler-Lagrange equation of the functional
1 2
1 ox
I[x]= = M—= . 2
=3 (u) o @
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4.1. The moving mesh PDE approach

A mesh equation involving mesh speed is referred to as a moving mesh PDE (MMPDE). There are numerous ways of formulating
MMPDEs [14,29]. Here we use a idea that the fastest descent direction of I[x] of (25) in the function space is the opposite direction
of the first order functional derivative % Thus, we define the gradient flow equation

ax _ P4l
or 7 ox
which defines a flow which converges to the equilibrium state as t — oo, P is a positive function to be chosen such that the MMPDE
has some desired properties and 7 is a positive constant, see [17].
By substituting (25) and set P = ﬁ such that the second-order derivatives change evenly over the domain (so that the MMPDE
behaves more like a diffusion equation with an almost constant diffusion coefficient), we derived this so-called MMPDE-5 that will
be utilized to move the mesh

(26)

ox 10 0x
et (v%) @7
x(0,t) = a, x(1,t) = b, (28)

where 7 is a positive parameter for adjusting the response time of mesh movement to changes in monitor function. The smaller
of 7 chosen, the faster mesh move towards the equidistribution rule. Since % (Mx;) . plays the role of a driving force for mesh
movement and provides the mechanism to pull the mesh back towards equidistribution of the monitor function M when it drifts
away from equidistribution. If x = x(&,¢) is an invertible coordinate transformation, and furthermore, the monitor function M and
its time derivative M, are both bounded, then it is proved in [15] that x(¢, ) stays of the order O(r) close to the minimizer of the
functional (25)x*(&,1) as t — oo in the L2 sense.

4.2. Monitor functions

The selection of an appropriate monitor function is pivotal to the success of mesh equidistribution in the adaptive numerical
solution of differential equations. Typically, the motivation for selecting the monitor function M(x) is the desire to minimize an
error in interpolating a function or in solving a differential equation, as extensively discussed in [15]. In this paper, we primarily
employ a so-called optimal monitor function denoted as M, which is given by,

1 9 3
N 1[oul*\? 1 fProuns
M—<1+; ) and y = [b_a/a (E) dx] , (29)

for u in the Hilbert space H?(a, b). The choice of y is following two criteria [15,18,30]; (i) ensure that the monitor function defined
in (29) is invariant under a scaling transformation of u; (ii) for a given mesh .%, : xy = a < x, < - < xy = b on [a, b], ensure that
>:(xiy1 — x;)M; < 2(b — a). More monitor functions and the derivation of corresponding error bounds can be found in [15].

du

Smoothing of the monitor functions. The smoothing technique is motivated by the robust moving mesh method of Dori and Drury [16]
that is used for those not smooth solutions u, which leads the discrete monitor function computed to change abruptly, slowing down
the computation unnecessarily. Direct smoothing of the monitor function is commonly based on the use of an elliptic differential
operator (especially the Laplace operator) or an approximation to it. For a given M (x(¢)), a monitor function having higher regularity
or a smoother monitor function, M, can be obtained as the solution of the boundary value problem,

2
(I—/}‘2%)M:M,V§e(0,l),
L 30)
%(m = %(1) =0,

where f is positive constant. If we substitute (30) into (24), then it centred discretized form can be verified that it is exactly the
one used in [16] by letting ¢ = N—; and choosing the parameter § such that ¢ = —6(1 + 6), where 6 is the measure of the grid’s
rigidity in [16] and also the spacing grid smoothing parameter « in [31]. The smoothing defined by (30) is global in the sense that
a differential equation must be solved for M. In this paper, we derive a local smoothing schemes for efficiency by using the Taylor
expansion to (30),

N 2\"! 2 2\2
o) e ) ) ]

2
for g > 1. Truncating the expansion and approximating ;? with a central finite difference we obtain

1 2 . 1 o
Mi:WMH-I-'—(]_m)MI-FWMi_P1_27'”,N_1. (31)

7
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If p2AE? = 4, it is called weighted averaging or filtering, that is
o Mt M

1= R

ALY VNI VALY VA S S VAN (32)
i 4 i+ 2 i 4 i—

N Mpy_1+ My

MN = T

This could give a smoother non-uniform mesh, making the MMPDE easier to integrate numerically, smoothing of the monitor
function is a typical procedure in the context of moving mesh technologies [15].

5. The coupled semi-discrete ODE system

Following the moving mesh PDE as the mesh updating approach, the target equation is transformed from the physical domain
to the computational domain using the coordinate transformation (27)-(28) and the chain rule, as follows:

oii _ duox O _ du + Ju 0x

08 oxd& ot ot oxor
Hence, in the new coordinates (¢,1) Eq. (2) becomes
oii

% = —e(=A) i+ f@,x 1)+ %%’ (33)
o

where £ is derived from (27)—(28) that determines the mesh speed. Now we combine this mesh generation with the non-uniform

L2 scheme (22), giving the numerical scheme for (33). Applying the Method of Lines with central discretization in space to the
MMPDE-5 (27)-(28) yields:

du, _ U,.,-U, dX
—"=—+[(ALH+ARH)UT]H+M n
dt I'3—a)cos(za/2) Xy — X, dt
U, -U, Uy —U,
Q-0 -+ N + f(U,. X,.0),
X=X Xy —Xn-i 34)
an =l Xn+1 - Xn Mn+| + Mn _ Xn - Xn—l Mn + Mn—l
dr 7\ aep 2 (4¢)? 2 ’
M, :%MH] + %M,, + iM,,_l, n=2,...,N-1,
with boundary conditions
Uy = u(a), Uy = u(b),
XOZIZ, XN:b, (35)
N M, + M. A M + M
M= fpy =17 N
2 2
If we compute M in (34) individually and letz = [U,, ... ,Uy_;, X}, ..., X y_;], then the other two equations in (34) can be expressed
in an fully implicit form
dz
d(—,z,1)=0. 36
%" (36)

6. Numerical experiments

Default settings and values of parameters. The above fully implicit ODE system (36) with conditions (35) is solved using the implicit
ODE solver odel15i (see [32]), where M is not involved and calculated at each time step individually. The method of time
integration is chosen as the backward differentiation formulas (BDF) with chord iteration (mr25), for which an approximate Jacobian
is computed by ode1b5iinternally using finite differences. The default values of the parameters for time integration in ode15i are
used, except for the local time-stepping error tolerances reltol and abstol. Throughout, we use

reltol = le — 4, abstol = 1le — 6,

unless otherwise stated.

When x;(t)—x;_; (t) = x,(1)=x,(?), the evaluation of, (x;()—x,_; ())>~*—(x,;(1)=x,(1))*>"%, is the difference of two nearly equal vectors
which leads to noticeable round-off errors. The following simple reformulation using expm1(x) = exp(x) — 1 and log1p(x) = log(1 +x)
immediately rectifies this instability [33]. For x; < x,, we have

(1) = xp_ (D7 = (x;(1) = x, ()77,
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Fig. 1. (a) The numerical solutions of the fractional heat Eq. (38) over 160-moving mesh with a =1.1,1.3,1.5,1.8,2 at T = 5. (b) The mesh movement over a
160-moving mesh for « = 1.8 at T =35.
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Fig. 2. The local (left) and global (right) quasi-uniformity of the meshes using the adaptive L2 method for (38) are estimated with different values of
a=11,13,1518 at T =5.

=(x,(0) = X1 (1) <1 exP<10g<<x,-(t)—xk_1(t)> :

. Xp_1 (1) = x4 (1)
=— (x;(t) — x;_; ())* “expml [(Z—a)lo 1 (— .
i k-1 P 81P () — X (1)
In order to produce consistent and reasonable meshes, it is natural that we examine the quality of the smoothed equidistribution
mesh at a given time, 7, we use the local quasi uniformity, which are evaluated by the following expressions

hy(f) hi_l(t)} .20
h_ @) m@® " minh,(t)’
We expect that G(¢) is bounded, i.e. the meshes used in simulations are quasi-uniform. For a mesh satisfying L(r) — 1, which is

considered locally quasi-uniform, such meshes typically result in an approximation error of the same asymptotic order as a uniform
mesh, see [15,34,35].

L(t):max{ i=1,...,N. (37)
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Fig. 3. The relative error e, of (38) using the L2 method estimated on uniform (blue) and adaptive (red) meshes in the /*-norm for a = 1.5 at T =5.
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Fig. 4. The numerical solutions and the corresponding mesh movement of (41)-(44) and on a 160-moving mesh for « = 1.1, 1.5, 1.8 at T = 1.

6.1. The space-fractional heat equation

Firstly, we consider the space-fractional heat equation

ou _ %
5 e(=AM2u  (x,1) € (0,1)x[0,T], 38)
u=0 on R\(0, 1),

where ¢ is the diffusion coefficient. The initial condition is given by

u(x,0) = g(x). (39)
1
In this case, we take ¢ = 10~3 and g(x) = e_loo("_i)z on R. From [9], we have the analytical solution of (38):
u(x,t) = Z ¢, sin (nzx) e 7, (40)
n=1

10
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Fig. 5. The local (left) and global (right) quasi-uniformity of the meshes using the adaptive L2 method for (41) are estimated with different values of
a=11,13,1518at T =1.
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Fig. 6. The relative error e, of (41) using the L2 method estimated on uniform (blue) and adaptive (red) meshes in the /*-norm for a = 1.5 at T = 1.

with

1
c, = 2/) g(s)sin(nxs)ds

_ 1, \/E sk 00) (isn 1) <erf(200 - mn) . erf(200+ izm)) ,
20V 2 20v/2 20v/2

where g € C[0, 1] and erf(z) is the error function given by erf(z) = L” /OZ e ds.

Fig. 1 depicts the results for various values of a at T' = 5, along with the mesh movement behaviour specifically for « = 1.5 at
T = 5 with the initial condition (39).

To assess the performance of the adaptive moving mesh algorithm, we define the relative error as

U —ull,
’ lluell o

where the U is the numerical approximation of u at time 7. Table 1 presents the relative errors e, and the corresponding convergence
orders for « = 1.1,1.3,1.5,1.8 in the / -norm with various numbers of mesh points N. In Fig. 3, we compare the convergence rate
of between the uniform L2 and the adaptive moving L2. It shows clearly that both two meshes are numerically convergent for
N increasing, and in the early stages of increasing the number of mesh points, adaptive moving L2 exhibit a faster convergence
rate compared to uniform L2. To further evaluate the mesh quality, we calculated the local and global quasi-uniformity measures,
as shown in Fig. 2, providing numerical evidence that no node-crossing(edges connected two nodes intersect or cross each other)
occurred during the simulation. Additionally, the local quasi-uniformity L approaches 1 as N increases, indicating that the meshes
used in the simulations are well-smoothed and redistributed. These findings demonstrate the effectiveness of the moving mesh
approach in maintaining high mesh quality and avoiding mesh distortion.

>
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Fig. 8. Self-replicating patterns of the fractional Gray-Scott system (46)—(48) were computed for values of a ranging from 1.1 to 2 at time 7 = 1500, using a

500-moving mesh.

Table 1
The relative errors and convergence order of (38) using the L2 method on uniform and adaptive meshes, each with 40, 80,

160, and 320 mesh points, are computed. The computations are performed for a values of 1.1, 1.3, 1.5, and 1.8 at time T =5,

employing the /® norm.

N a=1.1 a=13

Uniform Order Adaptive Order Uniform Order Adaptive Order
40 0.0802 0.0441 0.0403 0.0245
80 0.0450 0.8337 0.0231 0.9329 0.0229 0.8254 0.0121 1.0178
160 0.0239 0.9129 0.0117 0.9814 0.0121 0.9203 0.0060 1.0120
320 0.0125 0.9351 0.0056 1.0630 0.0063 0.9416 0.0029 1.0489
N a=15 a=138

Uniform Order Adaptive Order Uniform Order Adaptive Order
40 0.0288 0.0196 0.0101 0.0109
80 0.0168 0.7776 0.0097 1.0148 0.0066 0.6138 0.0059 0.9353
160 0.0090 0.9005 0.0049 0.9852 0.0036 0.8745 0.0029 1.0255
320 0.0046 0.9683 0.0024 1.0297 0.0018 1.0000 0.0013 1.1635

6.2. The space-fractional heat equation with a source term

We consider the following fractional heat equation with a source term:

du
= = (-2 .1, -1, 1),
3 (=D*“u+ f(x,1) x € ( ) e [0.T]. 1)

u=0 on R\Q,
where the non-homogeneous function f(x,?) is defined as
atl 1 3 a+3 a 3.2
2a(a+ nr (T) r (E (a +C{+6)> 2F1 <T,—7 -2; E,x ) l(a3+a+4)
- (1=

a3
Var (£ +3)
where the Gauss hypergeometric function ,F,(p;.pyiq;:2) = Yooy %%‘ with (x),, = % [36]. The analytical solution

to Eq. (41) has been studied in previous works [37-39]., which is

(42)

flx,t)=e'x

u(x, 1) = e'x (1 - x2)%(“3+’”4) , (%0 € (=1,1)x[0,T], (43)

13
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Fig. 10. Propagating speed of travelling waves for a from 1.1 to 2.
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Fig. 11. Travelling wave patterns of the fractional Gray-Scott system (46)-(48) were computed for values of « ranging from 1.1 to 2 at time 7 = 1000, using a
240-moving mesh.

and therefore, we simply take the initial condition as
1 S+a
u(x,O):x(l—x2)2( * +4). (44)

For the space-fractional PDE, Siwei Duo et al. presents a finite difference method for discretizing the fractional Laplacian in
hypersingular integral form and exhibits consistent convergence behaviour verified through numerical examples for various a € (0, 2)
when applied to solve the stationary fractional Laplacian equation with source term [37]. Fig. 4 shows the numerical solution using
a=1.1, 1.5, 1.8 at the final time T = 1.

Table 2 presents the relative errors e, and the corresponding convergence orders for ¢ = 1.1,1.3,1.5,1.8 in the /_-norm with
various numbers of mesh points N. Similarly to the first case, Fig. 5 presents estimates of local and global quasi-uniformity, showing
that the mesh points are well-smoothed with no mesh distortion. And in Fig. 6, the convergence rates of the uniform L2 and the
adaptive moving L2 are compared, showing that adaptive moving L2 performs better numerical convergence in the early stages
when more mesh points are adopted.

From Fig. 4, it can be observed that the numerical solutions are less accurate when « is near 1, one reason is that in the L2-
method, fewer points are available to estimate those derivatives near the boundary 92, resulting in lower accuracy. For example,
the left-derivative at the first mesh point is roughly estimated as

2 < (1) uy (1) " uy(1)

D% _
c I@G—a) \ (x; —x0)(xy —xg) (X3 —x)(x; —x9) (X3 = x)(x — Xg)

0,x;

u(x, 1) =

) (x; — xo)z_“. (45)
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Fig. 12. Numerical simulations of (46)-(48) for chaotic pattern within the interval Q = (0,1) with parameters r, = 4 x 107%,r, = 107, F = 0.022,x = 0.05 and
a=1.1,15,1.8,2 at T = 1300, using a 300-moving mesh.

16
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x

Fig. 13. Chaotic patterns of the fractional Gray-Scott system (46)-(47) were computed for values of « ranging from 1.1 to 2 at time 7' = 1300, using a 300-moving
mesh. One possible bifurcation occurs between a-values of 1.7 and 1.8.

Table 2
The relative errors and convergence order of (41) using the L2 method on uniform and adaptive meshes, each with 40, 80,

160, and 320 mesh points, are computed. The computations are performed for « values of 1.1, 1.3, 1.5, and 1.8 at time T =1,
employing the /® norm.

N a=1.1 a=13

Uniform Order Adaptive Order Uniform Order Adaptive Order
40 0.3496 0.2959 0.1514 0.1174
80 0.2142 0.7063 0.1726 0.7773 0.0836 0.8568 0.0619 0.9234
160 0.1206 0.8285 0.0948 0.8642 0.0440 0.9260 0.0318 0.9609
320 0.0642 0.9092 0.0497 0.9311 0.0226 0.9612 0.0161 0.9820
N a=15 a=138

Uniform Order Adaptive Order Uniform Order Adaptive Order
40 0.0864 0.0621 0.0279 0.0192
80 0.0471 0.8747 0.0321 0.9531 0.0165 0.7517 0.0101 0.9369
160 0.0247 0.9301 0.0163 0.9772 0.0089 0.8941 0.0052 0.9506
320 0.0126 0.9688 0.0083 0.9806 0.0046 0.9397 0.0027 0.9725

Same problem for the right-derivative on the other side of the boundaries. When we combine these two derivatives for calculating
the fractional Laplacian in practical computation, the term —m, significantly amplifies the error when « | 1. Only when more
mesh points used near the boundaries or u|g = u|; = u,|g = u,|;, =0 the L2-method can work well. Consistent with our experience,

this problem will be resolved with the adoption of a larger number of mesh points N, see Table 2.

6.3. The space-fractional Gray-Scott(G-S) model

Having gained confidence from successfully applying the numerical scheme to two known fractional Laplacian equations, next

we proceed to numerically solve the equations represented by the Gray-Scott system involved the fractional Laplacian term, which
is given by

ou [ )
— =—r,(=)2u—uv” + F(l —u),
g; . (1) e RX[0,T], (46)
S = AT+ uv® — (F + ),

where u and v are the concentrations of two chemical components in reaction-diffusion process, that are inhibitor and called

activator, respectively.

Well-posedness: The well-posedness of the fractional G-S model has been studied in detail in [40]. For the fractional order 1 < a <2,
1

the solution of (46) in a finite domain 2 can be bounded under some specific conditions: the solutions u(z), v(t) € H07 () for any

1 1
initial conditions u, v, € HO2 (£2), where HO2 (@) =Cr@)nfue L2(Q) : L_‘{(y) € L*(Q)}. Therefore, we take the boundary
lx—y|27*
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Fig. 15. The evolutionary process, including both standing wave and self-replicating patterns of the fractional Gray-Scott system (46)—(48), was computed for
values of a ranging from 1.1 to 2 at time 7 = 2000, using a 240-moving mesh. One possible bifurcation occurs between a-values of 1.8 and 1.9.

conditions as following:
u=0and v =0 on R\Q. 47)

The ordinary (integer-order) Gray-Scott model has been extensively studied by many researchers [21,22,41] The diffusion
coefficients satisfy r, > 0,r, > 0. The parameters F,k are positive constants representing feed rate and decay rate, respectively.
This system has the spatially uniform steady states (u,.v,) = (1,0) for all values of F and «. In addition, there also exist two steady
states (u,,v_) and (u_,v,) when F > 4(F + )

(upv_) = < (1+\/_> \/_>> (u,,u+)=< \/_> (1+\/_>>

where A = 1 — ¥ g 4 result, we can get a saddle-node bifurcation for x, = —F + %\/F and the critical feed rate
F, = M, 0 < k < k.. For a detailed other analysis of the dynamical behaviour of the classical(integer-order)
G-S model are referrlng to [21,40].

In this section, we focus on three patterns: self-replication, travelling and a possible bifurcation point between stable and
self-replication with the following initial condition

[u(x, 0), v(x, 0)]T = [1 — % sin'¥(zx), % sin'O(zx)]T. (48)

In the practical computing, we introduced the variable w as w = u—1 to give a aligned boundary conditions with the second equation
and to avoid boundary terms of the Laplacian term being taken into account by Theorem 2.2. Subsequently, Egs. (46)—(48) are
modified by employing (w, v) as:

MW =3 w—(w+ )* + Fw), (x,1) € RX[0,T]

== —ry (=D 20+ W+ Do? — (F + )0, )

w=0and v =0 on R\,

[w(x,0), v(x,0)]T = [—% sin'%(xx), i sin'0(zx)]T.

6.3.1. Self-replicating patterns

Based on [21,22], we choose the parameters r,, = 10_5~"u = 107, F = 0.024,x = 0.06, the numerical solution and the
corresponding trajectory of the mesh movement towards Eq. (49) are depicted in Fig. 7.

Fig. 8 shows the evolution of the fractional Gray-Scott equations with « at the final time 7" = 1500.

6.3.2. Travelling waves

By choosing the parameters r,, = 2x 1075, r, = 107, F = 0.047, k = 0.041, the numerical solution and the corresponding trajectory
of the mesh movement towards Eq. (49) are depicted in Fig. 9. The propagating speed of waves for a values arranging from 1.1 to
2 is also depicted in Fig. 10.

Fig. 11 shows the evolution of the fractional Gray-Scott equations with « at the final time 7" = 1000.
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ww
M\\l |

Fig. 16. Numerical simulations of (46)-(48) include both travelling wave and self-replicating patterns within the interval 2 = (0, 1), with parameters r, = 4x107%,
r, =2%x107%, F =0.095, x =0.001, and a = 1.2,1.5,1.8,2 at T = 300, using a 300-moving mesh.
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Fig. 17. The evolutionary process, including both self-replicating and travelling patterns of the fractional Gray-Scott system (46)—(47) were computed for values
of « ranging from 1.2 to 2 at time T = 300, utilizing a 300-moving mesh. Two possible bifurcation can be observed between a-values of 1.2 and 1.3, 1.9 and 2.

6.3.3. Chaotic solutions

By choosing the parameters r,, = 4 X 107%,r, = 2 x 107%, F = 0.022,x = 0.05, the numerical solution and the corresponding
trajectory of the mesh movement towards Eq. (49) are depicted in Fig. 12.

Fig. 13 shows the evolution of the fractional Gray-Scott equations with varying « at the final time 7' = 1300. One possible
bifurcation may exist between a values of 1.7 and 1.8, corresponding to the moment when two travelling fronts meet.

6.3.4. Evolutionary process from standing wave to self-replicating pattern

The main feature of the associated ODE of (46) is that it has a Bogdanov-Takens point at (k, F) = (%, %) together with a stable
critical point (1,0). A Bogdanov-Takens point is a singularity of codim 2, where Saddle-Node and Hopf bifurcations merge into
two-dimensional parameter space (k, F) [41], and most of the interesting PDE dynamics appears near these two bifurcation lines for
the classical Gray—Scott model. Thus, we applied these two values to the fractional model (46) and observed a possible bifurcation
point by choosing the parameters r,, = 10,7, = 5x 1076, F = x = 1]—6. Under this selection of parameters, the kinetics for the
Gray-Scott model changed from self replication to stable with a increasing, a possible bifurcation point could be existed between
1.8 and 1.9. This is presented in Fig. 15. And the numerical solutions and the corresponding trajectory of the mesh movement
towards Eq. (49) are depicted in Fig. 14.

6.3.5. Evolutionary process from travelling wave to self-replicating pattern

By choosing the parameters r,, = 4 x 107%,r, = 2 x 107%, F = 0.095,x = 0.001, the numerical solution and the corresponding
trajectory of the mesh movement towards Eq. (49) are depicted in Fig. 16. In this experiment, we started with « = 1.2 instead
of a = 1.1 because the derivatives undergo drastic changes within a very small region, almost reaching discontinuity. Therefore,
more mesh points are needed to achieve more accurate solutions in « | 1-cases. The studies conducted in [42,43] confirm the loss
of periodicity in the fractional time derivative, that is periodicity is not transferred by fractional integral or derivative, with the
exception of the zero function. In this work, we numerically present that periodicity diminishes in space as a decreases from 2 and
transforms into a travelling wave as a approaches 1, two possible bifurcation points could be existed between 1.2 and 1.3, 1.9 and
2, see Fig. 17.

7. Conclusions

In conclusion, this paper introduced an innovative method for computing the fractional Laplacian using Riemann-Liouville
derivatives, incorporating a boundary condition of u = 0 in R\£2. Notably, for smooth functions u € S(2), the proposed approach
simplifies the Riemann-Liouville derivatives to the Caputo derivatives due to the vanishing boundaries. The extension of the
L2 method to non-uniform meshes was presented, accompanied by a proof of its numerical consistency. The flexibility of the
non-uniform L2 method in constructing meshes allows users to choose different mesh updating techniques, enhancing numerical
performance for various problems.

The adaptive moving finite differences method was employed for spatial mesh generation, offering adaptability at each time step
through grid reallocation based on the previous solution. The choice of MMPDES for mesh movement, based on the equidistribution
principle, proved effective. However, initial observations revealed rapid mesh movement, particularly challenging to discern in
specific cases. The numerical scheme’s feasibility was validated through two experiments, demonstrating improved results.
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The primary objective of this study was to solve space-fractional PDE problems in one dimension and apply the proposed
numerical method to a nonlinear fractional PDE problem, i.e., the fractional Gray-Scott model. Numerical experiments focused on the
fractional Gray-Scott revealed three patterns including patterns of self-replication, travelling, chaotic and two distinct evolutionary
processes from self-replicated pattern to standing wave and from travelling wave to self-replication pattern.

In future work, we will attempt to extend this method to the two-dimensional case. The pattern formation of the two-
dimensional space-fractional Gray-Scott model has been an important topic, and some studies have already proposed related
numerical algorithms. We will compare the numerical performance of these methods with the adaptive L2 method. Additionally,
we plan to apply this method to other nonlinear models, such as the space-fractional Cahn-Hilliard equation and the time-space
fractional Schrodinger equation.
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