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Past 1l: 1984-1988 (PhD thesis)

Convergence Analysis of Nonlinear Multigrid Methods
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Space-time Finite Element Method
for PDEs on Evolving Surfaces
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Motivation: simulation of two-phase incompressible flows

system: n-butanol/water

Model: Navier-Stokes equations
+ coupling conditions
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Rising droplet with surfactant transport

solution

@ gravity-driven butanol-droplet in water

@ Velocity field determined from NS-equations.

+ surfactant eqn. S — DrArS + (Vr-u)S=0

Elliptic PDE on evolving surface
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r(0) smooth surface in R3, ar(t) = 0.
r(t), t €0, T], advected by smooth w =w(x,t) e R3.

Model for diffusive mass transport on I'(t):

U+ (diviw)u —Aru=0  on TI(t), te€ (0, T]

with o = %—i—w-Vu.
Initial condition u(x,0) = up(x) for x € [(0).




Space-time manifold

o= U rx{t, r.cr
te(0,T]

Suitable (Sobolev) spaces W (trial), H (test) on I,.

a(u,v) = (Vru,Vrv)or,), u,veH.

determine v € W such that

(U,v) +a(u,v) = (f,v)2r,y forall veH.




Space-time manifold

.= Y r@)x{t, r.cr
te(0,T]

Suitable (Sobolev) spaces W (trial), H (test) on I,.

a(u,v) = (Vru,Vrv)or,), u,veH.

determine v € W such that
(U,v) +a(u,v) = (f,v)2r,y forall veH.

Weak formulation is well-posed.
Analysis based on continuity and inf-sup property

—
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Time slabs: t; = jAt, I := (th—1, ta], T} 1= Usey, I(t).
Broken space W® := @ W,

N

tn
a(u,v)=> a"(u,v), a"(u,v) = / Vru-Vrvdsdt
=1 tp—1 JI(t)

th—1

N
d(u,v) = d"(u,v), d"(u,v) = / W] 1L ds
n=1



A time-discontinuous Eulerian weak formulation

Time slabs: t; = jAt, I, == (th—1, tn], [] 1= Usey, I(1).
Broken space W? := @N_ W,

tn
a(u,v) = Z a"(u,v), a"(u,v)= / Vru-Vrvdsdt
t

n=1 n—1 r(t)
N
d(u,v) = d"(u,v), d"(u,v) = / W] 1L ds
n=1 I(tn—1)
N
<U, V>b = Z<[Jn, Vn>
n=1
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A time-discontinuous Eulerian weak formulation

Time slabs: t; = jAt, I, == (th—1, tn], [] 1= Usey, I(1).
Broken space W? := @N_ W,

tn
a(u,v) = Za”(u, v), a"(u, v):/ Vru-Vrvdsdt
tp—1 JI(t)

n=1
N
d(u,v) = d"(u,v), d"(u,v) = / W] 1L ds
n=1 M(tn-1)
N
(i, v)p = Z<[Jn, Va)n
n=1

Time-discontinuous weak formulation (allows time-stepping)
Find u € W? such that

(i, v)p + a(u,v) + d(u,v) = F(v) forall ve WP,

Reusken (RWTH Aachen) Past, present and space-time Utrecht, 12.11.2015

11/ 20



Galerkin FEM based on time-discontinuous formulation

Key ideas:
o WP replaced by FE space Whr on ..
o For FE space we use trace of standard outer space-time FE space.

e [] is approximated (zero level of discrete level set function).

I'(t,)

t",]
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Space-time slab: Q" = Q x (t,_1, t,] C RIFL,
Tn: triangulation of Q.

V),: standard FE space on 7, (piecewise linears).
['(tn)

(tn-1)




Trace FE spaces

Space-time slab: Q" = Q x (t,_1, t,] C RIFL.
Tn: triangulation of Q.

V),: standard FE space on 7, (piecewise linears).
(ty)

tn—l

Won={w:Q" = R | w(x,t) = ¢o(x)+ td1(x), ¢o,¢1 € Vp}
Wnr’h::{v:rﬂ—>R|v:w|rQ, weW,hart, 1<n<N.

r._ N r
Wh T 69n:l Wn,h
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Find up = upar € Whr such that

<ilh, Vh)b + a(uh, Vh) + d(uh, Vh) = F(Vh) for all v, € W,I;




Find up = upar € Whr such that

<ilh, Vh)b + a(uh, Vh) + d(uh, Vh) = F(Vh) for all v, € W,IT—

Forn=1,..., N, do:

Find up = Up At € WI'II—,h such that

ul vt ds =/ ul =ty ds+F(vp) Vv, € Wnr,h

th—1

(Un, vhynt+a"(up, Vh)+/

th—1




ullf = llullfy + max [lu” 2 +Z|I[U]" [

inf  sup Al i o5, 9) el v
uEWE e b lIvilallulls

Global stability result. No conditions on At.




Error analysis [Olshanskii,AR, SINUM 2014]

N

lullf == llullf + jmax [ P S | 7% el A
n=1

Discrete stability

inf sup (Ve taln,v) +d(uv)
uEW? e \yb IvIlallulla

Global stability result. No conditions on At.

Z Cs

Discretization error bounds. Assume At ~ h

lu = unlles < chlllull g,y + sup_llull meqrey))-
te[0,T]

lu = unllg-1r,y < chP(lullper,y + sup lullpeqree)-
te[0,T]
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I(t) is zero level of

X

—)2+y2+22—1 t €[0,4]
1+ 0.25sin(t) ’ T

d)(X’.y’z? t) = <

Velocity field w(x, y, z, t) = 0.25% (x,0,0)7.

Solution prescribed: u(x,y,z,t) = e xy.



Structure of the algorithm

o Coarse regular tetrahedral triangulation of Q = [-1.5,1.5]3.
FE space V): piecewise linears.

Per time slab

@ Local spatial refinement close to I'7.
@ Outer space-time FE space; linear in t.
@ Approximation of space-time surface I'].

@ FE space on I'}: trace space.

Apply Galerkin discretization with this FE space.
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h, = h constant h; = At constant.

Observations: very stable method; second order convergence.



Evolving surface with topological singularity

h=1/16, At =1/128

Domain Q = (-3,3) x (-2,2)2, t € [0,1].

Prescribed level set function ¢,

determines I'(t).

Space-time interpolation yields I'].
h=1/16, At=1/4

Surfactant transport equation. ‘

up(x) = 3 — xq for x; > 0, zero otherwise.
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(1983-1984) under the supervision of Gerard
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