Differentiaalvergelijkingen (deel 1)

Theorie: zie ook Steiner hoofdstuk 12.

Scheiden van variabelen (blz 2-8)

Opgaven D1.7 t/m D1.29: op blz 7.

Opgaven D2 en D3: op blz 9.



Separation of Variables

The simplest type of differential equation 1s one of the form y* = f(x). You know
that this type of equation can be solved by integration to obtain

y= J- f(x) dx.
In this section, you will learn how to use integration to solve another important

fanmly of differential equations—those 1n which the vanables can be separated.
Thas technique 1s called separation of variables.

Separation of Variables
If f and g are continuous functions, then the differential equation

2 — f080)

has a general solution of
1 ==
fﬁdy jf(x)dr+ C.

Essentially, the technique of separation of vamables is just what its name
implies. For a differential equation involving x and y, you separate the x vanables
to one side and the y vanables to the other. After separating variables, integrate
each side to obtain the general solution. Here 1s an example.

EXAMPLE 1 Solving a Differential Equation

. _ dy x
Find the general solution of PRI
Solution Begin by separating variables, then integrate each side.
&y __x _—
de yz 1 Drifferential equation
(y2+ 1)dy = xdx Separate variables.
J(yz + 1)dy = J’xdt Integrate each side.
3 2
%+y=§+€ General solution



EXAMPLE2  solving a Differential Equation

Find the general solution of
& _x
dv y’

Solution Begin by separating vaniables, then integrate each side.

ﬁ - £ Duifferennal equaton
dv ¥y
ydy = xdr Separate vanables
fy dy = J'.r dx Integrate each side
% = % + C; Find anhdenvatives
y=x+C Muitiply each side by 2

So, the general solution 15 3> = &= + C. Note that C, is vsed as a temporary
constant of integration in anticipation of multiplying each side of the equation by
2 to produce the constant C.

EXAMPLE3  solving a Differential Equation

Find the general solution of
y ﬂ == 7
il

Use a graphing utility to graph several solutions.
Solution Bepin by separating variables, then integrate each side.

dy
Y —— =
[ e 2x Differenfial equation
e’ dy = 2xdx Separate vanables
5
C= 15 J'c-'dyz jl{d.: Inteprate each side
c= . =10 e=r+C Find antidenvatives
-8 ]
[ By taking the natural loganithm of each side, you can wate the peneral solution as
cC=0
y = 1In(* + C). General solution
- The graphs of the particular solutions given by € =0,C =5,C = 10, and
FIGURE A.10 C = 15 are shown in Figure A 10.



EXAMPLE4  Finding a Particular Solution

Solve the differential equation te** + yy’ = 0 subject to the initial condition
y=1lwhenx = 0.

Solution
xet + oy =0 Drfferential equation
y% = —xe* Subtract re*’ from each side
ydy = —xe“ dx Separate vanables
fy dy = f-" xe* dx Inteprate each side
Yo luye -
3 —Ec‘ 1 Find antiderivatives
y=-e'+C Mulaply each side by 2
To find the particular solution, substitute the initial condition values to obtain
(1P = -+ C.
This implies that 1 = —1 + C,or C = 2. So, the particular solution that satisfies
the initial condition 1s
y=—e+2 Particular soluticn

EXAMPLES  solving a Differential Equation

Example 3 uses the differential equation
dx
s K10 - %)
to model the sales of a new product. Solve this differential equaticn.
Solution
dx K10 ) STUDY TP
- =i I Differential equation
dr In Example 5, the context of
1 - the oniginal model indicates that
10 - _rd't sxkal Sepafae Fanables (10 — x) is positive. So, when
1 you integrate 1/(10 — x), you
jlo — rdt - Ikdf Integrate each side can write —In(10 — x), rather
: than —1n[10 — x].
~n(10 — x) = kt + C, Find antiderTvatives
(10 — x) = ~kt — C, Multiply each side by — 1.
10 —x =¢g G Exponentiate each side

x=10 — Ce ¥ Solve for r



Applications

EXAMPLE6  Modeling National income

Let y represent the national income, let a represent the income spent on necessi-
ties, and let b represent the percent of the remaining income spent on luxunes. A
commonly used economic model that relates these three quantities is

dy
= ML= b)y — a)
where ¢ 15 the time 1n years. Assume that & 15 75%, and solve the resulting differ-

ential equation.

Solution Because b is 75%, it follows that (1 — b) 15 0.25. So, you can solve the
differential equation as follows.

dy

E = k(0~25)()' - a) Differential equation
y+a dy = 025k at Separate variables.
f}, 1 aa‘y - JOQSkdt Integrate each side.
In(y — a) = 025kt + C; Find aniiderivatives, given ¥ — @ > 0.
y — a = CeP>*® Exponentiate each side.
y = a + Ced3u Add a to each side.

The graph of this solution is shown i Figure A.11. In the figure, note that the
national income is spent in three ways.

(National income) = (necessities) + (luxuries) + (capital investment)

Modeling National Income
y
] Capital iwestment Income consumed on
O Consumed on homries MecEENcias anct hehs

O Consumed on necessities y=a+075Cet B

Natioral income
V
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FIGURE A.11
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EXAMPLE7  Using Graphical Information
Find the equation of the graph that has the characterstics listed below.
1. At each point (x, y) on the praph, the slope is —x/2y.
2. The graph passes through the point (2, 1).
Solution Using the information about the slope of the graph, you can wate the
differential equation
3 S
dv 2y

Using the pomnt on the graph, you can determine the 1n1hal condiion y = 1 when
X=2

ﬂ - Differential il
&y {J equahon
2ydy = —xdx Separate vanables
f?.ydy = f —xdx Inteprate each side
e -r2 e 2.
R+ C Find antiderivatives
==+ C Multiply each side by 2
2 +2y=C Simplfy.
Applying the initial condition yields

Q) + 21F = C

which implies that C = 6. So, the equation that satisfies the two piven conditions
1s
E+2r=6 Particular sohution

As shown 1 Figure A 12, the graph of this equation 15 an ellipse.
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FIGURE A.12

(lassifying Differential Equations
In which of the differential equations can the variables be separated?
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In Exercises 1-6, find the indefinite integral and check your result by differentiating.

LfMa

2 [@-ama
3. fxfsa
i
afa@

6. fxé-*'a

In Exercises 7-10, solve the equation for Cor k
7.3 -63)=1+C
9, 10 = 2%

8. -1+ (-2P=cC

10. (6 = 3(6) = ¢ %

In Exercises 1-6, decide whether the variables in the differential

equation can be separated.
dy __x . dy_x+1
“dy y+3 = dx x
&1 &y __x
J'dr .t+1 J'dt x+y
dy dy 1
5, ZL=1- == -
S =Y G'th y

In Exercises 7-26, use separation of variables to find the general

solution of the differential equation.

7.8 s .1

9. 3y3%= 1 lo.%:r’y

11. (y+!)%=lt 12. (l+y)%-4x=
WB.y—xy=0 4. y'—-y=35
15.%=:—; 16.¢’%=3r3+1
17.%=JIT); ls.%a i

19. @+ xy =2y

A . xy' =y
X X

23 yr==—
YUY Ty

woe(y +1) =1

20. y' = (2x — I)(y + 3)

2y —ylx+1 =0
dy x+2

Py, —— =

R 3?

26. yy' — 2xes =0

In Exercises 27-32, use the initial condition to find the particular
sofution of the differential equation.

Differential Equation
7.y ' —es=0
8. JSr+ ‘/;y'=0
29. {y+4) +y =0
ﬂ: 21 +
Jo.dt (1 +y

3L.dP — 6Pdt = 0
32 4T+ KT — 70)dr = 0

Initial Condition
y=4whenx =0
y=4whenx =1
y= —5whenx =0

y=3whenx=0

P=Swhent =0
T=140whent =0



In Exercises 33 and 34, find an equation for the graph that passes
through the point and has the specified slope. Then graph the
equation.

33 Point: {(—1.1)

Slope: y* = g_;

3. Point {8,2)
2y

3

Slope: y* =

Velocity In Exercises 35 and 36, solve the differential equation
to find velocity v as a function of time tif v = Owhen ¢t = 0.The
differential equation models the motion of two people on a
toboggan after consideration of the force of gravity, friction, and
air resistance.

3s. 12.55‘:- =432 — ¥ 125
dt

dv
DE = o - "
36. 125 7 432 = 175

Chemistry: Newton’s Law of Cooling InExercises 37-39,
use Newton's Law of Cooling, which states that the rate of change
in the temperature 7 of an object is proportional to the difference

between the temperature T of the object and the temperature T

of the surrounding environment. This is described by the differ-

ential equation dT/dt = KT — Tp).

37. A steel ingot whose temperature is 1500°F is placed in a
room whose temperature is a constant 90°F. One hour later,
the temperature of the ingot is 1120°F. What is the ingot’s
temperature 5 hours after it is placed in the room?

38. A room is kept at a constant temperature of 70°F. An object
placed in the room cools from 350°F to 150°F in 45 min-
utes. How long will it take for the object to cool to a
temperature of 80°F?

39. Food at a temperature of 70°F is placed in a freezer that is
set at 0°F. After 1 hour, the temperature of the food is 43°F.

(a) Find the temperamre of the food after it has been in the
freezer 6 hours.

(b) How long will it take the food to cool to a temperature
of 10°F?

40. Biology: Cell Growth The rate of growth of a sphern-
cal cell with volume Vis proportional to its surface area S.
For a sphere, the surface area and volume are related by
S = kV*?_So,a model for the cell’s growth is
dv
— = kv,
dt

Solve this differennal equation.

41. Learning Theory The management of a factory has
found that a worker can produce at most 30 units per day.
The number of units N per day produced by a new employ-
ee will increase at a rate proportional to the difference
between 30 and N. This is descnbed by the differential
equation

dN

E=k(30—N)

where ¢ is the tme in days. Solve this differential equation.

42, Sales  The rate of increase in sales § (in thousands of
units) of a product 15 proportional to the current level of
sales and inversely proportional to the square of the time ¢.
This is described by the differential equation

dS kS

d
where ¢ is the time 1n years. The saturation point for the
market 15 50,000 units. That is, the hmit of S as t=» 00 is
50. After 1 year, 10,000 umts have been sold. Find S as a
function of the time ¢.

43. Economics: Parcto’s Law According to the econo-
nmust Vilfredo Pareto (1848-1923), the rate of decrease of
the number of people y in a stable economy having an
income of at least x dollars is directly proportional to the
number of such people and inversely propartional to their
income x. This is modeled by the differential equation

LA |
Frimiars
Solve this differential equation.

44. Economics: Pareto’s Law 1In 1998, 8.6 million people
in the United States eamed more than $75,000 and 503
million people eamed more than $25000 (see figure).
Assume that Pareto’s Law holds and use the result of
Exercise 43 to determine the mumber of people (in mil-
lions) who eamed (a) more than $20,000 and (b) more than
$100000. (Sowrce: US. Census Bureau)

Pareto’s Law

3
£ ol
E
s
% 100+
T ol (25000503
g {75000, 8.6)
= 1 T : x

50000 100000 150000 200,000
Earnings (in dollars)



Opgaven over tweede-orde DVen: D2 en D3

Opgave D2

Los de volgende beginwaardeproblemen op:

1)

y'+2y —3y=0, y(0)=1, y/(0)=-1
2)

y' +10y + 25y =0, y(0)=2, y/(0)=1
3)

y'+4y=0, y(0)=0, ¢y(0)=1

Schets de grafieken van de oplossingen y(z).

Opgave D3

Los het volgende randwaardeprobleem op:
63/”_?/,:07 y(O):O,y(l):l, 0<e<l1

(hint: schrijf ¥ = v)

Maak een schets van de oplossing y(x) voor € = 0.1. Wat gebeurt er met de
oplossing voor steeds kleiner wordende waarden van € (en i.h.b. rond het punt
x=1)7



