Solutions for Chapter 7

Section 7.2

Find (a) the general term and (b) the recurrence relation for the sequences:

B 4,7, 10, ...

(a) u,=1+3r; r=0,12,... b) u.=u,_;+3; uy=1
2. 1309, 29, s

(@ u,=3"; r=012,.. ) u,=3u,_; u;=1
3 ]a 7'1'7 L: o : 5

5" 125 125

(a) w,=(=1/35" r=0.12... (b) u, =(=1/5u,_;; uy=1

Find the first 6 terms of the sequences:

4. qu=ur+l; ;=0
2
LA R ]
2 2

=
2.-

2 4 & 16 32

6 s =1, 2,3,
x(x+2)
Himsbinle nal R G sl Ry b T il
1-3° 2-4° 3.5 46" 57 6-8 3 815 247 357 48
7 W4 ﬂv wl_l
n
P aeslianle Sl 4
Y2767 247 1207 710

8. wu,,=u+2u,; u=1 4 =3

ug =L w =3, uy =uy +2uy =35, uz =u, +2u =11,

Uy =ty +2u, =21, us =uy +2u; =43
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Solutions for Chapter 7

0. dlesi=30

n+2 n+l 2u Uy = 1. U = 1/2

n?*

ug =1, wy =12, wy =3, —2uy =—-1/2, w3 =3u, —2u, =-5/2,
uy =3uy —2u, =—13/2, w5 =3u, —2u; =-29/2

10. Upin = 3Mﬂwl _zun; g = Uy

Uy, Uy =y, Uy =3y —2uy =y, ...

u, =3y —2u, =uy, all n

Find the limit » — o for:

11. —
3!’
o R IEL S 50 B B A (0 Hm[_)=o
3 3 32 93 27 3% 8l r—o| 3"
12. 27
2'=2 22=4,2°=8,2'=16, ... and 2" 5wasrow
13. L
r+2
l l i l and Iim( J:O
3456 r—se\ r+2
4. =
r+2
| 23 & ! r
- =, =, —, ... and —>—=1 as r—> o
3 4 5 6 r+2 F
15
TP er+l
. 1
Divide top and bottom by r: — d = —>0asr—-ow
re+r+1 r+l+l/r
6. 3r;+3r+l
S5r°—6r-1

2 37 43r+1 343/r+1/r7 3
Divide top and bottom by r~: r,+’+ = +/’+/',—)—asr—>oo
Sr2—6r-1 S5—6r=Ifr* 5
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Solutions for Chapter 7

17. Find the limit of the sequence {u,,,, /u,} for u,., =u,,, +2u,: u, =1, u =3 (see Exercise 8).

U u
s n+2 _ n
We have Uppy =Uyy +2u, &> 2==1+2—
Uy un+|
U
Let 2 _yyasn—w
'un+i
Uy un+l 1
Then L=/ |>—asn—>w
Upsy Uy X
u u 2
and il 42 5 =145
Ups Ups x

Solving for x,

s = ¥ —x-2=(x-2)(x+])
X
=0 when x=-lorx=2

But the terms of the series are positive.

.
Therefore  x= lim =L =2
n—®w l[”

Section 7.3

Find the sum of (i) the first » terms, (ii) the first 10 terms:

18. 1+5+9+13+--
(i) This is the arithmetic series with a=1, d=4,and sum §, = 5[2 +4(n— l]:l =n(2n-1)

(i) S, =10x19=190

19, 3-2-7-12—---
e T e o
(i) Arithmetic series with =3, d =-5, and sum S,,—2[6 S(n 1)]—2[11 5n]
(i) S, =-5%x39=-195

20. 1+3+9+427+---

(i) This is the geometric series with a=1, x=3,and sum S, = % = %(3" -1)

(i) S;p= %(3“’ —1)=29524
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Solutions for Chapter 7 5

. R 1-(/3)" 3 .
Geomet ith a=1, x=1/3, and sum S, =—222 = 2f (/3
(i) Geometric series with a x=1/3, and sum = 2[ (1/3) ]

- __E » 10]_ _ 1 .
(i) S, __2[1 (1/3) ]-1.5 1499973

Find the sum of the first n terms:

Therefore S, =x° [ll—_x—-}

23. x+2x% +4x° +"'=x[1+(2x)+(2x)2+---:|

Therefore S, = x[ﬂ]
1-2x

Use equation (7.11) to expand in powers of x:

5x4 5x4x3 3 5x4x3x2 , 5x4x3x2xl 5
+ X X x

31 41 51

24, (1+x)° =1+5x+ x?

=1+ 5x+10x% +10x° +5x" +x°

Tx6

2 !
25. (1+x) :l+7x+Tx_+7x6x5x3+7><6><5x4x4+7x6x5x4x3x5+7x6x5x4><3><2x6+7_x7

3! 4! 5! 6! 7!

=14+ Tx+21x% +35x° +35x 421 + 7% + X7

”], r=01,..,n, for

Calculate the binomial coefficients (
’

26. n=3

N3 (B3, ()8, ()3
o) ot U {r) 2t T l2) 2m T 3) 300
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Solutions for Chapter 7 y;

34. (i) Calculate the distinct trinomial coefficients s
iy Ing!

(ii) Use the coefficients to expand (a+b +c)4 i

(i) The possible values of (n;, n,, ny) for which m + n, + n; =4 are

(4,0,0), (0.4,0), (0,0,4),

(3.1,0). (3.0.1), (1.3.0). (1.0,3), (0.3.1). (0.1.3).
(2.2.0), (2.0,2). (0,2,2),

(2.1.1), (L2.1), (1.1,2)

The corresponding distinct coefficients are

41 41 41 41

=1, =4, =6,
41010! 31110! 21210! 211!

| |
(ii) (a+b+c)4—( 4 J(a4+b4+b")+[ i }(ajb+ajc+b3a+b3c+c3a+c3b)
41010! 31110!

! 2 ! 5 %
+[ i ](a2b2+azc +bc )+[ 5 ](azbc+ab'c+abc')
21210! 2111!

= (u4 +b* +b4)+4(a3b+ dc+bla+be+ia+ch)

+6(a’h* + a’e® +b*c?)+12(a’be + ab’c + abe®)

!
35. (i) Calculate the distinct coefficients ————.
mlnytngng!

(ii) Use the coefficients to expand (a+b+c+ dy.

! ! |
@ 33 33 ¢
31010!0! 2111010! 1ot
(ii) (a+b+c+d) =(@ +b + +d°)

+3(@b+d’c+ald+bra+b e+ b d+ca+cPb+cld +d a+d b +d o)

+6(abec + abd + acd + bed)

1

10
36. Find )’ e

n=l1

N N
By Example 7.6, Z ,1(,1]+1) = -’\-"‘\;1

n=l1

:% when N =10
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Solutions for Chapter 7

39. (i) Verify that (1+7)° —=#° =3r2 +3r+1, then

(ii) show that Y r* = %n(n +1)(2n+1)
r=1

) 0+ =P = +374+3r+ )= =37 +3r+1

(ii) We have i(lwf—iﬂ :Sir2+3ir+i] (A)
r=1 r=1 r=I r=I| r=1
and ir:%n{)ﬂvl). il:n
r=1 r=1

On the left of the equal sign in (A),

n+l

i:(lﬂl')3 —irj = 21'3 - y P
r=1 r=1 r=1

=[Zr3 —l+(n+1)3]—[2r3}=(n+1)3 -1
r=| r=l
= +3n" +3n

Equation (A) is then

n
w o+ 3n° -i—3M=3z:r2 +%n{n+l)+n

r=1

and Z P = %[n] +3n? +3n—%n(n+l)—n] =%(2n3 +3n? +n)

r=1

= én(2n+ D(n+1)

40. (i) Expand (1 +r)° =r®, then

(ii) use the series in Table 7.1 to find the sum of the series Z r.
r=|

(i) (+m)° =r® =1+6r+15:7 +20/° +15-* + 61
n n n n n n n n
(i) Wehave Y (1+r)° =3 /0= 1+6Y r+15) r’+203 F +15) r*+63. > (B)
r=I r=1 r=1 r=l1 r=1 r=l r=l1 r=|
On the left of the equal sign in equation (B),

n n
Z (1+r)° —Z 8 =(I+n)6 —1=6n+152> +201° +15n" +61° +n°
r=1

r=l
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Solutions for Chapter 7 10
On the right of the equal sign in equation (B), by Table 7.1,
inﬁi r+]5i: r +20i r +15i r +6i r
r=l r=1 r=1 r=l r=l r=1
= n+6[%n(n+1)}+15[%n(n+ l)(2n+I)J+20[%n2(n+ 1)3}

s La 15 1 S
+15|=n"+=n"+=n ——n +6Zr
5 2 3 30

r=1

n
=6n+%n2 +201° +%n4 +3n° +62 P

r=1

n 2
Hence Z P o= T—2[2n4 +6n° +5n° 7l:|

r=li

Section 7.4

(i) Expand in powers of x to terms in x°. (ii) Find the values of x for which the series converge:

41. (i) TA;§~==l+(3x)+(3x)2+(3x)3+(3xY‘+(3x)5+(3x)ﬁ (i) [3x[<1 > |x|<I/3
=A%

=143x49x% +27x° +81x* +243x° +729x°

42. (i) 1+15r2 =1+ (=5x2) +(-5x%)% +(-5x%) (i) |-5x% <1 > |x|<l/s5

=1-5x7 +25x" —125x°

1 1 1 2 3 “4 5 6
B.) —=—=—{1-24Z 2T 4T T T Gi) 1x/2]<] o |x]|<2
24x 20+x2) 2| 2 4 8 16 32 64

44. (i) Use the geometric series to express the number l/(lO6 —1) as a decimal fraction. (ii) Show that

the decimal representation of 1/7 can be written as 14285’;’/(106 —1) (see Section 1.4)

(i) ; = 104,_6 =10'6[1“0*+10"1+|0“3+---]
10°-1 1-10
=10 41072 410" +107* + ...
= 0.000001-+0.000000 000001+ 0.000000 000000 000001 +
= 0.000001 000001 000001 ...
142857

(ii) of =i =142857x0.000001 000001 000001 ...

=0.142857 142857 142857 ... = %
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Solutions for Chapter 7 11

45.

The vibrational partition function of a harmonic oscillator is given by the series g, = Z e Mot
n=0

where @, = hv, [k is the vibrational temperature. Confirm that the series is a convergent geometric

series, and find its sum.

We have q, = i e*nfi“.f’]" - i (379\(”‘ )n o i o

n=0 n=0 n=0
Now 0,>0 and 7>0,sothat 6, /7>0.
o,/T

Therefore x=e" <l

and the geometric series is convergent, with sum

-1
g, =(1-5" =[1-e7]

Section 7.5

Examine the following series for convergence by

Comparison test

46.

47.

= 1

Inn

n=2

1 A .
We have Inn <n, = > n, and each term of the series is greater than the corresponding term of
nn

: ; = 1 = 1 e
the harmonic series. Therefore Z —_—> Z — . and the series diverges.

p=2 A o 1

“Inr
>
r=1 I

| - Inr &1 .
We have Inr <r, —— <—-. Therefore 2 =) = and the series converges.
r 1 =l T T

D’Alembert ratio test

48.

o a

s

o s+

% : +1 1 :
We have u, = = L [S—J x( } — 0 as s — o, and the series converges for all

s+ 5 s+2

values of a.
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Solutions for Chapter 7

w.’%
r=1
l - o
We have u, =—, Lo ; B (’—J — 1 as ¥ — o, and D’ Alembert’s ratio test fails (see
ru ur F4+
Exercise 50).

Cauchy integral test:

50. Y L

For a=1. the harmonic series diverges.

b IR
| : 1 =——ifa>1
Fora#l1. —,,d”: lim [————:| a-1

; b—ye0 ( o] l) La=1
’ a—1)y . ]
1| divergees ifa <1

The series therefore converges if @ > 1, divergesif a<1.

<

nlnn

S

Let x=Inn.

ol 1 : b Sl
Then [ dn= f — dx = lim [ln x] , and the series diverges.
L ninn h—ox In2

n2 X

Section 7.6

12

Find the radius of convergence of each of the following series:

Q0 m

X
52. e
m=0 4
1 1
Let Cm =F-‘ Con+l =4,,T|'
¢ A
Then R=—"-=4 and the series converges when | x| <4
c

m+l
53, Y (1Y
r=0
il =

Let ¢, =(-1)", c,,,=(-D"".

Then R = =

=1, and the series converges when x* <1, |x|<1
¢

r+l
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