Section 15.4

K

Confirm the relations (i) (15.33), (ii) (15.34) and (iii) (15.36).
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(i) J‘ smmvsinavde=0, m#n
h 4

We have sinmysinnay = [cos(m —n)x —cos(m+n ).\‘)]

1| —

t +n
; : I
Therefore J‘ sy sinnxdy = -y [cos(m —n}x—cos(m + n)r)]d.\'

- -

h

| sin{m—n)x  sin(m+n)x
n-— m+n

+a
} {intcgral 4 in Table 6.1)
m

But sin py=0 when p is an integer.

tn
Therefore J. stnmysinmdy =0

n
R
{ii) J- cos mysin ux dy =0, all m,n
n

cos mx is an even function of x, sinax is an odd function of v . The product cos mx sin ny

is therefore odd, and the integral is zero.

+n
(iii) j sinnysinnxdy=m if n>0
n

5 |
We have sin® ny = ;(1 —cos 2nx)

n +n
Therefore I sin” nx dy = -,l;-J‘ (1~ cos 2nx)dx

a = -R

+
= |:x—-l-sin 2:1.\} =m (integral 2 in Table 6.1)

2
2n .



8. A periodic function with period 2n is defined by

| if wg<x<%
S(x)=
0 if —E(f.\'lt:n

(i) Draw the graph of the function in the interval —-3x < ¥ < 3n . (ii) Find the Fourier scries of the

function [Hint: f(x) isan even function of x]. (iii) Use the scries to show that

[Hint: substitute a suitable value for x in the serics].
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(ii) The Fouricr series (15.37) is

20
a .
Tix)= T"+ Z (a, cos nx+h, sin ny)
|

In the present case, f(x) is an even function in the interval - < x < and only the even

trigonometric functions cosux contribute (all b, =0):
{Fouricr cosine scries)

. dy <
(x)=—+ ) a, cosny
ﬁ’ n

= n=l

2 ns
uﬂz—I dy =1
(

We have
T Ju
1 34 5 pR2
and a, =——I S(x) cosny dy = J‘ cos nx dx
Tdn T Jo
0 it' »r even
2| sinny b
= — =< 2fam if n=159..
xlon |,
=2/ i n=3,7,11..
.
1 21 cos. s3x : ¥
Then Ftx) = i cosr_c043\+c055r_cos7\+__A
2 = 1 3 5 7

(iif) Put x=0

Then

and
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9. A function with period 2m is defined by

f(x)=ux, -A<X<m

(i) Draw the graph of the function in the interval -3z < v < 3x . (ii) Find the Fouricer series of the

function. [Hint: f(x) is an odd function of x] (iii) Draw the graphs of the first four partial sums of

the series.

() Figure

(ii) Function f(x) is an odd function in the interval ~—s<v < and only the odd

trigonometric functions sinzx contribute to the Fourier series (all @, =0):

J(x)= i b, sin nx

n=l

l +n o]
We have b =— SxX)sinnvdy ==
n
T . T Jy

n

by

(Fourier sine series)

xsinnx dy

n

r "
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L3 4
J. cosnv dy
0
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2 X COSMY sinnx
=—q] = +
i { noo], [
- H j .n =
Then f(x)=2 smx  sin2y i sin 3x _sin 4x .
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10. A function with period 2r is defined by

9
Sly=x-, -nsx<n

(i) Draw the graph of the function in the interval —3n € x < 3n. (ii) Find the Fourier series of the

function. (iii) Use the series to show that
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rr—=Z~,~-=1«1'-l—+~l»-1»~~I——+
6 =l 1 4 9 16

3 Do n+l
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(i) Figure

] pme o

(ii) Function f(x) isan even function in the interval ~x < x <n and only the even
trigonometric functions cosnx contribute:

n X
fx)= "-,2 + ., cos ny

n=l

20, O
Then oy = J Xy =
T Jy 3

and, by parts (as in Example 6.11),

hl o
2 0" 1 4 —4/;:“ if » add
a4, == ] X" CoSnxdx ==—=cosnn= :
%Js n- +4/n*  if 1 even

2 s Y ;
Therefore f(r) _ I;—-_4 {COS.\ COS 2X v COS?.T COS:‘X o ]
3 4-
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(iii)) Put xy=mn: f(m =x =§-—+4|:I+—]‘-+3_11.+... ]

Put x=0: j‘(0)=0=£-,.4 |"L1+L,_Lﬂ+...
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