Solutions for Chapter 12

Section 12.2

1. Show that e™* and ¢ are particular solutions of the differential equation 3y"+4y -4y =0.

o dy -2 dzy ik
We have = o YP=2=2H=0y 5 Y="2 4=y
y = v ¥ 5 y

Therefore  3y"+4)' -4y :[12—8—4]y -0

Similarly y:e”f3 — y':gez"’g:gy N y"=iez""3=iy
3 9 9
and 3y"+4y'—4y:|::+§4:|y—0

2. Show that ¢’ and xe are particular solutions of the differential equation y"—6)'+9y=0.

Therefore " -6y"+9y=[9-18+9]y=0

y=xe 5 Y= +43x> o ) =6 +9xe™

Therefore y"—6y’+9y=0=|:6+9x—6—18x+9x:|e”=0

3. Show that cos2x and sin2x are particular solutions of the differential equation y"+4y=0.

y=cos2x — )'=-2sin2x — y"=-4cos2x=-4y

y'+4y=0:|:74+4:|y:0

and y=sin2x — y'=2cos2x — y"=-4sin2x=—4y

Y'+dy=0=[-4+4]y=0
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Solutions for Chapter 12

Write down the general solution of the differential equation in

4, Exercise 1: y=ae ™ +be®?

5. Exercise 2: y=ae’* +bxe’* = (a+bx)e*

6. Exercise 3: y=acos2x+bsin2x

Section 12.3

Find the general solutions of the differential equations:

7. y' -y -6y=0

The characteristic equation of the differential equation is
A2 —A-6=(A-3)(A+2)
=0 when A1=3 and A1=-2

Two particular solutions of the differential equation are therefore

3x 2x
3

n=e Va=e

and, because these functions are linearly independent, the general solution is

Yy=ontoy, = 61‘33" + ‘729—2"

8 2y"-8y'+3y=0

The characteristic equation is
+J64—
# =2+2.5

The general solution of the differential equation is therefore

(2+245)x (2-245)x _ g [c,ez‘ﬁ' +02872J§x]

y=ce +cye

24 -84+3=0 when A=

9. V-8 +l6y=0

The characteristic equation

A-8i+16=(A-4)> =0

has the double root 2 =4. Two particular solutions are therefore e** and xe*, and the general

solution is

Y(x) = (¢, + cyx)e™
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Solutions for Chapter 12

10, 4y"+12y+9y=0
The characteristic equation

427 4124 +9=(24+3)*
=0 when x=-3/2 (double root)

The general solution of the differential equation is therefore

y(x)=(¢ + %) e 32

1. y"+4y"+5y=0

.

The characteristic equation is

A2 +44+5=0

with roots A= %(-4 + /16— 20) =2+

The two particular solutions,

(—2+i)x (-2-i)x

nx)=e and y,(x)=e

are linearly independent, and the general solution is

(—2+i)x (-2-i)x

y(x)=ce +c,e

- e—Zx (c]e"" % CZE—M)
The equivalent trigonometric form is

Y(x) = e (acosx+ bsinx)
12. y"+3y"+5y=0
The characteristic equation
AP +34+5=0

has complex roots

A =%(—3 iJS‘—_M):—%t—\!-_l—li

2
Then  y(x)=e™7? [ae"’ﬁr/ 2 4 be T/ 2]

=e 2 [AcosJﬁx/2+BsinJl_lx/2]

© E Steiner 2008



Solutions for Chapter 12 8

d2y dy
200 —+—=—-2y=0; 0)=2, y>0asx— o
s y »(0) i

As in Exercise 13, the general solution is
Y(x)=ae* +be ™
The first boundary condition gives

y0)=2=a+b

The second condition requires that the solution go to zero as x goes to infinity. The function e >* has
q g g

this property but the function e* must be excluded. The condition therefore requires that we

set a=0.

Then b=2 and the solution of the boundary value problem is

y(x)=2e7

2

21. Solve ‘;—? +a’8=0 subject to the condition &(¢ +2n7) = 6(¢) .
1

The general solution of the differential equation is
O(t) = Ae'™ + Be™™™
Application of the cyclic boundary condition gives

A(t +2nr) = Ae'aU+InT) | p,—ia(t+2nr)

Aem'f e i2nar + Be—ia! ¢ e—i2mr

=6(r) when =277 _|

and the condition is satisfied when 2nar = 2n for integer n. Therefore, a = n/r and

9(0=Aer'm/r+8e—mr/r’ =l EL T s
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