Find the inverse of the matrix of the coefficients, and use it 1o solve the equations:

Let Ax =b where A =(4
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By l 3 = I /l 3
Then detA=14, A= - Al=—
-4 2 14{-4 2

Therefore, by equation (19.4),




{
l Find the eigenvalues and eigenvectors of the following matrices:

f2 2
4. A=t| 3J

The sccular equations are

(2-Apx + 2y =0
X + (3-4)p =0

The characteristic equation of A is

2-4 2
det(A-AD=0 — I [

T =Q2-00-=2=42 -
3_3’ (2-2)3-2) 5A4+4
=(A-1}A~-4)=0when i=14=4

The cigenvalues of A are therefore 4, =1, 4, =4, The corresponding eigenvectors are obtained

by solving the secular equations for cach value of A . Thus, using the first of the cquations,

.,
A=4 =1 (2-A4)x+2y=x+2y=0 = x=-2y —» xl:v( ;J

1
A=Ay =4 2-A)x+2p=-2x+2y=0 = yr=1 —» :3=_1'[J
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The sccular equations are

(3 —/i.).\' + At =0
x o+ (3-A)y =0

The characteristic cquation is

|3wz

= (3= )= = i =
l 3_).' G-y -1=(1-2)(1-4)

=0 when A=24A=4

Then 2A=/4=2: x+y=0 o y=-x - x1=x(

1
A= =4 -x+y=0 - y=x > xlz.r(]
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The secular equations are

N (-A)x +
(2) 2x
(3)

2y =0
+ (1-A)y =0
2y + (I-4): =

The characteristic equation of is

1-4 2

0 2

Then A=4=-1:

0
2 1-2 0 =(1-/1)[(1—,1)2~4]=(1—4)(,1+1)(;.ﬁ3)
-4
=0 when A =-1,+1,+3
(1
() 2x+2y=0 = y=-x
= x;=x -l
(3) 2y+2z=0 —» z=-y=x |
\
(0'\
M 2y=0 - y=0
~ X,=z|0
(2) 2x=0 — x=0 - U
Y,

1
- x;=x|1

(1) -2x+2y=0 — y=x }
1)

(3) 2v-2-=0 — z=y=x
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25. (1) Forthe matrix A = [] 3) of Exercise 7, construct the matrix X of the cigenfunctions of A,

and find its inverse, X '

(i) Calculate D= X""AX and confirm that D is the diagonal matrix of the cigenvalues of A.

By Excrcise 7, the cigenvalues and normalized cigenvectors of A are

i) aes ol

Y ) T ()
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By Exercise 8, the cigenvalues and (unnormalized) eigenvectors of A are

1 0 1
A==l x;=|~1; A=l x,=| 0] A =3 x;=| 1
| I |
1 0 1 1 -1 0
Then (i) X={-1 0 | x'=é-z 0 2
(I L1 o

| —

| -l OYI 2 01 o0 1
(i) X'AX==|=2 0 2§12 1 0] -1 0 1]
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