Trigonometric Identities

cos(a + b) = cosacosb — sinasinb cos(a — b) = cosacosb + sinasinb
sin(a + b) = sinacosb + cosasinb sin(a — b) = sinacosb — cosasinb
m . . T
cosla — =) =sma sinla+ — | =cosa
2 2
2 1 + cos 2a . 2 1 — cos 2a
COS O 75— SIN (1 = e—
2 2
2 .2 ) )
cos2a =cos"a—sin‘a sin2a = 2sinacosa
) T . X ™
cosa +sina = V2 cos(a - Z—) cosa +sina = V2sin(a + :1-)

. a ) 8
acosa+ fsina = y/a? + 2 cos(a — b), where cos b = ————— and sinb =

Jolt 3 Jar T 2
Complex Numbers
=x+iy T=x—1y Re(z) =z, Im(z) =y

z4+Z=2Re(z2)=2r 2-%=2ilm(z)=_2iy lz| = Vz - Z= /a2 + 2

zZ — 1Y
2-% L2+y

(2 # 0)

1
2= 2. T =2 + ¢ 2? = 2% — y? 4 2ixy - =
z

Triangle Inequality: If : and w are any complex numbers, then
|zt w] < z|+ |w| and ||z| - |w|| <]z £ w|

Euler’s Identity and Related Identities: If z is any real number, then
e'* =cosz+isinz e ¥ =cosz—isinx e ' = (e**) le*| =1

ra — 12 tx —12
€ +6 5 € =N o0 n mme .
COS I’ == cammemssrmsssessasmsn SIN T == eeeemmmsncn (cos nr 4+ 1sin n.r) = e = COS NI + 1sSIn N

2 2i
Polar Representation of Complex Numbers

vA

z=r(cosB+isin@)=re'®
z::a;-:—iy:re"g=r(cusﬁ+1'sin0) N T
relo= VETE 5 rsin®
x=rcosf, y=rsind 0 . e
Ok rcos® - X
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In 1D kennen we de Taylorontwikkeling van de functie f rond het punt a:

r —a 2
£(z) = @) + (2~ o)/ (@) + T2 pa) 4.

Vergelijk dit met de 2D- Taylorontwikkeling van de functie f(x,y) rond het punt
(a, b):

f(@,9) = f(a,b) + (z — a) g(a,b) + (y — b)5L (a, b)+

3{(z - 0P %h(,6) + (v - 2%k a,b) + 2o - a)y - b) 2 )+
a{n} +

3!

Verder herinneren we ons de gradient van een functie f(z,y):
of

gradszf:(gf )

dy

De Jacobiaan van een vectorfunctie (f)(x,y), fo(z,y)) wordt gegeven door de

2 X 2-matrix:
=\ opop |-
Jr Oy

De Hessiaan van een functie f(x,y) is gedefinieerd als de 2 x 2—matrix:

02 f
HZ(dawz Bmay )
s

De matrix H is symmetrisch, want

9% f B 02 f
0xdy  Oydx’

Een verband tussen H, J en V f wordt uitgewerkt in opgave N8 en luidt:

H = J(gradf).
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wheu:e, for al‘l w2 0

w)-—/ f(t) qosw'tdtr B(w) = ;;,_" b

otherwise.

Eg‘mapme that f is piecewise smooth on every finite intorval and thiit
|f(a:)|dzr < o0. Then f has the fol]owmg Foumer mtegral repre-

f(m) / (A(a;) cos WwT + B(w) amw;r] dw (~m < T < so),

The mbegml in (2) conve,,lges %:f (a) if fis (:onbimnms at m andtoﬂ%ﬂ

FOURIER
TRANSFORM 7

(—00 < w < 00)

INVERSE FOURIER
TRANSFORM f()

(—00 < z < 00).

The Fourier transform is a lingar opgoation; that is, for any mtegmble func-

tions f and g and any real numbers a and b,

Faf +bg) = aF(f) +bF(3).

f(z) — 0 as |z| - oo, then

F(F) =iwF(f).

as || — oo, fhen
F(f") = wF(f) = -w F(f).

integrable, then

F(IM) = (iw)"F(f).

(i) Suppose f (z) is ;mcc&;uéc smooth, f(z) and f'(x) are integrable, and |

(i) Ifin addision f”(z) is integrable, and f ‘(2:) is piecewise smooth aud — 0

(iii) In geveral, if f and f*)(z) (k=1,2, ..., n — 1) are piecewise smooth
and tend to 0 as |z| — od, ahd f and its derivatives of érder up to n age
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1. Common Integrals
Indefinite Integral

Method of substitution

| Fla(eng’(xidx = | fw)du

integration by parts

[ £0)g"(x)dx = 7(x)8 (0~ [ 80 f (R)dx
Integrals of Rational and Irrational Functions

x
Ix’dx:;‘-+i+c

Iidx=lnixi+c

jcdx=cx+c

1+x
f——l— =arcsinx+C
1-x
Integrals of Trigonometric Functions

fsinxdx=-cos x+C
Icosxdx=sinx+C

[tan xdx = In|sec x|+ C
[secxdx=Injtan x+sec+C

jsinz xdx= %(x—sinxcosxhc

j'cosiZ xdx = ;(x+sinxcosx)+c
Ilan’ xdx=tanx-x+C

Isec’ xdx=tanx+C

84

APPENDIX A: integratieformules
Integrals of Exponential and Logarithmic Functions

‘lnxdz=xlnx—x+C

xml
X loxdy==——In
n+l
Ie’ dx=¢"+C
b)
b dx=
I Ind
[sinl\xdx =coshx+C

+C

[eoshxdx:sinhxw



2. Integrals of Rational Functions

Integrals involving ax + b
j(ax+b)"dx=% (for nz-1)
jmibdx=£ln]m‘+b|

n, a(ntl)x-b a4+ b
[x(ax+b) dx-—az(n+l)(n+2)( +b)
a2 b

x b 1
I(m+b)2dx=a2(ax+b)+?ln|ax+b|
! x _ a(l-n)x-b
(ax+b)" az(n-l)(n—2)(ax+b)"-‘
] ** gL (m+b)2—2b(ax+b)+bzln|ax+b|]
ax+b a" 2

2

2
I x dx=— ax+b—2bln|ax+b|—-—£———]

(ax+b)’ @

2

J- X

(ax +b)"

'[(ax+b)3 dx:;—s— In|ax + B+

ax+b

b2

(fornz-1,n%-2)

(fornz-Lnz-2)

ax+b 2(ax+b)

|

@ n-3

1 1, jax+b
—dx ==l }—‘
J-J\'(tvwb) bl x

1
Ixz(ax+b)dx

j- 1

2 (ax+b)

1 a

= +—In

B

ax +b

n-2

X

1 2

1
=-a t—
lbz(a+xb) ab’x b’

Integrals involving ax? + bx + ¢

Ildx___l

farlx! < |a|

forx| > |d
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(ax+b)*" 2l +b)™" b (ax+b)™"

n-1

lﬂax+b”
X

] (forn#1,23)



2 2ax+b

arctan fordac-b* >0
Vaac-b? Jdac-b?
_ , 2
I_z—‘—_d‘: e lszb L l fordac-b* <0
a’+bx+c | b - dac |2ax+b+Jb’ 4ac|
2 Jordac-b*=0
| 2ax+b
]‘———-’5—-—-m=-'—m|ax’+bx+c|-—— B
ax® +bx+c 2a a? ar’ +bx +c¢
m 2 2an —bm 2ax +b 2
—In|ax® + bx + | + ———=artan———=for dac-b" >0
I Cl a\/4ac b? J4ac b2
mx+n m 2an—bm
—————dy = { —Injax? + b. h -b?
!axz +bx+c 2a lax + x+c|+mm T;imforMC <0
_l_ﬂ_ 2 _ 2an - bm i -
L2alnla.:: +bx+c| _———a(Za.t+b) Jor dac-b° =0
1 b= 2ax +b (2n-3)2a 1

(ax2+bx+c)” —(n—l)(4ac—-b2)(mtz+bx+c)ml (n—l)(4ac—b2) (a:rz+bx+c)"—|
;_2l_ml.,,_§’__+9_ B S
2c |ax® +bx+c| 2’ ax® +bx+c

x(ax +bx+c)
3. Integrals of Exponential Functions

x e”
Jxe dx::‘—z—(cx—l)

c

2
2 a X 2 2]
x‘e“dx=e"| —- =
I [ e c3

Ixnecrdx= e ”j‘xn—l X gy

c

j—dx-| |« + ‘2 = ”

e* Inxdx = -e In|x|+ E; (cx)

Ie“ sin bxdx = ze " (csinbx —bcosbx)
¢+

Ie’“ cos bxdx = > (ccosbx + bsin bx)

(:2 +b?

-l
£—;s—l—"——z—{(csinx—m:osbx)+ )I  sin" 2 dx
ct+n A +n?

Ie" sin” xdx =

86



5. Integrals of Trig. Functions
Isinxdx:-—cosx

Icosxdx: sinx
Jsin’ xdx = i—lsin 2x
2 4
Icos’ xdx =£+—l-sin2x
2
Jsin’ chx-—-%cos3 X—CO8X

Ioos’ xdx =sinx— %sin’ X

I—jixdx':ln lani'
sinx 2

j e .\:dx:lntxm(£+£
cos X 2 4
I ——Xdv = —cotx

sin® x

j' 5— Xdx = tanx

cos x

dx cosx 1
j - :———;—-2—+—In
sin” x 2sinx 2

X
tan
e

dx sinx | l (x ir}l
j......_.__.-- injtan] — +—
2 4

- +—

cos’x 2cos’x 2
Isinxoosxdr:—%oost
J‘sin2 xcos xdx = lsin3 x

3
Isin.u:os2 xdx = —%cos3 X
jsin’ xcos? xde == - —l——sin 4x
8 32

jtanxdr = --ln|cos.r|

Ism}x de= 1

cos’ x COSX

-2
Ism xdx:ln l:m{£+£ —sinx
CcOos X 2 4,

J‘lzm2 xdx=tanx-x

Imtxdx: lnlsinxl

cosX
[E8E g
sin® x sinx
2
cos” x X
j’ ——dx = In|tan =]+ cosx
sin x 2

Icot’ xdx =—cotx —x

dx
f—E— = ntanx]
sin Xcos X
I - 2dx =- ,l +Intan[£+£
sin® xcos x sin x 2 4
I - & —= ! +In umf-'
sinxcos‘x cosx 2
jf%: tanx—cot x
sin” xcos” x
inlma .
[sinmcsinmkc= et s o LI
Ym+n) 2(m—n)
jsinnnantﬂit: oos(m+n)x  cos(m—n)x ot o
Am+n)  2Am-n)
jousnumsmk:m(m‘mjx Se(m—n)x nf £n’
2Am+n)  2(m-n)
a+l
J'simrcos"J(dflr:—';os u
n+li
o n+l
j‘sin'l xcosxdt:sm !
n+l

Iarcsinxdx =xarcsinx+Jl— x?
Iarccosxdx = xarccos x — V1 — x*

Iarclanxd.r: xarctan x—-;—ln(x2 +|)

Iarccotxdr =xarcc0tx+%ln(x’ + l)



