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Basic thoughts (”motivation”)

positive integers : 1, 2, 3, ... ⇒ negative integers : ...,−3,−2,−1

?!? ⇝
√
2
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PANTER [1]
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Fractional-order PDEs: applications [1]

• Hydrology (non-Fickian laws)

• Finance (Lévy-flights, non-Markovian models)

• Non-Brownian motions

• Super- and Sub-diffusion (anomalous transport)

• Visco-elasticity

• Rheology

• Electro-physiology of the heart
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Applications [2]
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Applications [3]
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Applications [4]
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Applications [5]: the tautochrone curve
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The tautochrone: Abel’s mechanical problem

Abel, 1823 (integral equation)

1

Γ(α)

∫ x

0

y(s)

(x − s)1−α
ds = h(x), 0 < α < 1

⇒
y(x) =

1

Γ(1− α)

d

dx

∫ x

0

h(s)

(x − s)α
ds = Dα

RLh(x)

⇝ see later
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Fourier’s definition of a fractional derivative

Fourier (1822):

f (x) =
1

2π

∫ ∫
R2

f (γ) cos(p(x − γ)) dp dγ

⇒

dnf

dxn
(x) =

1

2π

∫ ∫
R2

f (γ)pn cos(p(x − γ) +
nπ

2
) dp dγ, n ∈ N

⇝

dαf

dxα
(x) =

1

2π

∫ ∫
R2

f (γ)pα cos(p(x − γ) +
απ

2
) dp dγ, α ∈ R
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Brownian motions vs Lévy flights [1]

” limN→∞ ” ⇒ ∂2

∂x2
” limN→∞ ” ⇒ −(− ∂2

∂x2
)α/2
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Brownian motions vs Lévy flights [2]

Taken from Hanert [2012]
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Brownian motions vs Lévy flights [3]

α ≈ 2? vs α ≈ 1.5?
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Reaction-diffusion vs fractional reaction-diffusion
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The Gamma-function Γ(x) [1]
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The Gamma-function Γ(x) [2]

Euler 1730, Legendre 1809 Γ(x), Gauss Π(x):

Γ(x) :=

∫ ∞

0
tx−1e−t dt =

∫ 1

0
[− ln(t)]x−1dt, x > 0

satisfies the functional equation:

f (x + 1) = x f (x), f (1) = 1, x > 0

⇓

Γ(1) = 1, Γ(n + 1) = nΓ(n) = n(n − 1)Γ(n − 1) = ... = n!
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The Gamma-function Γ(x) [3]
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The Gamma-function Γ(x) [4]

The function Γ(x) is not the unique solution of the functional
equation. Other solutions are, e.g.:

cos(2mπx)Γ(x), m ∈ N
H(x) = 1

Γ(1−x)
d
dx ln(

Γ( 1
2
− 1

2
x)

Γ(1− 1
2
x)
) Hadamard (1894)

L(x) = ... Luschny (2006)
etcetera...

The Bohr-Mollerup theorem (1922): the Gamma function Γ(x) is
the unique solution of the functional equation, if we also demand
that f (x) is logarithmically convex.
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Mittag-Leffler function [1]

The Mittag-Leffler function:

Eα(z) =
∞∑
k=0

zk

Γ(αk + 1)
, α ∈ C, Re(α) > 0,

A generalization with two parameters:

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
, α, β ∈ C, Re(α) > 0, Re(β) > 0.

Note that: E1,1(z) = ez .
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Mittag-Leffler function [2]

The solution of the fractional differential equation{ Dα
t u(t) = −λu(t), 0 < α ≤ 1

u(0) = u0

reads
u(t) = u0 Eα(−λtα)
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Mittag-Leffler function [3]
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A mysterious ”contradiction”(?)

1)

y(x) = xk ⇒ dny
dxn = k!

(k−n)!x
k−n = Γ(k+1)

Γ(k−n+1)x
k−n , k ≥ n

⇝ dαy
dxα = Γ(k+1)

Γ(k−α+1)x
k−α , k ≥ α ∈ R≥0

2)

y(x) = ex ⇒ dny
dxn = ex ⇝ dαy

dxα = ex =
∑∞

k=0
xk

k! =∑∞
k=0

xk

Γ(k+1) , α ∈ R≥0 [⋆]; BUT , on the other hand:

y(x) = ex =
∑∞

k=0
xk

k! ⇒
dny
dxn =

∑∞
k=0

1
k!

k!
(k−n)!x

k−n =
∑∞

k=0
xk−n

(k−n)!∑∞
k=0

xk−n

Γ(k−n+1) , ⇝
dαy
dxα =

∑∞
k=0

xk−α

Γ(k−α+1) ̸=[⋆] !?!
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Cauchy-formula for repeated integration

J 0f (x) = f (x)

J 1f (x) =
∫ x
−∞ f (s) ds

J 2f (x) =
∫ x
−∞ J 1f (s) ds

.......

J nf (x) =
∫ x
−∞ J n−1f (s) ds

for f ∈ S̃(R), i.e. P(x)dk f
dxk

→ 0 if x → −∞
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Fractional integral of order α ≥ 0

I nf (x) :=
1

(n − 1)!

∫ x

−∞
(x − s)n−1f (s) ds n! = Γ(n + 1) for n ∈ N

It can be shown that: J nf = I nf , n ∈ N.

Define for α ∈ R≥0 : J αf (x) :=
1

Γ(α)

∫ x

−∞

f (s)

(x − s)1−α
ds

Property: { J αJ β = J βJ α = J α+β ∀α, β ≥ 0
J 0 = I

(”the semi-group property of fractional differ-integral operators”)
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Fractional derivative of order α < m

α ∈ R≥0 : J αf (x) :=
1

Γ(α)

∫ x

−∞

f (s)

(x − s)1−α
ds

Define the ”fractional”-derivative:

Dαf (x) := Jm−α(
dm

dxm
f (x)), m > α, f ∈ S̃(R)
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”Consistency” of the fractional-derivative

Jm−αf (x) = 1
Γ(m−α)

∫ x
−∞

f (s)
(x−s)1+α−m ds, m > α, f ∈ S̃(R)

= χm−α
+ ∗ f (x), where χm−α

+ (x) := 1
Γ(m−α)x

m−α−1H(x)

Dk f = Jm−k( dm

dxm f ), m > k

= χm−k
+ ∗ ( dm

dxm f )

= dk

dxk
[( dm−k

dxm−k χ
m−k
+ ) ∗ f ]

= dk

dxk
[δ ∗ f ]

= dk

dxk
f
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Fractional derivatives: Caputo & Riemann-Liouville

The ”Caputo”-derivative:

Dα
C f (x) := Jm−α

0 (
dm

dxm
f (x)), x > 0

and the ”Riemann-Liouville-derivative”:

Dα
RLf (x) :=

dm

dxm
(Jm−α

0 (f (x))), x > 0

Here: J α
0 f (x) := 1

Γ(α)

∫ x
0 (x − s)α−1f (s) ds, x > 0

Note: Dα
C (constant) = 0 & Dα

RL(constant) ∼ x−α ̸= 0
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”Consistency” of Caputo-derivative

For f ∈ Cm+1([0, L]), ∀L > 0:

Dα
C f (x) =

= 1
Γ(m−α)

∫ x
0

f (m)(s)

(x−s)1−(m−α) ds

= 1
Γ(m−α){−

(x−s)m−α

m−α f (m)(s)|s=x
s=0 +

∫ x
0

(x−s)m−α

m−α f (m+1)(s)ds}
= 1

Γ(m−α+1){0 + xm−αf (m)(0) +
∫ x
0 (x − s)m−αf (m+1)(s)ds}

(take limit: α ∈ R → m ∈ N)

= 1
Γ(1){f

(m)(0) +
∫ x
0 f (m+1)(s)ds}

= f (m)(0) + f (m)(x)− f (m)(0) = dmf
dxm (x)
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”Caputo” vs ”Riemann-Liouville” [1]

(Luchko & Gorenflo, 1999, th.2.3, p.213)

Let f ∈ L1([0,∞)) ∩ Cm([0,∞)) and m − 1 < α ≤ m for some
m ∈ N. Then:

Dα
RLf (x) = Dα

C f (x) +
m−1∑
k=0

f (k)(0+)

Γ(1 + k − α)
xk−α (x > 0)

Notation: f (k)(0+) = limx↓0 f
(k)(x)

Corollary: if f (k)(0+) = 0, k = 0, 1, ...,m − 1, then Dα
RL = Dα

C
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”Caputo” vs ”Riemann-Liouville” [2]
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Grünwald-Letnikov-definition [1]

f ′(x) = limh→0
f (x+h)−f (x)

h

f ′′(x) = limh1→0

limh2→0
f (x+h1+h2)−f (x+h1)

h2
−limh2→0

f (x+h2)−f (x)
h2

h1

Take h = h1 = h2 ⇒ f ′′(x) = limh→0
f (x+2h)−2f (x+h)+f (x)

h2

By induction:

f (n)(x) = lim
h→0

1

hn

n∑
m=0

(−1)m
(

n
m

)
f (x −mh), n ∈ N
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Grünwald-Letnikov-definition [2]

f (n)(x) = lim
h→0

1

hn

n∑
m=0

(−1)m
(

n
m

)
f (x −mh), n ∈ N

Note:

(
n
m

)
= n!

m!(n−m)! , replace ”!”-terms by ”Γ”-values

Define: Dα
GLf (x) = lim

h→0

1

hα

⌈α⌉∑
m=0

(−1)m
Γ(α+ 1)

m!Γ(α−m + 1)
f (x −mh)

Podlubny, 1999:

f ∈ Cm+1
0− (R≥0) := {f ∈ Cm+1([0,∞)) & f (x) = 0 for x ≤ 0}
⇒ Dα

GLf (x) = Dα
RLf (x) = Dα

C f (x) = Dαf (x)
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The fractional Laplacian

For 0 ≤ α ≤ 2, in one dimension:

−(−∆)
α
2 u(x) := α

2α−1Γ(12 + α
2 )√

πΓ(1− α
2 )

∫ ∞

−∞

u(x)− u(x + y)

|y |1+α
dy

Theorem (α ̸= 1):

−(−∆)
α
2 u(x) =

∂αu(x)

∂|x |α
= − 1

2 cos(πα2 )
[Dα

Leftu(x) +Dα
Rightu(x)]

α = 2: −(−∆)
α
2 = ∂2

∂x2

α = 1: −(−∆)
α
2 ̸= ± ∂

∂x

α = 0: −(−∆)
α
2 = −I

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Introduction Scientific Computing



The left space-fractional heat equation: α-variation
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A uniform discretization for Dα
L

For 1 < α < 2:

Dα
Lu|xi
= 1

Γ(2−α)

∫ xi
0

u′′(s)
(xi−s)α−1 ds

≈ 1
Γ(3−α)

∑i−1
j=1{x

2−α
j+1 − x2−α

j }ui−j+1−2ui−j+ui−j−1

h2

= 1
Γ(3−α)

∑i−1
j=1{

j2−α−(j−1)2−α

h2−α }{ui−j+1−2ui−j+ui−j−1

h2
}

= 1
Γ(3−α)hα

∑i−1
j=1{j2−α − (j − 1)2−α}{ui−j+1 − 2ui−j + ui−j−1}
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Left-fractional heat equation

∂
∂t u(x , t) = Dα

Leftu(x , t) α = 1.25, 1.5, 1.75
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Right-fractional heat equation

∂
∂t u(x , t) = Dα

Rightu(x , t) α = 1.25, 1.5, 1.75
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Space-fractional heat equation

∂
∂t u(x , t) = −(−∆)

α
2 u(x , t) α = 1.25, 1.5, 1.75, 1.99
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Left-fractional heat equation: limα→1; curvature monitor
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Left-fractional Fisher PDE

∂
∂t u(x , t) = δ Dα

Leftu(x , t) + γ u(x , t)(1− u(x , t)) α = 1.5
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Right-fractional Fisher PDE

∂
∂t u(x , t) = δ Dα

Rightu(x , t) + γ u(x , t)(1− u(x , t)) α = 1.5
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Space-fractional Fisher PDE

∂
∂t u(x , t) = −δ (−∆)

α
2 u(x , t) + γ u(x , t)(1− u(x , t)) α = 1.5

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Introduction Scientific Computing



The case α = 1 [1]

V for α = 1:

(−∆)
α
2 = (−∆)

1
2 = H(

∂

∂x
),

where the Hilbert transform1 H is defined by

[Hu](x) = u(x) ⋆
1

πx
=

1

π
p.v .

∫ ∞

−∞

u(y)

x − y
dy

and

p.v .

∫ a

−a
f (x) dx = lim

ϵ→0+
[

∫ −ϵ

−a
f (x) dx +

∫ a

ϵ
f (x) dx ]

1used in signal processing
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The case α = 1 [2]

⇒ p.v .

∫ ∞

−∞

1

x
dx = lim

ϵ→0
[

∫ −ϵ

−∞

1

x
dx +

∫ ∞

ϵ

1

x
dx ] = 0

Properties of H:

V H2 = −I, H4 = F4 = I, H−1 = H3

V H◦ ∂

∂x
=

∂

∂x
◦H, H(f g) = f H(g)

V ⟨f ,Hf ⟩L2(R) = 0, ||f ||L2(R) = ||F f ||L2(R) = ||Hf ||L2(R)

V H(cos(x)) = sin(x), H(sinc)(x) =
πt

2
sinc2(

x

2
), ...

V etcetera....
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