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Overview

Symplectic geometry originated from classical mechanics, where the
canonical symplectic form on phase space appears in Hamilton’s equa-
tion. Classical mechanics describes mechanical systems such as New-
ton’s cradle and the yoyo.
Symplectic geometry is related to:

• Poisson geometry
• dynamical systems
• algebraic geometry (holomorphic curves, Gromov-Witten in-

variants)
• string theory
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Some highlights of symplectic geometry

Preliminaries from multilinear algebra and differential
geometry

Symplectic geometry is the theory of symplectic forms on smooth man-
ifolds. A form on a manifold M is a collection of forms, one on each
tangent space of M . In order to define symplectic forms and work
with them, we need the following notions from multilinear algebra
and differential geometry. Let V be a vector space, k ∈ N0, and
ω : V × · · · × V → R a k-linear map. (ω is linear in every argument.)
We call ω skewsymmetric (i.e., alternating), iff

ω(v1, . . . , vk) = sign(σ)ω(vσ(1), . . . , vσ(k),∀σ ∈ Sk, v1, . . . , vk ∈ V.
(σ= permutation of {1, . . . , k}) We call such an ω an (alternating mul-
tilinear) k-form on V . We define the wedge product of a k-form ω and
an `-form η on V to be the (k + `)-form ω ∧ η defined by

ω∧η(v1, . . . , vk+`) :=
1

k!`!

∑
σ∈Sk

sign(σ)ω
(
vσ(1), . . . , vσ(k)

)
η
(
vσ(k+1), . . . , vσ(k+`)

)
.

• A 0-form (on V ) is a number ω ∈ R.
• A 1-form is a linear map ω : V → R, i.e., a covector.
• A 2-form is a bilinear map ω : V × V → R, such that

ω(v, w) = −ω(w, v).

• If α, β are 1-forms then

α ∧ β(v, w) = α(v)β(w)− α(w)β(v).

We call a bilinear map ω : V × V → R nondegenerate iff

ω(v, w) = 0, ∀w ∈ V =⇒ v = 0.

Examples. • Every inner product on a vector space is nondegen-
erate. Example: the standard inner product on Rn,

〈v, w〉 :=
n∑
i=1

viwi.

• The map

ω : R2n × R2n → R, ω(v, w) :=
n∑
i=1

(
v2i−1w2i − v2iw

2i−1
)

is skew-symmetric and nondegenerate. Here I use lower even
indices and upper odd indices. We will see the reason for this
later. (upper index: vector, lower index: covector)

definition of a manifold: Intuitively, a manifold is a space that
locally looks like coordinate space Rn. To make this rigorous, let M be
a set and n ∈ N0 = N ∪ {0}. A smooth atlas on M of dimension n is a
set A consisting of pairs (U,ϕ), where U ⊆ M and ϕ : U → Rn, such
that, for every (U,ϕ), (U ′, ϕ′) ∈ A:
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Some highlights of symplectic geometry

• ϕ(U ∩ U ′) is open,
• ⋃

(U,ϕ)∈A

U = M,

• the map

(1) χϕ′,ϕ := ϕ′ ◦ ϕ−1 : ϕ(U ∩ U ′) ⊆ Rn → ϕ′(U ∩ U ′) ⊆ Rn

is smooth, i.e., C∞ (infinitely often differentiable).

We call the elements (U,ϕ) of A charts and the map (1) the transition
map between ϕ and ϕ′. We call ϕ and ϕ′ (smoothly) compatible iff their
transition map is smooth.

picture manifold, charts, transition map

Definition. A smooth manifold is a set M together with an atlas A
that is maximal, such that the topology on M induced by A is second
countable and Hausdorff. (Technical conditions, not important here.)
Here maximality means that every atlas containing A equals A.

Example. M := Rn, A := set of all charts that are (smoothly) com-
patible with the chart ϕ := id : Rn → Rn.

Example. For n ∈ N the sphere

Sn−1 :=
{
x ∈ Rn

∣∣ ‖x‖ = 1
}

is naturally a manifold: Stereographic projection from the north and
the south poles provides two charts for an atlas for Sn−1. (See Assign-
ment.)

picture stereographic projection

Intuitively, if M is a submanifold of some coordinate space Rm then
the tangent space of M at x consists of all vectors that touch M as
c© Fabian Ziltener 3
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nicely as possible. (They don’t stick out.)

picture tangent space of submanifold of Rm

For an abstract manifold the tangent space at x consists of equivalence
classes of vectors in charts. To make this rigorous, let M be a manifold
of dimension n, x ∈ M , let (U,ϕ), (U ′, ϕ′) ∈ A, such that x ∈ U ∩ U ′,
and w,w′ ∈ Rn. We say that (ϕ,w) and (ϕ′, w′) are equivalent iff

dχϕ′,ϕ(ϕ(x))w = w′

(i.e., w and w′ correspond to each other under the transition map for
ϕ, ϕ′). The tangent space TxM of M at x is defined to be the set of
equivalence classes of pairs (U,ϕ,w). (Assignment: calculate the tan-
gent spaces to the sphere Sn−1. Show that the abstract definition of
the tangent space agrees with the concrete one for submanifolds of co-
ordinate space.)

Let (M,A), (M ′,A′) be manifolds of dimensions n, n′, f ∈ C(M,M ′),
and x ∈ M . We call f differentiable at x iff there is a pair of charts
(U,ϕ) ∈ A, (U ′, ϕ′), such that x ∈ U , f(x) ∈ U ′, and the map

(2) ϕ′ ◦ f ◦ ϕ−1 : ϕ
(
U ∩ f−1(U ′)

)
⊆ Rn → Rn′

is differentiable in ϕ(x). (In this case (2) holds for any such pair.) In
this case we define the derivative of f at x to be the map

df(x) : TxM → Tf(x)M
′, df(x)v :=

[
ϕ′, d

(
ϕ′ ◦ f ◦ ϕ−1

)
(ϕ(x))w

]
,

where w ∈ Rn is the unique vector satisfying [ϕ,w] = v. We say that f
is Ck iff (2) is Ck for every pair of charts. We call f a diffeomorphism iff
it is C∞ and bijective, and f−1 is C∞. A (differential) k-form on M is
a collection of skewsymmetric k-linear maps ωx : TxM ×· · ·TxM → R,
one for each x ∈M , such that ωx varies smoothly with x.

picture surface, point, two tangent vectors
c© Fabian Ziltener 4
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Remark. A 0-form is the same as a smooth function from M to R.

We denote by Ωk(M) the set of all k-forms on M . This is naturally a
vector space. The exterior derivative (or differential) is defined to be
the unique R-linear map

d : Ωk(M)→ Ωk+1(M),

such that:

(1) If ω = f is a function then df= the derivative (or differential)
of f .

(2) d(df) = 0 for every smooth function f . (The differential squares
to zero on functions.)

(3) d(ω ∧ η) = (dω) ∧ η + (−1)kω ∧ dη, for every ω ∈ Ωk(M),
η ∈ Ω`(M). (Leibniz rule)

Remark. d(dω) = 0 for every form ω of any degree.

We call ω closed iff dω = 0.

Remark. Let ω ∈ Ωk(M) and
(
U,ϕ = x = (x1, . . . , xn)

)
∈ A. (x1, . . . , xn=local

coordinates) There are unique functions ωi1...ik : U → R (for i1 < . . . <
ik), such that

ω =
∑

i1<···<ik

ωi1...ikdx
i1 ∧ dxik .

(This means that

ωy =
∑

i1<···<ik

ωi1...ik(y)dxi1(y) ∧ dxik(y).

1, 2, 3 imply that

dω =
∑

i1<···<ik

dωi1...ik ∧ dxi1 ∧ dxik .

Example: k = 1 then

dω =
n∑
i=1

dωi ∧ dxi.

Example: k = 2 then

dω =
∑
i<j

dωij ∧ dxi ∧ dxj.

When discussing mechanical systems, we will also need the following:
Let M be a (smooth) manifold. A (smooth) time-dependent vector
field on M is a smooth map

X : I ×M → TM,

where I is an interval, such that π ◦ X = pr2, where π : TM → M
denotes the projection given by π(x, v) := x. We write X = (Xt)t∈I .
Let X be such a vector field, and assume that 0 ∈ I. For every x0 ∈M
c© Fabian Ziltener 5
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we define Ix0 to be maximal interval containing 0, such that there
exists a differentiable solution x : Ix0 →M of the ordinary differential
equation

(3) ẋ(t) =
d

dt
x(t) = Xt ◦ x(t), ∀t ∈ Ix0 , x(0) = x0.

We define
D(X) :=

{
(t1, x0)

∣∣x0 ∈M, t1 ∈ Ix0
}
,

ϕX : D(X)→M, ϕX(t1, x0) := x(t1),

where x : Ix0 →M is the unique differentiable solution of (3). We call
the pair (D(X), ϕX) the flow of X.

picture flow of a vector field

We write ϕtX := ϕX(t, ·).

c© Fabian Ziltener 6
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Symplectic forms

Definition. A symplectic form on M is a closed and nondegenerate
two-form ω on M . (ωx is nondegenerate for every x ∈ M .) The pair
(M,ω) is called a symplectic manifold.

Examples (of symplectic forms, see Assignment). • coordinate space

M := R2n

with the standard symplectic form ω0, given by

(ω0)x(v, w) :=
n∑
i=1

(
v2i−1w2i − v2iw

2i−1
)

For n = 1 this is the standard area form (or volume form) on
R2. We denote by q1, p1, . . . , q

n, pn the standard coordinates on
R2n. Then

ω0 =
n∑
i=1

dqi ∧ dpi.

• orientable surfaces in R3

picture surface

• Let X be a manifold. The tangent bundle is the collection of
tangent spaces TqX (q ∈ X). It is a smooth vector bundle over
X. The cotangent bundle is the dual bundle T ∗X. It consists
of pairs (q, p), where q ∈ X and p ∈ (TqX)∗ = Lin(TqX,R).

picture cotangent bundle of a curve

We denote by
π : T ∗X → X

the canonical projection from the cotangent bundle to its base.
The canonical 1-form (or Liouville 1-form) λcan := λcanX on T ∗X

c© Fabian Ziltener 7
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is defined by

λcan(q,p)(v) := p
(
dπ(q, p)v

)
.

(p ∈ T ∗qX is a covector). Here we use the definition of the
derivative of a map between manifolds (T ∗X and X) in terms
of local charts. We define the canonical 2-form ωcan := ωcanX on
M := T ∗X to be

ωcan := −dλcan.
This is a symplectic form.
• complex projective space CPn−1.

picture lines in C2

The symplectic form on CPn−1 arises from symplectic reduc-
tion. This corresponds to reduction of the degrees of freedom in
classical mechanics. This goes beyond the scope of this intro-
ductory lecture.

Note: CP1 is diffeomorphic to the sphere S2, i.e., there ex-
ists a bijective smooth map from CP1 to S2 whose inverse is
smooth.

Every symplectic manifold (M,ω) is even-dimensional. This follows
from linear algebra. We denote

2n := dimM.

The form
ω∧n = ω ∧ · · · ∧ ω

is a volume form, i.e., a top degree (2n-)form that does not vanish
anywhere. (See Assignment for the case (M,ω) := (R2n, ω0).) Hence
it induces an orientation on M . Thus every symplectic manifold is ori-
entable.

Symplectic forms are sisters of Riemannian metrics, in the sense that
pointwise they are skew-symmetric forms, whereas metrics are sym-
metric. The closedness condition is analogous to the condition that
the metric is flat.

c© Fabian Ziltener 8
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Figure 1. Sir Isaac Newton, 1642 - 1726, English physi-
cist and mathematician.

Origin of symplectic geometry: classical mechanics

Consider a nonrelativistic point particle in Rn.

m := its mass

q := its position

p := its momentum = mv, where v = its velocity

F := force exerted on particle

t := time

Newton’s second law:

ṗ =
d

dt
p = ma = F.

Assume that the force is conservative, i.e., there exists U : Rn → R:

F = −∇U.
(U= potential energy) Equations of motion:

q̇ =
p

m
,(4)

ṗ = −∇U.(5)

We write

x :=
(
q1, p1, . . . , q

n, pn
)
∈ R2n.

We define the Hamiltonian function

H : R2n → R, H(x) :=
|p|2

2m
+ U(q).

c© Fabian Ziltener 9
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Figure 2. William Rowan Hamilton, 1805 - 1865, Irish
physicist, astronomer, and mathematician.

(nonrelativistic kinetic energy plus potential energy) Newton’s equa-
tions of motion (4,5) are equivalent to Hamilton’s equation:

(6) ω0(ẋ, ·) = dH(x),

since

ω0(ẋ, ·) =
n∑
i=1

(
q̇idpi − ṗidqi

)
,

dH =
n∑
i=1

(
∂qiHdq

i + ∂piHdpi
)
.

Here the standard symplectic form ω0 occurs. This is the origin of
symplectic geometry.

Example (harmonic oscillator, Assignment).

m = 1, U(q) =
|q|2

2

=⇒ H(x) =
|x|2

2
,

ẋ = −ix, x(t) = e−itx(0) ∈ Cn = R2n.

This mechanical system is called the harmonic oscillator. It corre-
sponds to an ideal spring.

picture motion on a circle in phase space
c© Fabian Ziltener 10



Some highlights of symplectic geometry

A general mechanical system can be described by Hamilton’s equation
for a path in phase space.

Phase space is the cotangent bundle of configuration space.

c© Fabian Ziltener 11
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Some highlights of symplectic geometry

1. highlight: fixed points of Hamiltonian diffeomorphisms.
Consider a symplectic manifold (M,ω) and a map ϕ : M →M .

Question. How many fixed points does ϕ at least have?

Question. What if ϕ is a symplectomorphism?

Example (torus, Assignment). For n ∈ N the torus T2n := (R/Z)2n :=
(R/Z) × · · · (R/Z) carries a natural manifold structure and a natural
symplectic form. For every a ∈ R/Z the map

ϕ : T2n → T2n, ϕ
(
x1, y1, . . . , x

n, yn
)

:=
(
x1 + a, y1, . . . , x

n, yn
)

is a symplectomorphism. If a 6∈ Z then ϕ does not have any fixed points.

picture translation of torus

Let us consider a special sort of symplectomorphisms, namely Hamil-
tonian diffeomorphisms. They arise in mechanics as the time-1-evolutions
of mechanical systems. They are defined as follows.

Definition For a smooth function F : M → R the Hamiltonian vector
field XF is defined by

(7) ω(XF , ·) = dF.

For a function
H : [0, 1]×M → R

the Hamiltonian flow (ϕtH)t∈[0,1] is the flow of(
XH(t,·)

)
t∈[0,1]

.

A map ϕ : M → M is called a Hamiltonian diffeomorphism iff there
exists an H, such that ϕtH is a diffeomorphism of M for every t, and
ϕ = ϕ1

H .

Remark. For every x0 ∈M the path

x : [0, 1]→M, x(t) := ϕtH(x0),

solves Hamilton’s equation (6) (p. 10) with initial condition x(0) = x0,
with ω0 replaced by ω. This follows from (7). Hence in the case in which
M is a cotangent bundle a Hamiltonian diffeomorphism describes the
time-1-evolution of a mechanical system. (Example T ∗Rn = R2n.)
c© Fabian Ziltener 12
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Figure 3. Vladimir Arnold, 1937-2010, Russian math-
ematician.

Examples (of Hamiltonian flows, Assignment).

M := R2n = Cn, H(t, x) :=
|x|2

2
=

1

2

(
|p|2 + |q|2

)
,

=⇒ ϕtH(x) = e−itx.

M := S2 ⊆ R3, H(t, x) := x3,

=⇒ ϕtH(x) =
(
Rt(x1, x2), x3

)
.

In 1965 Vladimir Arnol’d formulated the following conjecture. Let
(M,ω) be a closed symplectic manifold. (Closedness means that M is
compact and ∂M = ∅.) We define

CritM := min
{

# Crit f
∣∣ f ∈ C∞(M,R)

}
,

(CritM := is the minimal number of critical points of a smooth func-
tion f : M → R.)

Conjecture 1 (Arnol’d, 1965). Every Hamiltonian diffeomorphism of
M has at least CritM fixed points.

Example. For n ∈ N we have

CritSn = 2.

Remarks. • physical motivation for fixed points: If ϕ is the Hamil-
tonian time-1-flow of a function H that is 1-periodic in time
then the fixed points of ϕ correspond to periodic orbits of the
mechanical system with Hamiltonian H, see Assignment. Such
periodic orbits are for example important in celestial mechanics.

c© Fabian Ziltener 13
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• conjectured statement sharp for S2

picture S2, height function, rotation

• In this case the conjecture was proved by C. P. Simon and
N. Nikishin, both in 1974.
• motivation for conjecture: If ϕ is generated by a time-independent

function H then every critical point of H is a fixed point of ϕ1
H .

Why?
• The Arnol’d conjecture has been a driving force in symplectic

geometry.
• To prove a version of the conjecture in many cases, Floer

defined a homology whose generators are the fixed points of
the Hamiltonian diffeomorphism. (Andreas Floer, 1956-1991,
German mathematician) The boundary operator counts solu-
tions of Floer’s equation, which is a perturbation of the Cauchy-
Riemann equations.
• Floer homology has become a standard technique in symplectic

geometry.
• The conjecture is still open, but a nondegenerate homological

version has been proved.

In particular (1. highlight):

Theorem 2 (K. Fukaya-K. Ono, G. Liu-G. Tian, fixed point). Every
Hamiltonian diffeomorphism on a closed symplectic manifold has a fixed
point.

History of proof of this result:

• Y. Eliashberg: surfaces
• C. Conley-E. Zehnder: 2n-torus
• A. Floer: monotone symplectic manifold
• H. Hofer-D. Salamon, K. Ono: semipositive case
• all: K. Fukaya-K.Ono, G. Liu-G. Tian.

The proof of this result is based on Floer homology.

c© Fabian Ziltener 14
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Figure 4. Joseph Liouville, 1809-1882, French mathe-
matician.

2. highlight: symplectic non-squeezing. A (smooth) embedding of
a manifold M into a manifold M ′ is a smooth injective map f : M →
M ′, such that df(x) is injective for every x ∈M , and f−1 : f(M)→M
is continuous.

Definition. A symplectic embedding of a symplectic manifold (M,ω)
into a symplectic manifold (M ′, ω′) is an embedding ϕ : M →M ′ such
that

ϕ∗ω′ = ω′
(
dϕ·, dϕ ·

)
= ω.

(ϕ∗ω′ is a 2-form on M . It is called the pullback of ω′ under ϕ.)

Theorem 3 (J. Liouville, volume preservation, Assignment). Every
symplectic embedding ϕ of an open subset of R2n into R2n preserves
the standard volume form Ω0 := dx1 ∧ · · · ∧ dx2n.

It follows that ϕ preserves the standard volume of every open subset
of R2n.

Question 4. How much do symplectic embeddings differ from volume
preserving embeddings?

Remark. For every n ≥ 2 there exists a volume preserving linear
isomorphism of R2n that does not preserve the symplectic form ω0.
example: diag

(
1, 2, 1, 1

2

)
.

2. highlight of this lecture:

Theorem 5 (M. Gromov, 1985, nonsqueezing). For r > 1 there is
no symplectic embedding of B2n

r :=
{
x ∈ R2n

∣∣ ‖x‖ < r
}

into Z2n :=
B2

1 × R2n−2.

This result is a corner stone of modern symplectic geometry. It is in-
teresting, since it is in sharp contrast with the fact that an arbitrarily
c© Fabian Ziltener 15
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Figure 5. Mikhail Gromov, 1943-, Russian-French
mathematician.

large ball embeds into Z2n in a volume preserving way. (See Assign-
ment.)

picture volume preserving embedding B2n
r → Z2n

The proof of Theorem 5 is based on the theory of pseudo-holomorphic
curves.

Analogy: Heisenberg’s uncertainty principle from quantum mechan-
ics:

σqiσpi ≥
~
2
.

The product of the standard deviations of the i-th position and mo-
mentum coordinates of a particle is bounded below by half the reduced
Planck constant. This inequality implies that we may not precisely
measure qi and pi simultaneously. Similarly, Gromov’s nonsqueezing
result implies that under time-evolution the joint measurement error
for (qi, pi) for a classical mechanical system cannot decrease: Consider
a classical mechanical system. Because of measurement errors, we don’t
know the state = location in phase space precisely. Let r > r′ > 0 and
i = 1, . . . , n. Assume we know that the state lies in B2n

r . Gromov’s
nonsqueezing result implies that for the time evolved system we cannot
know that (qi, pi) ∈ B2

r′ . Hence we cannot know (qi, pi) better than for
c© Fabian Ziltener 16
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the original system.

Consequence of Gromov non-squeezing: Let (M,ω) be a symplectic
manifold. We denote by

Diff(M)

the set of diffeomorphisms on M , and by

Symp(M,ω) =
{
ϕ ∈ Diff(M)

∣∣ϕ∗ω = ω
}

the set of symplectomorphisms. (Together with composition Diff(M)
is a group and Symp(M,ω) is a subgroup.)

Theorem 6 (Y. Eliashberg, M. Gromov, C0
loc-closedness of the sym-

plectomorphism group). The set Symp(M,ω) is closed in Diff(M) with
respect to the compact open topology (= C0

loc-topology).

(Yakov Eliashberg, 1946-, Russian mathematician)

Remarks. • Assume that M is compact. Let d be the distance
function on C(M,M) (continuous functions from M to M) in-
duced by some Riemannian metric. (Example: For Rn and the
Euclidian metric this is the Euclidian distance function.) We
define a distance function dC on C(M,M) by

dC(f, g) := max
x∈M

d
(
f(x), g(x)

)
.

(Check that this is indeed a distance function.) The compact
open topology on C(M,M) is induced by dC. The statement
of Theorem 6 means that if a sequence of symplectomorphisms
dC-converges to some diffeomorphism ϕ then ϕ is a symplecto-
morphism.
• This is an instance of so called rigidity: A property (namely

being a symplectomorphism) is stable under deformations/ lim-
its.
• It is easy to prove that the group of symplectomorphisms is C1-

closed in M : Given a C1-convergent sequence of symplectomor-
phisms ϕi the condition ϕ∗iω = ω is preserved in the limit, since
it involves only the first derivative of ϕi. However, it is very
difficult to show the same for a C0-limit!
• The idea of the proof of Theorem 6 for M = R2n, ω = ω0

is that symplectomorphisms can be characterised as those dif-
feomorphisms that have the nonsqueezing property of Theorem
5. Intuitively, given a sequence ϕi of diffeomorphisms with the
nonsqueezing property that converge to some diffeomorphism ϕ
in C0

loc then ϕ also has the nonsqueezing property. (The limit
cannot all of a sudden squeeze the ball into a smaller cylinder if
ϕi does not squeeze.) (More precisely, a diffeomorphism of R2n

is an (anti-)symplectomorphism if and only if it preserves the
c© Fabian Ziltener 17
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c-capacity of each open ellipsoid, where c is a normalized sym-
plectic capacity in dimensions 2n. The property of preserving
the capacities of ellipsoids is closed in the compact open topol-
ogy. That a normalized symplectic capacity exists follows from
Theorem 5.)

Gromov’s Nonsqueezing Theorem 5 can be sharpened: Let k ∈ N and
n1, . . . , nk ≥ 2. We denote

n :=
k∑
i=1

ni.

Theorem 7 (J. Swoboda, F. Z., skinny symplectic nonsqueezing).
There exists no symplectic embedding of any open neighbourhood of

S2n1−1 × · · · × S2nk−1

into Z2n.

Remark. This theorem with k = 1 implies Theorem 5, since for r > 1
the ball B2n

r is an open neighbourhood of S2n−1.

The proof of Theorem 7 is based on the theory of pseudo-holomorphic
curves.

c© Fabian Ziltener 18
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Figure 6. Jean Gaston Darboux, French mathemati-
cian, 1842-1917.

3. highlight: exotic symplectic forms. By an isomorphism (or
symplectomorphism) between two symplectic manifolds (M,ω) and
(M ′, ω′) we mean a diffeomorphism ϕ : M →M ′, such that

ϕ∗ω′ = ω′
(
dϕ·, . . . , dϕ ·

)
= ω.

(pullback of ω′ under ϕ)

Question 8. Given two symplectic manifolds, are they isomorphic?

This means that there exists an isomorphism between them. Local
answer to Question 8:

Theorem 9 (J.-G. Darboux, local isomorphism). Let (M,ω) and (M ′, ω′)
be symplectic manifolds of the same dimension, x ∈ M , and x′ ∈ M ′.
Then there exist open neighbourhoods U ⊆ M of x and U ′ ⊆ M ′ of x′

that are symplectomorphic.

(This means that the restrictions of ω to U and of ω′ to U ′ are iso-
morphic.) This theorem says that symplectic manifolds of the same
dimension are locally isomorphic. This means that there are no local
symplectic invariants. This result puts symplectic manifolds in sharp
contrast with Riemannian manifolds, where the curvature is a local
invariant. (As mentioned above, the closedness condition on the sym-
plectic form is analogous to the condition that the curvature vanishes.
Hence one should restrict attention to flat metrics when comparing to
symplectic geometry.)

The proof of Theorem 9 is based on Moser isotopy. Let us now look at
the global version of Question 8. This question should be refined, since
the total volume is an obstruction to being isomorphic. This volume
is defined as follows. Let M be a manifold of dimension 2n. Given a
c© Fabian Ziltener 19
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Figure 7. Jürgen Moser, German-American mathe-
matician, 1928-1999.

symplectic form ω on M , we define its volume to be

Vol(ω) := Vol(M,ω) :=
1

n!

∫
M

ω∧n,

where we equip M with the orientation induced by ω∧n. (Recall that
this is a volume form, hence it indeed induces an orientation.)

Example. 1
n!
ωn0 = standard volume form Ω0 := dx1∧· · ·∧dx2n on R2n.

Hence for every open subset U ⊆ R2n, Vol(U, ω0) = standard volume
of U = Lebesgue measure of U .

Vol(ω) is a symplectic invariant, i.e., it is the same for isomorphic sym-
plectic manifolds. This motivates the following refinement of Question
8.

Question 10. Given two symplectic forms on M with the same volume,
are they isomorphic?

In two (real) dimensions the answer to this question is yes, if the man-
ifold is closed and connected:

Theorem 11 (J. Moser, symplectic forms on surfaces). Two symplectic
forms on a closed and connected real surface Σ are isomorphic if and
only if they have the same volume.

Note that in this situation

Vol(Σ, ω) =

∫
Σ

ω

is the total area of ω. In Assignment you are asked to define a sym-
plectic structure on a given embedded oriented surface in R3. Together
with Theorem 11 this classifies symplectic forms on closed and con-
nected surfaces. (Here we use that every orientable closed surface can
c© Fabian Ziltener 20
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be embedded into R3.)

The proof of Theorem 11 is based on Moser isotopy. This means that
we connect the two given symplectic forms by a family (ωt)t∈[0,1] of sym-
plectic forms with the same total area and then find a time-dependent
vector field whose flow pulls back ωt to ω0, for every 0. The time-1-flow
then intertwines the two given symplectic forms.

Question. What about higher dimensions?

A differential topological argument shows that for n ≥ 2 there exist
two symplectic forms on

(S2)n

that are not isomorphic. Here we use that the topology of (S2)n is
interesting.

Question. What about a manifold with little or no topology? Do there
exist two symplectic forms on R2n with the same volume, which are
nonisomorphic?

Yes! In fact, in 1985 M. Gromov proved the following striking result
(3. highlight).

Theorem 12 (M. Gromov, 1985, exotic form). For n ≥ 2 there exists
a symplectic form ω on R2n of finite volume, such that

ϕ∗ω0 6= ω,

for every smooth embedding ϕ : R2n → R2n.

Such a form ω is called exotic. Theorem 12 has the following conse-
quence.

Corollary 13 (nonisomorphic forms). Given n ≥ 2 and C ∈ (0,∞)
there exist two nonisomorphic symplectic forms on R2n of volume C.

This provides an interesting answer to Question 10, since R2n carries
no topology. (It is contractible.)

Proof of Corollary 13. We choose ω as in Theorem 12, an open subset
U ⊆ R2n of standard volume C, and a diffeomorphism ϕ : R2n → U .
(We may for example take U to be a ball.) The forms(

C

Vol(ω)

) 1
n

ω, ϕ∗ω0

on R2n have volume C, but are nonisomorphic. (Check these proper-
ties!) This proves Corollary 13.

�
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The proof of Theorem 12 uses the fact that for every Lagrangian sub-
manifold of Cn there exists a non-constant holomorphic map from the
closed disk in C to Cn with boundary on the Lagrangian submanifold.
The exotic form is constructed in such a way that it admits a La-
grangian submanifold that fails to have this property. Theorem 12 was
proved by Gromov in a famous paper in 1985, in which he introduced
holomorphic maps into symplectic geometry. By now, these maps have
become a standard tool in this field.

A submanifold L ⊆ M is called Lagrangian iff its dimension is half
the dimension of M and the pullback of ω by the inclusion L → M
vanishes. Lagrangian submanifolds are utterly important in symplectic
geometry.
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