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General instructions:

The examination time is 105 minutes.

Unless otherwise stated, you may use any result (theorem, proposition, corollary, or lemma)
that was stated in the lecture, without proving it.

Prove every other statement you make. Show your work. Check the hypotheses of the results
that you use.

You are allowed to use 1 sheet of handwritten personal notes (A4, both sides). Other sources
including books, calculators, and communication with other persons, are not allowed.

Please:

• Write your solutions by hand.

• Write with a blue or black pen, not with a green or red one, nor with a pencil.

• Do not write too closely to the border of each page. (When scanning, the border is often
cut off.)

• Write your name on each page.

• Make complete sentences, including a subject (noun) and a predicate (verb).

• Hand in only one solution for each problem.

• Before the exam begins, log in to Microsoft Teams, UCU Calculus group 1. Stay logged
in with your camera and microphone on during the whole exam, until you have submitted
your exam papers. You need to be visible, audible, and reachable at any time.

Instructions for handing in:

• If you use your telephone for making photos of your exam papers, then if possible please
use a scanner app such as CamScanner. (This way the exam papers are easier to read.)

• Print the front page of the exam, fill in your details, sign the integrity statement, and
make a photo or a scan of the front page with your student-ID placed on it.

• Make one pdf-file out of the filled-in front page and your solutions.

• This file may be at most 15 MB large.

• Give this file the following name:

final_exam_Calculus_and_Linear_Algebra_family name_given name_student num-
ber.pdf

example: final_exam_Calculus_and_Linear_Algebra_Dirksen_Sjoerd_1234567.pdf

• Send this file to f.ziltener@uu.nl .

• You have 20 minutes time to hand in your solutions after the exam.

• After the exam and the allotted time for handing in check your e-mail inbox and spam
folder for an invitation to join zoom, which is used for random checks.

Good luck!



Problem 1 (calculations, 10 pt). Remarks:

• Remember to always show your work.

• Use the definition of the natural exponential function exp in terms of a limit of a series,
which was used in this course.

• log denotes the natural logarithm (with base e, Euler’s number).

Calculate the following numbers, without using any calculator:
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Problem 2 (differentiability and derivative of power function, 6 pt). Let n ∈ N. We define the
n-th power function pn : R→ R by pn(x) := xn. Let x0 ∈ R. We denote by P (n) the statement:

“pn is differentiable at x0 with derivative given by p′n(x0) = nxn−10 .”

Show that P (n) holds for every n ∈ N.

Remark: You may use that every affine function is differentiable, as well as a formula for its
derivative.

Hints:

• Use induction.

• To verify the induction step, use some differentiation rule.

Problem 3 (derivative of composed function, 4 pt). (i) Show that the function

h : R→ R, h(x) := exp(x4)

is differentiable (at every point) and calculate its derivative (as a function).

(ii) Calculate its derivative at the point 0.

Remark: You may use that exp is differentiable, as well as a formula for its derivative.

Hints: Use some differentiation rule and another exam problem.

More problems on the next page.



Problem 4 (finding extrema, 5 pt). Find the maximum and the minimum of the function

f : [−1, 1]→ R, f(x) := exp(x4).

Remark: This function indeed attains its maximum and minimum. You do not need to show
this.

Hint: Use another exam problem.

Problem 5 (SI model for the spread of a disease, 11 pt). Consider the spread of a contagious
disease in a population of size N . We denote by I(t) the numbers of infected individuals at
time t.

(i) Write down the differential equation for I that describes the SI model.

Hint: This equation involves N and the effective contact rate (or transmission coefficient)
β.

(ii) Derive this equation, that is, provide an argument that makes the equation plausible.

Remarks:

• Using the guide below, you can solve this part of the problem, even if you were not
able to remember the differential equation.

• You do not need to list the assumptions of the SI model.

Guide: We denote:

• c := average number of contacts that an infected individual has per unit of time

• p(t) := probability that an infected individual passes the disease to another individual
during one contact at time t

• p0 := probability that the disease is transmitted, if an infected individual is in contact
one time with a susceptible individual.

• S(t) := number of susceptible individuals at time t

(a) Write p(t) in terms of p0, S(t), and N . You may use an approximation, based on the
assumption that N is large.

(b) Let ∆t > 0 be small. Express the total number of contacts that infected individuals
have between times t and t+ ∆t approximately in terms of c, I(t), and ∆t.

(c) Provide an approximate formula for the number of new infections between times t
and t+ ∆t, using (iib,iia).

(d) Relate this number to I(t) and I(t+ ∆t).

(e) Use (iid,iic) to write down an approximate formula for the difference quotient of I at
t.

(f) Consider the limit as ∆t tends to 0. This yields the desired differential equation.


