
Third set of homework exercises

Symplectic Geometry, Spring 2019

June 3, 2019

Hand-in problems 1 and 6 by Monday 25th.

Exercise 1. The standard complex multiplication in Cn ∼= R2n is the map

Jstd : R2n → R2n

Jstd(v1, v2, . . . , v2n−1, v2n) = (−v2, v1, . . . ,−v2n, v2n−1).

Show that:

• Jstd is compatible with the standard symplectic form ωstd.

• gstd(v, w) = ωstd(v, Jstd(w)) is the standard Euclidean inner product on R2n.

• gstd + iωstd defines the standard Hermitian inner product Hstd in Cn.

Hint: write Jstd, ωstd, gstd, and Hstd in matrix form and check the claims. Do note that you have to
write Hstd in terms of a real basis of Cn ∼= R2n.

Proof. The matrix of ωstd is precisely −Jstd. Then the matrix of ωstd(·, Jstd(·)) is (−Jstd)Jstd = Id,
which is of course the matrix of gstd.

Now we want to write Hstd using the real basis of R2n ∼= Cn. Recall that, in a complex basis, it is
simply the n by n matrix Id. Now we compute:

Hstd(vk, vk) = 1, Hstd(v2k, v2k−1) = Hstd(v2k−1, v2k) = Hstd(v2k−1, iv2k−1) = i

and Hstd(vk, vk′) = 0 otherwise. This means that the real matrix is

1 i
−i 1

1 i
−i 1

· · ·
1 i
−i 1


which is precisely Id− iJ0.

Exercise 2. Let Mn be the space of n× n matrices with real coefficients. Let Sym be the subspace
of symmetric ones. Show that:
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• The map
Ψ : Mn → Sym

Ψ(A) = AtA

is a submersion at the identity.

• Deduce from this that O(n) is a smooth submanifold of Mn. Compute its dimension.

Exercise 3. Let M2n be the space of 2n × 2n matrices with real coefficients. Let SkewSym be the
subspace of skew-symmetric ones. Show that:

• The map
Ψ : M2n → SkewSym

Ψ(A) = AtJstdA

is a submersion at the identity.

• Deduce from this that Sp(2n) is a smooth submanifold of M2n. Compute its dimension.

Exercise 4. Show that the unitary group U(n) is a real submanifold of M2n and compute its dimen-
sion. Set the problem up as in the previous exercises.

Proof. The unitary group consists of those complex matrices A satisfying A
t
A = Id. Then we look at

the map:
Ψ : MC,n → Herm

Ψ(A) = A
t
A

and we claim that it is a submersion at the identity. Note that Herm denotes the space of Hermitian

matrices (i.e. matrices H satisfying H
t

= H).

We compute the tangent map of Ψ at the identity:

dIdΨ : TIdMC,n ∼= MC,n → TId Herm ∼= Herm

dIdΨ(B) = B
t

+B.

Given any C ∈ Herm, we can take B = C/2 and this yields dIdΨ(B) = C, proving the submersion
condition at the identity.

To conclude that U(n) is a submanifold we have to prove the submersion condition at every A ∈ U(n).
First we note Ψ(AB) = Ψ(B) if A ∈ U(n), which implies

dAΨ = dA(Ψ ◦ LA−1) = dIdΨ ◦ dA(LA−1).

If A is invertible (this holds if A ∈ U(n) in particular), left-multiplication by A−1, which we denote by
LA−1 , is a diffeomorphism. This means that the differential dA(LA−1) is a vector space isomorphism
between TAMC,n and TIdMC,n. As such, the composition dAΨ is surjective and Ψ is submersive at A.

To compute the dimension we observe that Herm has dimension n + n(n − 1) = n2 and MC,n has
dimension 2n2. Then:

dim(U(n)) = dim(MC,n)− dim(Herm) = n2.

Exercise 5. Let G be a Lie group and let H ⊂ G be a closed subgroup. Show that:
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• H acts properly and freely on G.

• Use this to define a manifold structure on the quotient space G/H.

Proof. Without loss of generality, we will work with actions from the left. Recall that:

• the action is free if hg = g implies h = Id, where h ∈ H and g ∈ G.

• the action is proper if the preimage of any compact subset of G by the action H × G → G is
compact.

G acts freely on itself: Since G is a Lie group we can multiply g′g = g by g−1 on the right to yield
g′ = Id. Therefore, the same holds true for a subgroup.

Now, note that H does not act properly on G if H is non-compact (because the orbit of any element
will be a copy of H). So, under the closedness assumption, we factor the action H × G → G as the
composition of the map

H ×G→ H ×G

(h, g)→ (h, hg)

which is a diffeomorphism and therefore proper, and the projection (h, g)→ g′, whose fibre is H and
thus proper as well.

Exercise 6. We define the Lagrangian Grassmanian to be:

LGr(2n) = {V ⊂ Cn|V is a real subspace which is Lagrangian with respect to ωstd} ⊂ Gr(2n, n)

Show that:

• Given any Lagrangian plane V ⊂ (Cn, ωstd), there exists a real basis {v1, · · · , vn} of V that is
also a unitary basis of Cn with respect to standard hermitian inner product Hstd.

• Conversely, given any unitary basis of Cn, its real span is a Lagrangian subspace.

• From this we deduce that there is a map U(n) → LGr(2n) that is surjective. Show that the
fibre over any point is isomorphic to the orthogonal group O(n).

• Show that O(n) acts freely and properly on U(n) (invoke Exercise 5). Show that the induced
map

U(n)/O(n)→ LGr(2n)

is a bijection.

• This endows LGr(2n) with the structure of a manifold. Compute its dimension.

Proof. Take a gstd-orthonormal basis {v1, · · · , vn} of V . Since V is Lagrangian, we have that ωstd(vi, vj) =
0 for all i, j. Then

Hstd(vi, vj) = gstd(vi, vj) + iωstd(vi, vj) = δij

which means that {v1, · · · , vn} is a unitary basis. This same identity shows the converse.

A matrix in U(n) has as columns a unitary basis {v1, · · · , vn}. We then assign to it the Lagrangian
subspace 〈v1, · · · , vn〉. The first claim implies that this map is surjective. Consider now unitary
matrices A and B yielding the same Lagrangian subspace V . It is immediate that A−1B is unitary
as well. We claim that A−1B has in fact real coefficients; from this it would follow that A−1B is an
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orthogonal matrix. We regard both of them as maps A,B : Rn → V ⊂ Cn providing bases of V .
Then A−1B is a change of basis Rn → Rn, so its coefficients must be real numbers, as claimed. We
deduce A−1B ∈ O(n).

The subgroup O(n) is closed because it is given by the condition A ∈ O(n) if AtA = Id. According
to Exercise 5, its action on U(n) is free and proper. The previous claim implies that two matrices
A,B ∈ U(n) map to the same Lagrangian subspace V if and only if there is C ∈ O(n) such that
AC = B. This provides the bijection U(n)/O(n)→ LGr(2n). Then:

dim(LGr(2n)) = dim(U(n))− dim(O(n)) = n2 − n(n− 1)

2
=
n(n+ 1)

2
.

Exercise 7 (Goose problem I). This exercise goes beyond the contents of the course and its aim is for
you to take a look at some further topics in Symplectic Geometry. We will give a goose statue to the
first person (or group of people) that come to us with a complete solution written down. Remark: the
first five items are not hard to prove (and already give a good idea of what is happening); I recommend
you to do them.

Let us start with some context. A symplectic manifold (M,ω) can be endowed with a ω-compatible
almost complex structure J . It is then possible to study pseudoholomorphic curves, i.e. maps
u : (Σ, i)→ (M,J) satisfying du ◦ i = J ◦ du, where (Σ, i) is a Riemann surface. Note that this is the
usual Cauchy-Riemann equation, which means that the differential du is complex linear (with respect
to i and J).

Embedded pseudoholomorphic curves are 2-dimensional symplectic submanifolds (think about this!).
Observe that any small perturbation of an embedded pseudoholomorphic curve will still be symplectic
but, in general, it will not be pseudoholomorphic. Among all symplectic submanifolds in a given
homology class, pseudoholomorphic curves minimise the area functional

∫
||du||2 defined by the metric

g(u, v) = ω(u, J(v)). Such a minimiser is called a minimal surface. The aim of this exercise is to
look at the linear analogue of this geometric fact.

Let Cn be endowed with the standard metric gstd and standard symplectic structure ωstd. We want to
show that complex subspaces of Cn are precisely those real subspaces in which the symplectic volume
(induced by ωstd) is maximal and agrees with the metric volume (induced by gstd). In particular, a
subspace is complex if and only if the quotient of the metric volume form over the symplectic volume
form is minimal.

Consider the Grassmanian of oriented 2k-planes

G̃r(2n, 2k) = {V ⊂ Cn|V is an oriented 2k-dimensional real subspace}.

Using the orientation, each element V ∈ G̃r(2n, 2k) inherits a volume form Ωgstd,V from the standard
metric gstd of Cn. We write V for V with the opposite orientation.

Similarly, V inherits another top form:

Ωωstd,V =
(ωstd|V )k

k!

from the standard symplectic structure. We then define the Grassmanian of symplectic 2k-planes

S Gr(2n, 2k) = {V ∈ G̃r(2n, 2k)|Ωωstd,V yields the orientation of V }

and the Grassmanian of complex k-planes:

GrC(n, k) = {V ∈ G̃r(2n, 2k)|V is a complex subspace endowed with the complex orientation}.
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Consider the quantity:
θ : G̃r(2n, 2k)→ R

θ(V ) =
Ωωstd,V

Ωgstd,V
.

Prove the following claims:

• GrC(n, k) ⊂ S Gr(2n, 2k).

• θ(V ) > 0 if and only if V ∈ S Gr(2n, 2k).

• θ(V ) < 0 if and only if V ∈ S Gr(2n, 2k).

• V ∈ GrC(n, k) implies θ(V ) = 1.

• V ∈ GrC(n, k) implies θ(V ) = −1.

The following claims are harder. I suggest that you look first at the case 2k = 2:

• θ takes values between −1 and 1.

• θ(V ) = 1 if and only if V ∈ GrC(n, k).

Instead of θ, one can consider cos−1(θ) : G̃r(2n, 2k) → [0, π]; it measures the minimal angle between
V and the complex subspaces of Cn.

Exercise 8. Let (V, ω) be a symplectic vector space. Let L,L′ ⊂ V be Lagrangian subspaces satisfying
V = L ⊕ L′. Show that there is a linear symplectomorphism F : (V, ω) → (R2n, ωstd) such that
F (L) = Rn × 0 and F (L′) = 0× Rn.

Proof. It is enough to construct a basis of vectors {v1, · · · , vn} of L and {w1, · · · , wn} of L′ such that

ω(vi, vj) = 0, ω(wi, wj) = 0, ω(vi, wi) = δi.

I.e. a symplectic basis adapted to L and L′.

If dim(V ) = 2, any non-zero vectors v ∈ L and w ∈ L′ satisfy ω(v, w) 6= 0. By scaling them, we may
assume that ω(v, w) = 1, so they conform a symplectic basis, proving the claim.

The general case follows by induction on the dimension of V . We first pick v1 ∈ L. L being Lagrangian
means that Lω = L, so no vector in L pairs symplectically with v1. As such, there must exist w1 in
L′ satisfying ω(v1, w1) = 1. Since W = 〈v1, w1〉 is a symplectic subspace, so is Wω. Additionally,
L∩Wω and L′ ∩Wω are Lagrangian because they are isotropic (because they are subspaces of L and
L′) and middle-dimensional.

Therefore, we can apply the induction hypothesis to the tuple (Wω, ω|Wω ,Wω ∩L,Wω ∩L′), yielding
bases {v2, · · · , vn} of Wω ∩ L and {w2, · · · , wn} of Wω ∩ L′ which together form a symplectic basis
of Wω. Then {v1, · · · , vn} together with {w1, · · · , wn} is the desired symplectic basis adapted to L
and L′.
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