
Seventh set of homework exercises

Symplectic Geometry, Spring 2019

June 2, 2019

Hand-in problems 1 and 2 by Thursday 28th March.

Exercise 1. Let (Σg, ω) and (Σg′ , ω
′) be closed connected symplectic surfaces of genus g and g′,

respectively. We write:

λ =

∫
Σg′

ω′∫
Σg
ω
.

Let C ∈ R \ (Z + λZ). Show that the symplectic forms Ω = ω ⊕ ω′ and Ω′ = (Cω)⊕ (C−1ω′) endow
M = Σg × Σg′ with the same volume, but they are not symplectomorphic.

Proof. Before we begin, recall: Any de Rham cohomology class can be evaluated on a homology class.
For a de Rham class [α] ∈ Hk

dR(M) (represented by a form α) and a homology class [K] ∈ Hk(M)
(represented by a smooth singular chain K), this is done by integration of the representatives:

[α][K] =
∑
i

∫
∆k

K∗i α

where {Ki} is the collection of k-simplices composing the chain K. You should convince yourself
that α and K being closed implies that this is well-defined (use Stokes!). Note: probably you have
seen singular homology defined in terms of continuous maps of simplices into a topological space.
On manifolds, one can define analogously smooth singular homology in terms of smooth maps of
simplices. This is necessary in our case (because we want to integrate forms over said simplices), but
proving that both notions define the same homology groups is not obvious (you should take this as a
fact).

The volume form associated to Ω and Ω′ is ω ∧ ω′. Then, the idea of the exercise is to look at the
cohomology classes [Ω], [Ω′] ∈ H2

dR(M) and check that no diffeomorphism can map one to the other.
To do this, we integrate Ω and Ω′ over all classes in H2(M,Z) (essentially, over all the surfaces in M)
and see that the areas we obtain look very different.

Using Kunneth’s formula for singular homology with integer coefficients we deduce:

H0(M) = Z, H1(M) = H1(Σg)⊕H1(Σg′) = Z2g ⊕ Z2g′ ,

H2(M) = H2(Σg)⊕H2(Σg′)⊕ (H1(Σg)⊗H1(Σg′)) = Z⊕ Z⊕ Z4gg′ .

In particular, look at the second homology: the first term Z is represented by Σg×0 and its multiples,
the second term corresponds to 0×Σg′ and its multiples, and the last term is generated by all tori of
the form γ × ν with γ a curve in Σg and ν a curve in Σg′ .
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In our case we compute:

[Ω][Σg × 0] = [ω][Σg] = a, [Ω][0× Σg′ ] = [ω′][Σg′ ] = b

[Ω][γ × ν] = 0.

Where a and b are the total areas of the forms ω and ω′. The last evaluation follows from the fact
that the spaces T(q,p)(Σg × p) and T(q,p)(q × Σg′) are symplectically orthogonal for any (q, p) ∈ M .
Similarly:

[Ω′][Σg × 0] = [Cω][Σg] = Ca, [Ω′][0× Σg′ ] = [C−1ω′][Σg′ ] = C−1b

[Ω′][γ × ν] = 0.

What this tells us is that integration defines group homomorphisms∫
Ω,

∫
Ω′ : H2(M,Z)→ R,

the first of which has image the lattice aZ + bZ and the second the lattice CaZ + C−1bZ. If Ψ is a
diffeomorphism of M , it induces an automorphism of H2(M,Z). If Ψ∗Ω′ = Ω, then the corresponding
group homomorphisms must have the same lattice as image. In particular, Ca must belong to the
lattice aZ + bZ; this is equivalent to C belonging to the lattice Z + (b/a)Z = Z + λZ. But our
assumption was that this was not the case; proving that Ω and Ω′ are not symplectomorphic.

What you should take from this exercise is that Symplectic Geometry is more refined than the Ge-
ometry of volumes: it really detects areas of surfaces in the manifold.

Exercise 2. Let L be a smooth manifold and let (T ∗L, ωcan) be the canonical symplectic structure
in the cotangent space. Let K ⊂ L be a smooth submanifold. Let f : L → R be a smooth function.
Then:

• The zero section L and the fibers are Lagrangian.

• K is isotropic.

• The conormal ν∗(K) of K (i.e. the space of covectors in T ∗L|K vanishing on TK) is Lagrangian.

• Let α ∈ Ω1(L) be a 1-form. Its graph Γα ⊂ T ∗L is Lagrangian if and only if α is closed. Its
graph Γα is an exact Lagrangian if and only if α is exact.

• Show that the intersection of Γdf with the zero section is non-empty if L is closed.

• Show that the intersection of Γdf with ν∗(K) is non-empty if K is closed.

• Let (φt)t∈[0,1] : T ∗L → T ∗L be a Hamiltonian isotopy. Show that φt(L) is a exact Lagrangian
for all t.

Proof. Recall that ωcan = dλcan, where λcan is the canonical 1-form. The 1-form λcan is defined, at a
point p ∈ T ∗L, by the property: λcan(v) = p(dπ(v)), where v ∈ TpT ∗L is a vector and π : T ∗L → L
is the projection.

The zero section L is, by definition, the graph of the zero 1-form, so we have λcan|L = 0∗λcan =
0. Using the commutativity of the differential and the pullback we have: ωcan|L = (dλcan)|L =
d(λcan|L) = 0; so L is isotropic. It is Lagrangian because it is middle-dimensional. Since K ⊂ L, we
can first restrict ωcan to L, which is zero, and then to K, showing that K is isotropic.
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Let F = T ∗q L be a cotangent fibre. Let v ∈ TpF be a vector tangent to the fibre and thus going
to zero under the projection dπ. Then: λcan(v) = p(dπ(v)) = p(0) = 0. So F is isotropic and thus
Lagrangian because it is middle dimensional.

Alternatively, let U ⊂ L is a ball in L. Then we can write λcan =
∑
pidqi locally, where (qi) are

coordinates in U and (pi) the coordinates of the fibre. It is immediate that this expression restricts
to zero to both U and its cotangent fibres, proving that the zero section and the fibres are isotropic
(since U was arbitrary).

Let p be a point in the conormal ν∗(K) of K. Let v ∈ Tpν∗(K) and evaluate: λcan(v) = p(dπ(v)).
By assumption dπ(v) ∈ Tπ(p)K, so p(dπ(v)) = 0. Thus, ν∗(K) is isotropic. Its dimension is, by the
first isomorphism formula, the dimension of K plus the rank of the annihilator of its tangent space,
i.e. K is middle-dimensional and thus Lagrangian. Note that the cotangent fibre is, in particular,
the conormal of a point, so this reproves that the fibre is Lagrangian. Similarly, the conormal of L is
itself.

Let α be a 1-form. The restriction λcan|Γα is, by definition, α∗λcan = α. Thus: ωcan|Γα = dα. I.e.
Γα is Lagrangian if and only if α is closed. A Lagrangian in T ∗L is exact, by definition, if and only
if λcan restricts to a exact form. Due to the computation above, Γα is exact if and only if α is exact.

The intersection points of Γα and L correspond to the points in which α vanishes. If L is closed, any
function f has a maximum q, which is thus a critical point, i.e. dqf = 0. Then, Γdf intersects L at
the point q. Additionally, one can then note that there must exist also a minimum q′, different from
q (unless L is just a point!). So Γdf intersects L in a second point q′. This is sharp: if L = S2, you
can check that the graph of the height function intersects L only in the north and south poles.

Restrict now f to K: f |K must have a maximum q. The theory of Lagrange multipliers tells us that
dqf is a form that vanishes on TK, i.e. dqf belongs to the conormal fibre ν∗qK. As such, ν∗K and
Γdf intersect.

Let us look at how the form φ∗tλcan evolves as we move in t:

d

dt
φ∗tλcan = φ∗t (LXtλcan) =

φ∗t (d(iXtλcan) + iXtωcan),

where Xt is the vector field generating the isotopy φt. By definition iXtωcan = dHt, where Ht :
T ∗L→ R is a Hamiltonian function. Then the previous expression yields:

d(φ∗t (iXtλcan +Ht)).

which is obviously exact; by integration we have:

φ∗tλcan = λcan + d

∫ t

0

φ∗s(iXsλcan +Hs)ds.

Thus, we deduce that if L′ is a exact Lagrangian (not necessarily L) then φt(L
′) is still exact.

Exercise 3. Let (Mi, ωi)i=1,2 be symplectic manifolds. The graph of a diffeomorphism f : M1 →M2

is a Lagrangian submanifold of (M1 ×M2, ω1 ⊕ (−ω2)) if and only if f is symplectic.

Proof. The restriction of ω1 ⊕ (−ω2) to the graph Γf is precisely the pullback (Id⊕ f)∗(ω1 ⊕ (−ω2)),
which is ω1+f∗(−ω2). The graph is Lagrangian if and only if this form is zero if and only if f∗ω2 = ω1,
i.e. f is symplectic.
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Exercise 4. Find examples of symplectic/isotropic/co-isotropic/Lagrangian submanifolds of the torus
R4/Z4 with the symplectic structure induced by the standard symplectic form ωstd of R4.

Proof. We have (periodic) coordinates (x1, y1, x2, y2) in which ωstd reads as dx1 ∧ dy1 + dx2 ∧ dy2.
Then the tori T 2 × 0 and 0 × T 2 are both symplectic. Any curve is isotropic and not Lagrangian;
a possible choice is the circle S1 × 0. The tori 0 × T 2 × 0 and S1 × 0 × S1 are Lagrangian. Any
hypersurface is coistropic but not Lagrangian; for instance: T 3 × 0. The characteristic foliation of
this hypersurface is given by the circles in the x2–coordinate. Symplectic reduction of this T 3 yields
thus a T 2 with standard area form dx1 ∧ dy1.
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