
14th set of homework exercises

Symplectic Geometry, Spring 2019

June 2, 2019

Hand-in problems 2 and 3 by Thursday 16th May.

Exercise 1. Tischler’s theorem states: Let N be a closed, connected, smooth manifold admitting a
non-vanishing closed 1-form α. Then N is a smooth fibre bundle over S1. Prove it following these
steps:

• After a small perturbation, one may assume that [α] ∈ H1
dR(M) ∼= H1(M ;R) in fact belongs to

H1(M ;Q).

• Further, one may assume that [α] is in the image of H1(M ;Z)→ H1(M ;R).

• Fix p ∈ N . Define a map π : N → S1 = R/Z by setting

π(q) =

∫
γ

α mod Z,

for γ a path connecting p with q. Show that this map is well-defined independently of the choice
of γ.

• Show that π is submersive.

• Show that there is a manifold V of dimension dim(N) − 1 and a diffeomorphism φ : V → V
such that

N = V × [0, 1]/{(x, 1) = (φ(x), 0)}

i.e. N is a mapping torus.

Proof. The first statement is similar to showing that the space of cohomology classes representable
by a symplectic form is open. First we use the isomorphism H1

dR(M) ∼= H1(M ;R) between de Rham
and singular cohomology to look at the map H1(M ;Z) → H1

dR(M). Its kernel is the torsion part of
the integer cohomology and its image is a lattice in the real vector space H1

dR(M). The generators of
the lattice are generators of the vector space too; we represent them by closed 1-forms νi. We write
[α] in terms of this lattice; its coefficients might not be rational (which is what we want). Now, the
form

α+
∑
i

aiνi

is closed and, if the ai are sufficiently small, it is also nowhere vanishing. This follows from the
compactness of N . We may choose the ai so that [α+

∑
i aiνi] ∈ H1(M ;Q), since the latter is dense

in H1
dR(M) ∼= H1(M ;R). This concludes the first claim. Now, since this class is rational there exists

some non-zero integer C such that the class of C(α +
∑
i aiνi) is in the image of H1(M ;Z), so the

second claim follows.
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For simplicity of notation (as in the statement) we denote by α our non-vanishing 1-form of integral
class. Let us look at points p, q ∈ N and paths γ and γ′ connecting them. Then γ − γ′ is a closed
path that defines an integral first homology class. Thus:∫

γ

α−
∫
γ′
α = [α][γ − γ′] ∈ Z

where we are using the integrality of both classes. We deduce that the map π is well-defined.

In a ball, α is exact and, as such, can be written as the differential of a function (which is unique up
to a constant term). Since α is non-vanishing, this function has no critical points, so its level sets are
regular. This says that the kernel of α is a global foliation (by piecing together the leaves using the
local model we just described). This can be seen too by applying Frobenius using the integrability
condition α ∧ dα = 0. It is also immediate that the leaves of the foliation are the fibres of the map
π : N → S1, since α integrates to zero over paths γ tangent to ker(α) and is everywhere non-zero
when restricted to paths transverse to ker(α). This in particular shows that π is a submersion (the
direction transverse to ker(α) is not in the kernel of dπ) and thus a fibration. In particular, the fibre
V = π−1(0) ⊂ N it is a codimension-1 submanifold.

Given the vector field ∂θ in S1, we can find a vector field X in N that is transverse to the fibres and
satisfies dπ(X) = ∂θ. Such a vector field is not unique. You can construct it by taking trivialisations
N |I ∼= V ×I → I of the fibration N → S1, where I ⊂ S1 is an interval, in each trivialisation picking the
coordinate vector field ∂θ, and then glueing them together by a partition of unity. Alternatively, you
can use an auxiliary metric on N and take the unique vector field orthogonal to the fibres projecting
to ∂θ. The flow ψt of X identifies V with the fibre π−1(t). In particular, φ = ψ1 provides an
automorphism of V = π−1(1) = π−1(0), which is called the monodromy. N is recovered from V and
φ as in the statement.

Exercise 2. Let (Σ, ω) be a surface endowed with an area form. Let N ⊂ Σ be a closed connected
embedded curve. Show that:

• N is Lagrangian.

• There is a tubular neighbourhood of N which is symplectomorphic to

(S1 × [−ε, ε], dp ∧ dq),

where q is the coordinate in S1, p the coordinate in [−ε, ε], and S1 × 0 is precisely N .

• One can find (locally defined) symplectic vector fields that are transverse to N in each of the two
possible directions. In particular, N is a cosymplectic hypersurface. Describe these cosymplectic
structures.

• One can find (locally defined) Liouville vector fields that are transverse to N in each of the
two possible directions. In particular, N is a contact hypersurface. Describe these contact
structures.

Proof. N is a curve in a symplectic surface. It is thus Lagrangian (because it is middle-dimensional
and ω restricts to zero); being closed and connected it is diffeomorphic to S1. As such, we can apply
the Weinstein neighbourhood theorem to find a neighbourhood of N which is symplectomorphic to a
neighbourhood of the zero section in (T ∗S1, ωcan). Such a neighbourhood, for ε sufficiently small, is
precisely (S1 × [−ε, ε], dp ∧ dq), because the canonical 1-form in the cotangent bundle is none other
than pdq.
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In the coordinates provided by the model, the vector fields ∂p and −∂p are symplectic, non-vanishing,
and transverse to the zero section. Indeed:

L±∂pdp ∧ dq = d(i±∂pdp ∧ dq) = d(±dq) = 0.

The cosymplectic structures are the pairs (dp ∧ dq|S1 = 0,±dq). I.e. the 2-form restricted to the
hypersurface and the 1-form dual to the symplectic vector field restricted to the hypersurface.

In the coordinates provided by the model, the vector fields (p ± 1)∂p are Liouville and transverse to
the zero section. Indeed:

L(p±1)∂pdp ∧ dq = d(i(p±1)∂pdp ∧ dq) = d((p± 1)dq) = dp ∧ dq.

The vector (p + 1)∂p points towards positive p along the zero section and (p − 1)∂p points towards
negative p; as such, the zero section is both a convex and concave boundary for the negative (or
positive) p region. The corresponding contact forms are ±dq, whose induced contact structures are
the zero hyperplane.

Exercise 3. Let (M,ω) be a compact symplectic manifold of dimension at least 4 with non-empty
boundary N . Prove the following claims:

• Show that N cannot be simultaneously of contact and cosymplectic type.

• Let X and Y be Liouville vector fields transverse to N (and possibly defined only locally along
N). Show that they have to be both inward pointing or both outward pointing.

• Show that the space of germs along N of Liouville vector fields transverse to N is convex.

When the Liouville vector field is outward pointing, we say that N is a convex boundary. When
the Liouville vector field is inward pointing, we say that N is a concave boundary. As we saw in
the previous exercise, a boundary component can be both only if M is a surface.

Proof. Let X and Y be vector fields transverse to N (and possibly only locally defined closed to N).
Assume that X is symplectic and Y is Liouville. Then, their duals λ = iXω and α = iY ω are closed or
a primitive of ω, respectively. This follows from the identities 0 = LXω = iXω and ω = LY ω = iY ω.

Now, the forms λ ∧ ωn−1|N and α ∧ ωn−1|N are both volume. This follows from the computations
iXω

n = nλ ∧ ωn−1 and iY ω
n = nα ∧ ωn−1, the transversality of X and Y with N , and the fact that

ωn is a volume form in M . Now we use the fact that M is compact and therefore N is closed: we
look at cohomology classes and we observe that

0 6= [λ ∧ ωn−1|N ] = [λ|N ][ω|N ]n−1

so the class [ω|N ] ∈ H2(N) cannot be zero (and neither can [λ|N ]). However, [ω|N ] = [d(α|N )] = 0.
This is the desired contradiction.

Let Y and Y ′ be now Liouville vector fields pointing in opposite directions transversely to N . Then
Y − Y ′ points in the same direction as Y and is symplectic: LY−Y ′ω = iY ω − iY ′ω = ω − ω = 0. We
arrive at a contradiction by invoking the previous item.

A germ (in this case) is a equivalence class of pairs (U, Y ) where U is a neighbourhood of N and Y
is a Liouville vector field on U transverse to N . The equivalence is given by restriction: two pairs
(U, Y ) and (U ′, Y ′) are equivalent if Y and Y ′ agree when restricted to a smaller open neighbourhood.
As such, a germ captures local information around N . Thanks to the previous item we know that
any two Liouville vector fields Y and Y ′ transverse to N must point (along N) in the same direction.
Then, their convex combination sY + (1 − s)Y ′ is non-zero and still transverse to N . Additionally,
the combination is Liouville: LsY+(1−s)Y ′ω = sLY ω + (1− s)LY ′ω = ω.
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Exercise 4. Show that the three claims from the previous exercise are false if M is non-compact.

Proof. Take M = (C2, ωstd). Consider the symplectic vector field X = ∂x1 and the Liouville vector
fields Y = 1

2

∑
i xi∂xi

+ yi∂yi (which is radial) and Y ′ = 1
2

∑
i(xi − 2)∂xi

+ yi∂yi (radial with the
origin shifted). The hypersurface {x1 = 1} is transverse to all of them and therefore cosymplectic and
contact with two different orientations.

Exercise 5. Let (W,ω = dλ) be a symplectic manifold with Lioville form λ. Show that R ×W is
contact with contact form dt+ λ, where t is the coordinate on R.

Proof. Given the 1-form α = dt + λ we compute dα = dλ and thus α ∧ dαn = dt ∧ (dλ)n 6= 0. The
kernel of dα is the line field spanned by ∂t, which is the Reeb vector field.

Exercise 6. Let φ : L→ L be a diffeomorphism. Given the cotangent bundle T ∗L, consider the map
φ∗ : T ∗L→ T ∗L defined by the push forward of 1-forms. Note that φ∗ is a lift of φ. Then:

• Show that φ∗ is a symplectomorphism.

• Show that φ∗ is the unique exact symplectomorphism lifting φ.

• Show that φ∗ is not the unique symplectomorphism lifting φ.

Proof. It is enough to show that (φ∗)
∗(λcan) = λcan. To do so, we study how they evaluate on vectors

v at points p ∈ T ∗L:

((φ∗)
∗(λcan))(p)(v) = λcan(φ∗p)(d(φ∗)(v)) = (φ∗p)(dπ(d(φ∗)(v))) = (φ∗p)(dφ(v)) = p(v) = λcan(p)(v).

In the third step we used that φ∗ is a lift of φ. Thus: φ∗ pulls back the tautological form to the
tautological form (for tautological reasons).

The same computation gives uniqueness. Indeed, let Ψ be some other lift satisfying Ψ∗λcan = λcan.
Then:

p(v) = λcan(p)(v) = (Ψ∗λcan)(p)(v) = λcan(Ψ(p))(dΨ(v)) = Ψ(p)(dΨ(v)) = Ψ(p)(dφ(v)) = (φ∗Ψ(p))(v).

In the last identity we pullback both the vector and the covector by φ. Since this equality applies for
all v, we have that φ∗Ψ(p) = p for all p, which means that Ψ = (φ∗)−1 = φ∗.

For the last statement, consider T ∗Rn ∼= R2n and take the Hamiltonian H(q, p) = q1. Its associated
Hamiltonian vector field X is −∂p1 , which preserves the p-fibres and is thus a lift of the identity in
the q-coordinates. You can readily check that X is not a exact symplectomorphism, since LXλcan =
dH 6= 0.

Exercise 7. Let (φt) : L → L be an isotopy. Show that the maps (φt)∗ : T ∗L → T ∗L are in fact
Hamiltonian symplectomorphisms.

Proof. Let Xt be the time-dependent vector field (in L) generating φt. Consider the family of functions
Ht : T ∗L → R given by Ht(p) = −p(Xt). We claim that the corresponding Hamiltonian vector field
Yt (in T ∗L) is a lift of Xt. Indeed, by computing in local coordinates:

iYt
ωcan = dHt = −d(p(Xt)) = −d((

∑
i

pidqi)(X
i
t∂qi)) = −d(

∑
i

piX
i
t) = −[

∑
i

Xi
tdpi]−[

∑
i,j

(∂jX
i
t)dqj ].

We deduce that Yt = Xt −
∑
i,j(∂jX

i
t)dpj .
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We claim that Yt generates the isotopy (φt)∗. It is enough to show that Yt generates an isotopy of
exact symplectomorphisms, because then we can apply the uniqueness statement from the previous
exercise to conclude. Thus:

LYt
λcan = d(λcan(Yt)) + iYt

ωcan = d(p(Xt)) + dHt = −dHt + dHt = 0

where in the second step we applied the definition of Ht.

Exercise 8. Consider the 2-torus T 2. Let π : PT ∗T 2 → T 2 be the projectivised cotangent bundle.
The space of contact elements (associated to T 2) is the contact manifold

(PT ∗T 2, ξcan([p]) = dπ−1(ker(p))).

Here [p] ∈ PT ∗T 2 denotes the class of the covector p ∈ T ∗T 2 under projectivisation. The distribution
ξcan at the point [p] is thus defined as the preimage (under dπ) of the kernel of the point p, i.e. it is
the kernel of the usual tautological form λcan.

Prove that:

• ξcan is contactomorphic to the contact manifold:

(T 3, ξ1 = ker(cos(πz)dx+ sin(πz)dy))

where (x, y, z) are the coordinates in T 3 = (R/Z)3.

• The contact structure is not coorientable (i.e. it cannot be globally written as the kernel of a
1-form).

• Given a diffeomorphism φ of T 2, one can consider the map [p] → [φ∗p]. Show that this is a
contactomorphism of PT ∗T 2.

Proof. The cotangent bundle of T 2 is trivial. Taking periodic coordinates x, y ∈ R/Z in the torus,
{dx, dy} is a framing of T ∗T 2. Thus, any 1-form on the torus can be written as adx + bdy, where
(a, b) therefore serve as the coordinates of the fibre. Then, the tautological form λcan in T ∗T 2 reads
as adx+ bdy. Let us consider the map T 2× [0, 1] to T ∗T 2 given by (x, y, z)→ (x, y, cos(πz), sin(πz)).
On each fibre the image is the upper hemisphere of the unit circle. As such, taking instead z ∈ R/Z,
we have an identification of T 3 with the projectivised cotangent bundle. The kernel of the tautological
form pulls back under this identification to ker(cos(πz)dx+ sin(πz)dy), as claimed.

For the second item we first note that the form cos(πz)dx+ sin(πz)dy is in fact not well defined (even
if its kernel is) because at z = 0, 1 it has opposite sign. This shows the subbundle of 1-forms it defines
(the annihilator of ξ1) is non-orientable and therefore does not have a section, proving the claim.

Alternatively, we can try to find a framing of ξ1:

ξ1 = 〈∂z, cos(πz)∂y + sin(πz)∂x〉

but we see that the second vector field does not close up nicely (for the same reason as before). This
tells us that ξ1 is non-orientable. In a 3-dimensional manifold, a contact structure is coorientable if
and only if it is orientable (as seen in class).

The last claim follows from the previous exercise. We saw that φ∗ is a exact symplectomorphism, i.e.
a diffeomorphism of T ∗T 2 preserving the canonical form λcan. The induced diffeomorphism [φ∗p] in
PT ∗T 2 preserves then its kernel, which is ξcan.
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